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ABSTRACT

Technological progress in robot sensing, design, and fabrication, and the availability

of open source software frameworks such as the Robot Operating System (ROS), are

advancing the applications of swarm robotics from toy problems to real-world tasks

such as surveillance, precision agriculture, search-and-rescue, and infrastructure in-

spection. These applications will require the development of robot controllers and

system architectures that scale well with the number of robots and that are robust

to robot errors and failures. To achieve this, one approach is to design decentralized

robot control policies that require only local sensing and local, ad-hoc communication.

In particular, stochastic control policies can be designed that are agnostic to individ-

ual robot identities and do not require a priori information about the environment or

sophisticated computation, sensing, navigation, or communication capabilities.

This dissertation presents novel swarm control strategies with these properties

for detecting and mapping static targets, which represent features of interest, in an

unknown, bounded, obstacle-free environment. The robots move on a finite spatial

grid according to the time-homogeneous transition probabilities of a Discrete-Time

Discrete-State (DTDS) Markov chain model, and they exchange information with

other robots within their communication range using a consensus (agreement) pro-

tocol. This dissertation extend theoretical guarantees on multi-robot consensus over

fixed and time-varying communication networks with known connectivity properties

to consensus over the networks that have Markovian switching dynamics and no pre-

sumed connectivity. This dissertation develops such swarm consensus strategies for

detecting a single feature in the environment, tracking multiple features, and re-

constructing a discrete distribution of features modeled as an occupancy grid map.

The proposed consensus approaches are validated in numerical simulations and in 3D

physics-based simulations of quadrotors in Gazebo. The scalability of the proposed
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approaches is examined through extensive numerical simulation studies over different

swarm populations and environment sizes.
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Chapter 1

INTRODUCTION

Technological advances in sensing, robot design and fabrication, and low-power

computing, along with the development of open-source software ecosystems, have

played a critical role in making robots ubiquitous in day-to-day life. Commercial

robots are available for numerous applications, including the automation of household

tasks such as vacuuming, autonomous food delivery, healthcare operations such as

remote surgery, and assistance in the hospitality industry (e.g., robot concierges).

The key enabling factor for their adoption is the underlying progress in the safety

associated with these systems. One of the main aspects that has propelled robotics in

the last few years is the devastating effects to the industry workforce and healthcare

caused by the COVID-19 pandemic Yang et al. (2020); Tavakoli et al. (2020). This has

necessitated a paradigm shift in the application of robots to improve supply chains by

causing an increase in possible use cases for robots that were not previously needed.

With the increase in the use of robotic systems, there arises a problem of scalability

The way current robotic systems are controlled in the industry is with the use of

a centralized server or leader that is responsible for making decisions for all the

robots that are connected to the network. This system architecture can have an

advantage in providing optimal and efficient solutions. However, it lacks the flexibility

to accommodate the loss or addition of robot nodes (end users) and is usually not

robust to the effect of communication loss to the centralized server. Such a system

architecture is not suitable to scale to large numbers of end users without entailing a

significant infrastructure cost.

Robotic swarms are designed to be scalable and highly redundant, making them

1



one of the candidate architectures for large scale robotic systems for scaling up dis-

tributed robotic systems in industrial applications. However, such a scalable and

redundant system architecture also makes it difficult to control the swarm as a whole.

The control difficulty arises primarily from the context of modeling the swarm, for-

mulating scalable swarm control strategies and the objective function that can ac-

count the constraints of redundancy and robustness that are inherently associated

with swarms. In this dissertation, we develop swarm control approaches using models

from stochastic processes and distributed estimation, with provable guarantees on the

swarm performance for the application at hand. Specifically, we develop probabilis-

tic consensus strategies under Markovian switching dynamics for search, multi-target

tracking and distributed feature reconstruction in swarm robotics.

We first provide a brief overview of the literature on multi-agent systems in Sec-

tion 1.1.1, followed by an overview on swarm robotics in Section 1.1.2. Then, we

provide a review of related work on current swarm robots architectures and plat-

forms in research in Section 1.1.3, and conclude by stating the contributions of this

dissertation in Section 1.2.

1.1 Literature Review

1.1.1 Multi-Agent Systems

We consider an agent as any entity that is capable of intelligently and autonomously

perceiving its environment through sensors and performing actions based on the

sensed environment parameters to reach a predetermined goal Russell and Norvig

(2010); Langley et al. (2009). A multi-agent system (MAS) is composed of many

such agents interacting with one another under a predetermined scheme to achieve a

collective goal. MAS systems are characterized by using concepts from graph theory

like Godsil and Royle (2001); Mesbahi and Egerstedt (2010) to study their prop-
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erties like stability, convergence guarantees etc. In MAS applications, all agents

typically can sense only partial information in their sensing field of view. This can

be communicated to all the agents that are direct neighbors, which depends upon

the communication network topology which can be static or dynamic along with di-

rected or undirected. There are several schemes available in both the communication

topologies like P2P (peer-to-peer), O2M (one-to-many), M2O (many-to-one), M2M

(many-to-many) as shown in Figure 1.1-Figure 1.3

A

BC D

Figure 1.1: Agents Are Represented by A,B,C,D Arranged in One-to-Many and
Many-to-One Communication Topology.

For a MAS with static topology as shown in Figure 1.4, the communication scheme

is fixed and does not change with time. A subset or the complete set of agents

communicates with another subset or complete set of agents that comprise the MAS

in a fixed and deterministic fashion. Examples of such approaches include leader

follower based architectures that are of the form of many-to-one and one-to-many as

shown in Figure 1.1. Liu et al. (2015) discusses such a scheme that is tolerant to

packet dropouts.

MAS with a dynamic communication topology as shown in Figure 1.5-Figure 1.7,

have an associated dynamics that changes with time or with respect to some param-

eter that governs the MAS. These MAS can also be classified as switched systems

due to nature of their communication topology changing over time. Olfati-Saber and

Murray (2004) discusses one application where the MAS has time delays and is mod-

eled with a switching topology. The authors rigorously prove the robustness of such

3



A

B C

D

Figure 1.2: Agents Represented by A,B,C,D Arranged in a Many-to-Many Com-
munication Topology.

A

B

C

D

Figure 1.3: Agents Represented by A,B,C,D Arranged in a Peer-to-Peer Com-
munication Topology. Peers Are Identified Depending on Their Proximity to Each
Other.

a MAS with associated time delays formulated as a consensus scheme. Such schemes

are also useful in the case of MAS where there are bound to exist multiple leader

agents and this changes with time. In Liu et al. (2014), the authors discuss one such

application of discrete time MAS for the case of multiple leaders with time delays.

Leaderless and leader-follower approaches are another way MAS systems are con-

ceptualized. Leader agent is the one that communicate with all the other agents

(followers) in the MAS. Leader can be chosen apriori or can be collectively chosen

by the agents Song et al. (2016). In this configuration, the MAS also becomes a

directed network from a graph theoretic perspective, as followers only communicate

to the leader and not with other followers, leader communicates only to followers
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A B

C D

Figure 1.4: Agents A,B,C,D Connected in a Directed and Static Topology. This
Communication Topology Is Fixed and Does Not Change With Time. Here A Can
Communicate to B, B Can Communicate to C, but Not Vice-Versa. C,D Can Both
Communicate With Each Other.

A B

C D

t1

Figure 1.5: Agents A,B,C,D Change Their Communication Topology Dynamically
With Time. At Time t1, A Communicates With B, B Communicates With C and C
and D Can Communicate With Each Other.

and/or other leaders. In Fu and Wang (2014), authors discuss one such application

with leader-follower network for switching undirected graphs. Angeli and Bliman

(2005) obtain results on the stability of a leaderless MAS with finite and bounded

time delays.

MAS systems can also be heterogeneous or homogeneous. MAS composed of agents

with similar characteristics and capabilities are called homogeneous like Vrancken

and Soares (2009). Heterogeneous MAS are composed of agents that have varying

characteristics and capabilities like Khodaverdian (2014).

MAS have applications in several areas like smart grids Merabet et al. (2014),

computer networks Bajo et al. (2016); Wang et al. (2018), modeling complex systems
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A B

C D

t2

Figure 1.6: At Time t2, B Communicates With A, and D Communicates With C.

A B

C D

t3

Figure 1.7: At Time t3, A Communicates With C, B and D Can Communicate
With Each Other.

Domı́nguez et al. (2015) and robotics Singh et al. (2021). These applications also

address some of the challenges in MAS like task allocation Dos Santos and Bazzan

(2012); Kazakova et al. (2020), localization Lin et al. (2015); Han et al. (2018), for-

mation control Lin et al. (2014); Jing and Wang (2019), consensus Li et al. (2016);

Nowzari et al. (2019), learning Hernandez-Leal et al. (2019); Zhang et al. (2021),

mapping Zou et al. (2019); Rameau et al. (2022).

1.1.2 Swarm Robotics

Swarm robotics (SR) deals with addressing the challenges that arise from large

scale interacting or non-interacting robots in particular and complex large systems

in general. Some of the solutions are nature inspired like social insects, flocking of

6



birds, where a collective behavior emerges by following simple local interaction rules

Sumpter (2010); Camazine et al. (2020). SR has its roots in computational modeling

of collective self-organizing behavior. It has also led to the development of several

optimization schemes like ant colony optimization Dorigo et al. (2006), particle swarm

optimization Kennedy and Eberhart (1995). SR also investigated open questions in

biological systems like stigmergy ( a means of indirect communication between agents

that leaves a trace in the environment and subsequently stimulate the performance of

the same or the other agents), foraging Krieger et al. (2000), study mixed robot-social

insect societies Halloy et al. (2007). For making SR scalable and deployable, there

were a lot of hurdles from the design and hardware miniaturization perspective that

needed to be overcome. Kilobots Rubenstein et al. (2012) (Figure 1.8) and Pheeno

Wilson et al. (2016) as shown in Figure 1.9 are ground based swarm robotic platform

and Crazyswarm Preiss et al. (2017)(Figure 1.10-Figure 1.11) a nano quadcopter aerial

swarm are a few examples of swarm robots that exist in research and education. There

are also SR deployed for maritime research. Duarte et al. (2016) studied collective

behaviors like dispersion, clustering, homing with a fleet of 10 robots as shown in

Figure 1.12-Figure 1.13.

For deploying swarms, SR aims at addressing key engineering challenges like ro-

bustness, scalability, adaptability. Some of these solutions and strategies are inspired

from MAS, and are modified for applications like coordination, control task allocation,

localization, etc. Robustness in SR refers to the continual operation of the swarm in

the presence of partial failure of an agent or agents in the swarm. Swarms are de-

signed to be highly redundant and all agents in the swarm are capable to compensate

for the loss of few individual agents. Scalability refers to the ability to accommodate

large variation in the number of individual agents without causing a significant degra-

dation of swarm performance. It is facilitated by using rules inspired from swarms in
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Figure 1.8: Kilobots Swarm Robotic Platform. (a) Size Comparison. (B) Sensing,
Power, and Actuation Architecture. (C) 1000 Kilobots Arranged Back-to-Back.

nature like local sensing and local communication. Adaptability in SR is a property

that allows swarms to respond to changing environment. This is partially facilitated

by redundancy ingrained in the swarm by using stochastic policies Elamvazhuthi and

Berman (2019) for problems like consensus, coverage.

Aerial swarms (AeS) defer from the previously discussed swarm robots in one

major category. AeS must operate autonomously and safely in a complex 3D en-

vironment. The success of such AeS would depend on the capability of controlling

individual and collective behavior of all robots with due consideration to the limited

on board resources for sensing, computation, communication, actuation and mini-
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Figure 1.9: Pheeno, a Versatile Swarm Robotic Research and Education Platform.

mal human intervention. The potential commercial applications include Urban Air

Mobility (UAM)Thipphavong et al. (2018), drone deliveryKellermann et al. (2020)

to name a few. AeS research also aims at addressing problems considered in MAS

like coordination, control, task allocation, target search and tracking under the SR

paradigm. Models for aerial swarms range from discrete models like Reynolds’ model

Reynolds (1987) to continuous models utilizing PDE’s Ferrari-Trecate et al. (2006).

Probabilistic strategies have also been used for modeling swarm behaviors like Bandy-

opadhyay et al. (2017); Elamvazhuthi et al. (2020); Biswal et al. (2019) which used

Markov process to model the robot motion as transition probabilities between states
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Figure 1.10: Crazyflie 2.0 Nano Quadcopter.

or nodes. Hereinafter, the terms agents and robots are used interchangeably.

1.1.3 Related Work on Multi Robot Systems

Teams of mobile robots have proved to be useful for exploring and mapping envi-

ronments in disaster response scenarios Michael et al. (2014); Burgard et al. (2005);

Nagatani et al. (2013). However, such robots are subject to constraints on the pay-

loads that they can carry, including power sources, sensors, embedded processors,

actuators, and communication devices for transmitting information to other agents

and/or to a command center. In addition, many multi-robot control strategies rely

on a communication network for coordination. Mobile ground robots Hu et al. (2020)
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Figure 1.11: Light Trails of CrazySwarm in Action.

and aerial robots Sampedro et al. (2019) have often been used for exploration and

mapping tasks. Heterogeneous teams of ground and aerial robots have been employed

for applications that involve mapping an environment, such as disaster response Mur-

phy et al. (2016) and surveillance Dang et al. (2019). Such tasks require the robots

to track features of interest that are present in the environment. Mobile robots, es-

pecially quadrotors, are subject to limitations on their operation due to constraints

on the payloads that they can carry, including power, sensing and communication

devices for transmitting information to other robots and/or to a command center.

Many multi-robot control strategies rely on a centralized communication network for

coordination. For example, some multi-robot exploration strategies, e.g. Mahdoui

et al. (2020), rely on constant two-way communication between the robots and a cen-
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Figure 1.12: Surface Boat Equipped With a Compass, GPS, IMU for Studying the
Performance of a Over Surface Robots in a Real Aquatic Environment for Achieving
a Collective Goal Such As Clustering, Homing.

tral node. Since a centralized communication architecture is required, these strategies

do not scale well with the robot population size, as the communication bandwidth

becomes a bottleneck with increasing numbers of robots. Communication among

robots can become unreliable as the number of robots increases Howard et al. (2006);

Rizk et al. (2019), and the communication network connectivity may be disrupted by

the environment Husain et al. (2013); Vaquero et al. (2019) or by the movement of

robots beyond communication range.

Centralized Multi-Robot System (MRS) strategies for exploration and mapping,

e.g. Rocha et al. (2005); Sun et al. (2018), rely on constant communication between

all the robots and a central node. For these strategies to scale with the number of
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Figure 1.13: Swarm of 10 Boats Used to Study the Performance of Swarming Strate-
gies in a Real World Aquatic Environment.

robots, the communication infrastructure needs to be expanded to accommodate the

additional bandwidth required for more robots to communicate, which limits their

applicability. Moreover, the failure of the central node disrupts communication for

all robots, resulting in failure of the entire system.

Decentralized multi-agent control strategies that employ communication networks

often require the agents to reach consensus on a particular variable. Achieving con-

sensus is the problem of arriving at a common output variable or global property from

measurements by distributed agents with local communication, without the need for a

supervisory agent (leader or central processor) Spanos et al. (2005). Consensus prob-

lems have been studied in the cases of static or fixed network topologies Ren et al.

(2007) and dynamic or switching network topologies George and Freeman (2019),
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directed and undirected communication graphs Ren and Beard (2004), random net-

works Mesbahi and Egerstedt (2010), and mobile networks with communication delays

Olfati-Saber and Murray (2004). Consensus algorithms for multi-robot rendezvous,

e.g. Parasuraman et al. (2018); Yu and Hsieh (2020); Fox et al. (2006); Vincent et al.

(2008), are an example of such a strategy on a dynamic network. The robot controllers

drive the robots to meet at a common location in order to enable their information

exchange via local communication. However, such strategies restrict exploration since

the robots must aggregate at a common location. Distributed consensus for merging

individual agents’ information has been previously used for multi-agent search, e.g.

Hu et al. (2012); however, it requires a connected communication network. Although

random mobility models are commonly used in multi-robot exploration, e.g. Martinez

et al. (2012); Wagner et al. (1998); Winfield (2000); Kegeleirs et al. (2019); Dimidov

et al. (2016), few works consider consensus problems for communication networks

that exhibit Markovian switching dynamics. Consensus on opinion pools have been

developed in Stone (1961); Degroot (1974); Bailey et al. (2012) and guarantee the

convergence to a common shared opinion.

1.2 Contributions

The main contributions of this dissertation are outlined as follows:

1. A probabilistic consensus framework for multi-robot system robust to commu-

nication link failures is formulated. The robots (or agents) are capable of local

sensing in a limited field of view. Each robot explores a bounded environ-

ment according to a Discrete-Time Discrete-Space (DTDS) Markov model. We

have theoretically proven convergence of the algorithm under these Markovian

switching robot dynamics.
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2. Decentralized multi-target tracking with Gaussian Mixture (GM) approxima-

tion of the Probability Hypothesis Density (PHD) filter to track multiple sta-

tionary targets is implemented. Markov Renewal Reward process is used to

validate the consensus framework using this GM-PHD filter.

3. A fusion algorithm for generating a shared occupancy grid map by robotic

swarms is proposed. We have generalized the results for opinion pools over

connected networks and proven theoretically the convergence results under a

Markovian switched network using a modification of the distributed Chernoff

fusion rule.

4. Rigorous validation of the framework through extensive numerical simulations

and 3D physics simulation with simulated quadrotors in Gazebo with ROS. We

also show the effects of robot population and environment size on the conver-

gence time under this framework.
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Chapter 2

SINGLE-TARGET SEARCH USING CONSENSUS ON MARKOV CHAINS

This chapter presents research and results from Shirsat et al. (2020)[ A. Shirsat,

K. Elamvazhuthi, and S. Berman, “Multi-Robot Target Search Using Probabilistic

Consensus on Discrete Markov Chains,” in 2020 IEEE International Symposium on

Safety, Security, and Rescue Robotics (SSRR).IEEE, 2020, pp. 108–115]

2.1 Overview

Disaster areas, such as regions affected by earthquakes and floods, experience great

disruption to communication and power infrastructure. This presents challenges in

coordinating searches for survivors and dispersing relief teams to those locations.

To address this problem, we present and analyze a probabilistic multi-agent search

strategy that is based on a distributed consensus protocol. The proposed strategy

is decentralized and asynchronous and relies on only limited communication among

agents. Thus, it can be employed in applications, such as disaster response scenarios,

where it is infeasible to maintain a connected communication network, rendezvous,

or communicate with a central node. The agents move according to a discrete-time

discrete-state (DTDS) Markov chain model on a finite spatial grid, as illustrated in

Figure 2.1. We consider only static features here, which represent persistent charac-

teristics of the target(s) that the agents are searching for in the environment.

The organization of this chapter is as follows. Section 2.2 presents the problem

formulation, and Section 2.3 describes the probabilistic motion model of the agents.

Section 2.4 proves that all agents will reach consensus on the presence of the feature

under our stochastic search strategy. Section 2.5 presents example implementations
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Figure 2.1: Overhead view of problem scenario, simulated in Gazebo 9 (Koenig and
Howard, 2004). Multiple aerial robots, flying at different heights, search for a target
represented by the magenta box using a Markov chain motion model.
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of our strategy in numerical and 3D physics simulations and discusses the results.

Section 2.6 concludes the chapter.

2.2 Problem Formulation

We consider an unknown, bounded environment that contains a finite, non-zero

number of static features of interest, indexed by the set I ⊂ Z+, where Z+ is the set of

positive integers. A set of N agents, indexed by the set N = {1, 2, ..., N}, explore the

environment using a random walk strategy. We assume that each agent can localize

itself in the environment and can detect a feature within its sensing range. When an

agent a ∈ N detects a feature at discrete time k, it associates a scalar information

state ξa[k] ∈ R≥0 with its current position. The vector of information states for

all agents at time k is denoted by ξ[k]. Defining U(0, 1) as the uniform probability

distribution on the interval [0, 1], the initial information state of each agent a is

specified a priori as ξa[0] ∼ U(0, 1). The agent can communicate its information

state ξa[k] at time k to all agents within a disc of radius rcomm ∈ (0, δ], where δ is

the maximum communication radius. We define these agents as the set of neighbors

of agent a at time k, denoted by N a
k . Additionally, we assume that the agents can

avoid obstacles during their exploration. Since the agents are constantly moving,

the set of agents with which they can communicate changes over time. The time

evolution of this communication network is determined by the random walks of the

agents throughout the bounded environment. This approach uses low communication

bandwidth, since each agent only transmits a scalar value associated with each feature

that it detects, to only the current set of neighboring agents.

We discretize the environment, as shown in Figure 2.2, into a square grid of nodes

spaced at a distance d apart. The set of nodes is denoted by S ⊂ Z+. We define

S = |S|. Let Gs = (Vs, Es) be an undirected graph associated with this finite spatial
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grid, where Vs is the set of nodes and Es is the set of edges (i, j) that signify pairs

of nodes i, j ∈ Vs between which agents can travel. We refer to these pairs of nodes

as neighboring nodes. Each agent performs a random walk on this grid, moving from

its current node i to a neighboring node j at the next time step with transition

probability pij. Let Za
k ∈ S be a random variable that represents the index of the

node that an agent a ∈ N occupies at the discrete time k. For each agent a, the

probability mass function πk ∈ R1×S of Za
k evolves according to a DTDS Markov

chain:

πk+1 = πkP, (2.1)

where the state transition matrix P ∈ RS×S has elements pij ∈ [0, 1] at row i ∈ S

and column j ∈ S.

We assume that no prior information about possible search locations is available.

To cover the search area uniformly, each agent is deployed from a random node on the

spatial grid. These initial agent positions are chosen independently of one another

and are identically distributed according to the probability mass function π0, defined

as a discrete uniform distribution over the set of nodes. We define ξr ∈ R≥0 as a

scalar reference information state that is associated with the set of nodes Zr ⊂ S

from which an agent can detect a feature. In this work, we only consider environments

with a single feature of interest.

We now define another graph that models the time-varying communication topol-

ogy of the agents as they move along the spatial grid. Let Gc[k] = (Vc, Ec[k]) be

an undirected graph in which Vc = N , the set of agents, and Ec[k] is the set of all

pairs of agents (a, b) ∈ N × N that can communicate with each other at time k.

Let M[k] ∈ RN×N be the adjacency matrix with elements mab[k] = 1 if (a, b) ∈ Ec[k]

and mab[k] = 0 otherwise. We define L[k] ∈ RN×N as the graph Laplacian, whose

elements are lab[k] =
∑N

b=1mab[k] = deg(va) if a = b and lab[k] = −mab[k] if a 6= b.
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Given the agent dynamics Equation (2.1) on the spatial grid, each agent a updates

its information state at each time k according to a consensus protocol similar to one

developed in (Ren and Beard, 2008). This update is based on the agent’s current

information; the information from all its neighboring agents, of which there are at

most dmax = N − 1; and the reference information state:

ξa[k + 1] = ξa[k]− α
∑
b∈Nak

lab[k](ξa[k]− ξb[k])

− ga(ξa[k]− ξr),

(2.2)

where a, b ∈ N ; α is a constant, chosen such that α ∈ (0, 1
dmax

) (Olfati-Saber and

Murray, 2004); and ga is defined as:

ga =


1, Za

k ∈ Zr

0, otherwise

(2.3)

In the following two sections, we will show that when agents move on the spatial

grid according to Equation (2.1) and exchange information with their neighbors ac-

cording to Equation (2.2), they achieve average consensus on their information states,

defined as follows:

Definition 2.2.1. We say that the vector ξ[k] converges almost surely to average

consensus if

ξ[k]
a.s→ ξr1, (2.4)

where 1 ∈ RN×1 is a vector of ones.

This implies that the agents’ individual information states will eventually con-

verge to a common information state that indicates the presence of the object being

searched. We define Tc as the time k at which every agent’s information state ξa[k]
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Algorithm 1: Control strategy for agent a ∈ N
Input: α, ga, ε, ξ

r; ξa[0] ∼ U(0, 1); Za
0 ← i ∈ S

Output: k, ξa[k] for which |ξa[k]− ξr| ≤ ε

k ← 0

while |ξa[k]− ξr| > ε do
sum1 ← 0

sum2 ← 0

forall b ∈ N a
k do

/* agents a, b communicate */

sum1 ← sum1 − αlab[k](ξa[k]− ξb[k])

end

if i ∈ Zr then

/* agent a detects feature */

sum2 ← −ga(ξa[k]− ξr)

end

ξa[k + 1]← ξa[k] + sum1 + sum2

Za
k+1 ← j, (i, j) ∈ Es, with probability pij

i← j

k ← k + 1

end

reaches ξr within a small tolerance ε, where 0 ≤ ε � 1; i.e., |ξa[Tc] − ξr| < ε for all

agents a ∈ N . We consider Tc to be the time at which the agents reach consensus.

The implementation of this probabilistic search strategy on each agent is described

in the pseudo code shown in Algorithm 1. We illustrate the strategy for a scenario

with two quadrotors in Figure 2.2. The quadrotors start at the spatial grid nodes

indexed by i and j and move on the grid according to the DTDS Markov chain

21



m = Z1
k = Z2
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Figure 2.2: Illustration of our multi-agent search strategy, showing sample paths
for two quadrotors (orange and red) on a square grid. The quadrotors search the
environment for a static target (the magenta star) as they perform a random walk on
the grid.

dynamics in Equation (2.1). The figure shows sample paths of the quadrotors. The

orange quadrotor detects the feature, indicated by a magenta star, when it moves to

a node in the set Zr (at these nodes, the feature is within the quadrotor’s sensing

range). The quadrotors meet at grid node m after k = 9 time steps and exchange

information according to Equation (2.2). They stop the search if their information

states are within ε of ξr; otherwise, they continue to random-walk on the grid.

2.3 Random Mobility Model Analysis

Consider the DTDS Markov chain that governs the probability mass function of

the state Za
k , defined as the location of agent a at time k on the spatial grid that

represents the environment. Then, the time evolution of the agent a’s movement in
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this finite state space can be expressed by using the Markov property as follows:

Pr(Za
k+1 = j | Za

k = i, Za
k−1 = m, . . . , Za

0 = l)

= Pr(Za
k+1 = j | Za

k = i),

(2.5)

where the second expression is the probability with which an agent at node j transi-

tions to node i at time k + 1, and m, l ∈ Z+.

2.3.1 State Transition Matrix

The Markov chain Equation (2.1) is expressed in terms of the state transition

matrix P. The time invariant matrix P is defined by the state space of the spatial

grid representing the discretized environment. Hence, the Markov chain is time ho-

mogeneous, which implies that Pr(Za
k+1 = j | Za

k = i) is the same for all agents at all

times k. The entries of P, which are the state transition probabilities, can therefore

be defined as

pij = Pr(Za
k+1 = j | Za

k = i), ∀i, j ∈ S, k ∈ Z+, ∀a ∈ N . (2.6)

Since each agent chooses its next node from a uniform distribution, these entries

can be computed as

pij =


1

di+1
, (i, j) ∈ Es,

0, otherwise,

(2.7)

where di is the degree of the node i ∈ S, defined as di = 2 if i is a corner of the spatial

grid, di = 3 if it is on an edge between two corners, and di = 4 otherwise. Since each

entry pij ≥ 0, we use the notation P ≥ 0. We see that Pm ≥ 0 for m ≥ 1. Hence,

P is a non-negative matrix. Using Theorem 5 in (Grimmett and Stirzaker, 2001), we

can conclude that the state transition matrix P is a stochastic matrix.
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2.3.2 Stationary Distribution

A stationary distribution of a Markov chain is defined as follows.

Definition 2.3.1. (Page 227 in (Grimmett and Stirzaker, 2001)) The vector π ∈ RS

is called a stationary distribution of a Markov chain if π has entries such that:

1. πj ≥ 0 ∀j ∈ S and
∑S

j=1 πj = 1

2. πP = π

Thus, if π is a stationary distribution, we can say that ∀k ∈ Z+,

πPk = π. (2.8)

From the construction of the Markov chain Equation (2.1), each agent has a

positive probability of moving from any node i ∈ S to any other node j ∈ S of the

spatial grid in a finite number of time steps. As a result, the Markov chain Za
k is an

irreducible Markov chain, and therefore P is an irreducible matrix.

From Lemma 8.4.4 (Perron-Frobenius) in (Horn and Johnson, 1990), we know

that there exists a real unique positive left eigenvector of P. Moreover, since P is a

stochastic matrix, its spectral radius ρ(P) is equal to 1. Therefore, we can conclude

that this left eigenvector is the stationary distribution of the corresponding DTDS

Markov chain. We will next apply the following theorem.

Theorem 2.3.1. (Theorem 21.12 in (Levin and Peres, 2017)) An irreducible Markov

chain with transition matrix P is positive recurrent if and only if there exists a prob-

ability distribution π such that πP = π.

Since we have shown that the Markov chain is irreducible and has a stationary

distribution π, which satisfies πP = π, we can conclude from Theorem Theorem 2.3.1
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that the Markov chain is positive recurrent. Thus, all states in the Markov chain are

positive recurrent, which implies that each agent will keep visiting every state on the

finite spatial grid infinitely often.

2.4 Information Consensus Analysis

The dynamics of all agents’ movements on the spatial grid can be modeled by a

composite Markov chain with states defined as Zk = (Z1
k , Z

2
k , ..., Z

N
k ) ∈ M, where

M = SN . Note that S = |S| and |M| = SN . We define an undirected graph

Ĝ = (V̂ , Ê) that is associated with the composite Markov chain. The vertex set V̂

is the set of all possible realizations ı̂ ∈ M of Zk. The notation ı̂(a) represents the

ath entry of ı̂, which is the spatial node i ∈ S occupied by agent a. We define the

edge set Ê of the graph Ĝ as follows: (̂ı, ̂) ∈ Ê if and only if (̂ı(a), ̂(a)) ∈ Es for all

agents a ∈ N . Let Q ∈ R|M|×|M| be the state transition matrix associated with the

composite Markov chain. The elements of Q, denoted by qı̂̂, are computed from the

transition probabilities defined by Equation (2.7) as follows:

qı̂̂ =
N∏
a=1

pı̂(a)̂(a), ∀ı̂, ̂ ∈M. (2.9)

In the above expression, qı̂̂ is the probability that in the next time step, each agent

a will move from spatial node ı̂(a) to node ̂(a).

i j l
pij pjl

pii pjj pll

Figure 2.3: A graph Gs = (Vs, Es) defined on the set of spatial nodes Vs = {i, j, l}.
The arrows signify directed edges between pairs of distinct nodes or self-edges. The
edge set of the graph is Es = {(i, i), (j, j), (l, l), (i, j), (j, l)}.

For example, consider a set of two agents, N = {1, 2}, that move on the graph Gs

as shown in Figure 2.3. The agents can stay at their current node in the next time
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(i, i)

î

(i, j)

ĵ

(i, l)

l̂

qî,ĵ qĵ,l̂

qî,̂i qĵ,ĵ ql̂,l̂

Figure 2.4: A Subset of the Composite Graph Ĝ = (V̂ , Ê) For 2 Agents That Move
on the Graph Gs Shown In Figure 2.3.

step or travel between nodes i and j and between nodes j and l, but they cannot

travel between nodes i and l. Figure 2.4 shows a subset of the resulting composite

graph Ĝ. The set of nodes in the graph Ĝ is V̂

V̂ == {(i, i), (i, j), (i, l), (j, i), (j, j), (j, l), (l, i), (l, j), (l, l)}

Each node in V̂ is labeled by a single index ı̂, e.g., ı̂ = (i, j), with ı̂(1) = i and

ı̂(2) = j. Due to the connectivity of the spatial grid defined by Es, we can for example

identify ((i, j), (i, l)) as an edge in Ê , but not ((i, j), (l, l)).

Since N = 2 and S = 3, we have that |M| = 32 = 9. For each ı̂, ̂ ∈ V̂ , we can

compute the transition probabilities in Q ∈ R9×9 from Equation (2.9) as follows:

qı̂̂ = Pr (Zk+1 = ̂ | Zk = ı̂) = pı̂(1)̂(1)pı̂(2)̂(2), k ∈ Z+. (2.10)

We now define ξ̂[k] = [ξ1[k] ξ2[k] . . . ξN [k] ξr]T ∈ RN+1 as an augmented

information state vector. The dynamics of information exchange among the agents

modeled by Equation (2.2) can then be represented in matrix form as follows:

ξ̂[k + 1] = H[k]ξ̂[k], (2.11)

where H[k] ∈ R(N+1)×(N+1) is defined as

H[k] =

 I− αL[k] + diag(d) − d

0 1

 (2.12)
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in which d = [g1 g2 . . . gN ]T , 0 ∈ R1×N is a vector of zeros, and I ∈ RN×N is the

identity matrix.

We associate Equation (2.11) with a graph Gr[k], an expansion of the graph Gc[k]

that includes information flow from the feature nodes Zr to agents that occupy these

nodes. Here we consider the feature as an additional agent af = N+1, which remains

fixed. Let Gr[k] = (Vr, Er[k]) be a directed graph in which Vr = N ∪ af , the set of

agents and the feature, and Er[k] = Ec[k] ∪ Ef [k], where Ef [k] is the set of agent-

feature pairs (a, af ) for which Za
k ∈ Zr at time k. In this graph, information flows in

one direction from the feature nodes to all agents that occupy a feature node on the

finite spatial grid at time k. In addition, information flows bidirectionally between

agents that are neighbors at time k. We now prove the main result of this paper in

the following theorem, which shows that all agents will track the reference feature in

the environment almost surely and in a distributed fashion.

Theorem 2.4.1. Consider a group of N agents whose information states evolve ac-

cording to Equation (2.11). The information states of all agents will converge to the

reference information state ξr almost surely.

Proof. Suppose that at an initial time k0, the locations of the N agents on the spatial

grid are represented by the node ı̂ ∈ V̂ . Consider another set of agent locations at a

future time k0 + k, represented by the node ̂ ∈ V̂ . The transition of the agents from

configuration ı̂ to configuration ̂ in k time steps corresponds to a random walk of

length k on the composite Markov chain Zk from node ı̂ to node ̂. It also corresponds

to a random walk by each agent a on the spatial grid from node ı̂(a) to node ̂(a) in k

time steps. By construction, the graph Gs is strongly connected and each of its nodes

has a self-edge. Thus, there exists a discrete time n > 0 such that, for each agent a,

there exists a random walk on the spatial grid from node ı̂(a) to node ̂(a) in n time
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steps. Consequently, there always exists a random walk of length n on the composite

Markov chain Zk from node ı̂ to node ̂. Therefore, Zk is an irreducible Markov

chain. All states of an irreducible Markov chain belong to a single communication

class. In this case, all states are positive recurrent. As a result, each state of Zk

is visited infinitely often by the group of agents. Moreover, because the composite

Markov chain is irreducible, we can conclude that ∪k∈Z+Gc[k] = G0, where G0 is the

complete graph on the set of agents N , and therefore that ∪k∈Z+Gr[k] contains a

directed spanning tree with ξr as the fixed root. Since this union of graphs has a

spanning tree, we can apply Theorem 3.1 in (Matei et al., 2009) to conclude that

the information state of each agent will converge to ξr almost surely. The notation

θ(k) and Fθ(k) in (Matei et al., 2009) corresponds to our definitions of Zk and H[k],

respectively.

2.5 Simulation Results

We validate the result on average information consensus in Theorem Theorem 2.4.1

with numerical simulations in MATLAB and 3D physics-based software-in-the-loop

(SITL) simulations developed in ROS-Melodic and Gazebo 9 (Koenig and Howard,

2004). In the simulations, multiple agents perform random walks on a finite spatial

grid according to the dynamics in Equation (2.1). Each grid is defined as a square

lattice with c =
√
S nodes on each side, where the distance between neighboring nodes

is d = 1 m. s. The state transition probabilities pij of the corresponding graph Gs

are defined according to Equation (2.7). Since our largest simulated agent population

is N = 14, and the parameter α must be less than 1
dmax

= 1
N−1 (Olfati-Saber and

Murray, 2004), we set α = 1
14−1 ≈ 0.08. The tolerance ε defining the time until

consensus was set to 0.01. All simulations were run on a desktop computer with 16

GB of RAM and an Intel Xeon 3.0 GHz 16 core processor with an NVIDIA Quadro
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M4000 graphics processor.

2.5.1 Numerical Simulations

We performed large ensembles of Monte Carlo simulations to investigate the effect

of the number of agents N , the spatial grid dimension c, and the resulting agent

density N/c2 on the expected time until the agents reach consensus, i.e., agree that

the feature of interest is present. Quantifying the effect of these factors is necessary in

order to determine the number of agents that should search a given area. This would

help first responders to optimally distribute resources for searching a disaster-affected

environment.

Each agent is modeled as a point mass that can move between adjacent nodes on

the graph Gs, as illustrated in Figure 2.2. We assume that the agents can localize

on Gs. The set of neighbors N a
k of an agent a at time k consists of all agents that

occupy the same spatial node as agent a at that time. The feature can by detected

by an agent located at nodes Zr = {4, 5, 6} of the spatial grid, and the reference

information state of the feature is defined as ξr = 1.

To investigate the dependence of the expected time to reach consensus, E[Tc], on

the number of agents N and the spatial grid dimension c, we simulated scenarios

with different combinations of N ∈ {2, 3, . . . , 14} and c ∈ {5, 8, 10, 12, 15, 20} meters.

For each scenario, we ran 1000 simulations with random initial agent positions and

computed the mean time µ at which the agents reached consensus. Figure 2.5 plots

the values of µ versus N and c for each simulated scenario, and Figure 2.6 plots µ

versus the corresponding agent density, N/c2. We observe from these figures that a

decrease in the agent density results in an increase in µ. This can be attributed to low

agent encounter rates with other agents and with feature nodes at low agent densities.

Using the curve fitting toolbox in MATLAB and data from Figure 2.6 we see that
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there is an exponential relation between E[Tc] and N/c2 given by E[Tc] = ae−b
N
c2 with

a = 0.008, b = −15.84. Figure 2.6 shows that the expected time until consensus does

not decrease appreciably for agent densities above approximately N/c2 = 0.05. Thus,

for a given grid size c2, it may not be necessary to deploy more than about d0.05c2e

agents (0.05c2 rounded up to the next integer) to search the area.

For selected combinations of N and c, we also computed the standard deviation

σ of the time to reach consensus over the corresponding 1000 simulations. Figure 2.7

plots µ ± σ versus N for a fixed grid dimension c = 5, and Figure 2.8 plots µ ± σ

versus c for a fixed number of agents N = 5. Figure 2.7 shows that for a relatively

small grid size (c = 5), both µ and σ do not vary substantially with N . Thus, a small

number of agents would be sufficient to search such an environment, since increasing

the agent density would not significantly speed up the search or reduce the variability

in time until consensus. Figure 2.8 indicates that for a fixed group size of N = 5

agents, both µ and σ increase monotonically with the size of the grid. This trend

suggests that more agents should be deployed if the predicted time until consensus

and/or the variability in this time is too high for a given environment.

We illustrate the agents’ consensus dynamics with two cases of the simulation runs.

Figure 2.10 plots the time evolution of the agent information states for each case. In

the first case, N = 2 agents traverse a spatial grid with dimension c = 3. From

Figure 2.9, we see that the time until consensus, i.e. the time at which both agents’

information states converge within ε of the reference state ξr = 1, is approximately

160 s. We also simulate N = 5 agents that traverse a spatial grid with dimension

c = 10. Figure 2.10 shows that the time until consensus has increased to about 570

s in this case, which is within one standard deviation σ of the mean consensus time

µ computed from our Monte Carlo analysis, as shown in Figure 2.8 for c = 10.

We also studied the effect on E[Tc] of uncertainty in the agents’ identification of
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Figure 2.5: Mean Time (s) Until Consensus Is Reached, µ, Versus Number of Agents
N and Spatial Grid Dimension c. Each Value of µ Is Averaged Over 1000 Monte Carlo
Simulations of Scenarios With the Corresponding Values of N and c.
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Figure 2.6: Mean Time (s) Until Consensus Is Reached, µ, Versus Agent Density
N/c2 for the Simulation Data Plotted In Figure 2.5.
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Figure 2.7: Time Until Consensus Is Reached, Averaged Over 1000 Monte Carlo
Simulations of Scenarios With Varying Numbers of Agents N and Grid Dimension
c = 5.
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Figure 2.8: Time Until Consensus Is Reached, Averaged Over 1000 Monte Carlo
Simulations of Scenarios With Varying c and N = 5. The Circles Mark Mean Times
µ, and the Error Bars Show Standard Deviations σ.
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Reference information Time until consensus is reached (s)

state µ± σ

ξr = 1 140 ± 35

ξr ∼ N(1, 0.02) 175 ± 68

Table 2.1: Time Until Consensus Is Reached (µ± σ), Computed From 1000 Monte
Carlo Simulations of Scenarios With N = 5, c = 5 and Different Values of ξr.

the feature nodes (i.e., ξr is a random variable), which may arise in practice due to

factors such as sensor noise, occlusion of features, and inter-agent communication

failures. We ran 1000 Monte Carlo simulation runs, for each of two scenarios, all with

N = 5 agents moving on a spatial grid with dimension c = 5 m. For each scenario,

Table 2.1 shows the mean µ and standard deviation σ of the time until the agents

reach consensus. To investigate the effect of uncertainty in feature identification, we

specified that agents either perfectly identify the feature, in which case ξr = 1, or

obtain noisy measurements of the feature, for which ξr ∼ N(1, 0.02). From Table 2.1,

we observe that the addition of noise to the agents’ measurements of the feature

results in an increase in both µ and σ. However, despite information uncertainty, the

agents successfully achieve consensus.

2.5.2 3D Physics Simulations

We also tested our search strategy in physics-based simulations. A snapshot of the

Gazebo simulation environment is shown in Figure 2.1. The agents are modeled as

quadrotors with a plus frame configuration. We assume that the agents can accurately

localize in the environment using on-board inertial and GPS sensors. The analysis

of our probabilistic consensus strategy under localization uncertainty is beyond the

scope of this paper. We also assume that the feature of interest is known to be present

in the environment, but its location is unknown.
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Figure 2.9: Time Evolution of the Agent Information States ξa[k] in Simulations of
N = 2 Agents Moving On a 3×3 Grid.
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Figure 2.10: Time Evolution of the Agent Information States ξa[k] in Simulations
of N = 5 Agents Moving On a 10×10 Grid.
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Figure 2.11: Time Evolution of the Robot Information States ξa[k] in Gazebo Sim-
ulation Runs of N = 2 Robots Moving On a 3×3 Grid.
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Figure 2.12: Time Evolution of the Robot Information States ξa[k] in Gazebo Sim-
ulation Runs of (B) N = 5 Robots Moving On a 5×5 Grid.
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Each quadrotor is equipped with a downward-facing RGB camera with a resolution

of 1080 × 720. The feature of interest is modeled as a magenta box, which the

agents detect from their camera images using a color-based classifier. We added zero-

mean Gaussian noise with standard deviation 0.07 to the photo-metric intensity in

the camera sensor model. We also used a standard plumb bob distortion model to

account for camera lens distortion. The quadrotors are spaced 0.5 m apart in altitude

in order to prevent collisions. The altitude difference causes slight disparities in the

quadrotors’ field-of-view (FOV), but this does not significantly affect the performance

of the search strategy.

We simulated two scenarios: N = 2 robots at altitudes 0.5 m and 1 m traversing

a 3× 3 grid, and N = 5 robots at altitudes between 1 m and 3 m traversing a 5× 5

grid. Figure 2.11 and Figure 2.12 plot the time evolution of the agent information

states over a single simulation run of each scenario. The information states sometimes

display steep drops in value, as in the plots of ξ2 and ξ4 in Figure 2.12 from 50 s to

70 s. These drops can be attributed to the following factors: (1) an agent updates

its information state with states communicated by its neighbors, according to the

consensus protocol; (2) an agent that is at the feature node stops detecting the feature

below when another agent at a lower altitude enters its field of view, occluding the

feature; (3) spurious measurements like false positives may have been introduced by

an agent’s sensors. Despite the unmodeled effects of the second and third factors

on the information states, the agents still successfully reach consensus during the

Gazebo simulations. We see that the time until consensus is reached in Figure 2.11

and Figure 2.12 is about 210 s and 250 s, respectively. The delays in these times

compared to the times in the Monte Carlo simulations in Figure 2.7-Figure 2.8 can

be attributed to the second and third factors described above and to the inertia of the

quadrotor, which affect the Gazebo simulations but not the Monte Carlo simulations.
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2.6 Conclusions

In this chapter, we have presented a probabilistic search strategy for multiple

agents with local sensing and communication capabilities. The agents explore a

bounded environment according to a DTDS Markov motion model and share infor-

mation with neighboring agents. We proved that the agents achieve consensus almost

surely on the presence of a static feature of interest in the environment. Thus, agents

that do not detect the feature through direct measurement will eventually recognize

its presence through information exchange with other agents. Importantly, this result

does not require any assumptions on the connectivity of the agents’ communication

network. Thus, the search strategy is suitable for applications in which network

connectivity is difficult to maintain, such as disaster scenarios. We investigated the

performance of our strategy in both numerical and physics-based simulations.

In the next chapter, we extend this approach to a decentralized strategy for track-

ing multiple static targets by formulating the tracking procedure as a renewal-reward

process on the underlying Markov chain.
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Chapter 3

DECENTRALIZED MULTI-TARGET TRACKING WITH A PHD FILTER

This chapter presents research and results from Shirsat and Berman (2021) [

A. Shirsat and S. Berman, “Decentralized Multi-Target Tracking With Multiple

Quadrotors Using a PHD Filter,” in AIAA Scitech 2021 Forum, 2021]

3.1 Overview

Multi-target tracking is an established field of research with origins in the study

of point processes Daley and Vere-Jones (2007), with most early applications in radar

and sonar based tracking. In real-world scenarios, there is often uncertainty in the

existence, locations, and dynamics of targets, as well as uncertainty in sensor mea-

surements of targets that arise from sensor noise and false detections (clutter) around

the real targets. Random Finite Set (RFS) models provide a probabilistic frame-

work for multi-target tracking that can account for these uncertainties and ensure

statistical guarantees on the accuracy of the estimated number of targets and their

states.

Unlike RFS-based estimators, many classical probabilistic multi-target tracking

approaches require techniques for data association, which is computationally inten-

sive. Such approaches include multiple hypothesis tracking Jensfelt and Kristensen

(2001); Reid (1979); Yoon et al. (2018), in which an exhaustive search on all possi-

ble combinations of tracks and data associations is performed, and joint probabilistic

data association Bar-Shalom and Fortmann (1988); Schulz et al. (2001); Stauch et al.

(2018). The papers Mahler et al. (2001); Mahler (2003, 2007) are foundational works

on estimation methods based on Random Finite Sets, and they have made concepts
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from point process theory for multi-target tracking more accessible to engineering dis-

ciplines. The paper Clark et al. (2006) presents an implementation of a multi-target

tracking approach as a probability hypothesis density (PHD) filter, and Vo and Ma

(2006) provides examples of scenarios with targets that follow either linear or non-

linear motion models. In Sung and Tokekar (2017), a PHD filter-based approach is

proposed for simultaneous search and tracking of an unknown number of moving tar-

gets by a single robot with a limited sensing field of view. There have also been works

on multi-target search and tracking using multi-robot systems with communication

networks that are always connected Kamath et al. (2007); Dames and Kumar (2013);

Dames (2019) and that use decentralized controllers to maintain connectivity Hung

et al. (2016). In real-world applications, constraints on the robots’ communication

ranges limit the area that the robots can explore.

This chapter addresses the problem of tracking multiple targets without requir-

ing a connected communication network using a multi-robot search strategy with

the same probabilistic motion model and inter-robot communication constraints as

in Chapter 2. We consider scenarios in which the quadrotors move according to a

DTDS Markov chain model on a finite spatial grid, as illustrated in Figure 3.1, while

searching for multiple stationary targets. A robot detects the presence of a target

by obtaining sensor measurements of target’s states. We assume that the robots’

sensors have limited fields of view and that the robots share information about the

targets only with other robots within their local communication range. We model

the multi-robot target tracking procedure as a renewal-reward process, in which the

reward is defined as the estimated number of targets and the targets’ states, such as

their spatial locations.

The remainder of the chapter, is organized as follows. Section 3.2 presents the

problem statement. Section 3.3 discusses the DTDS Markov chain motion model that
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Figure 3.1: Illustration of Our Multi-Robot Multi-Target Tracking Strategy, Show-
ing Sample Paths for Two Quadrotors (Orange and Blue) on a Square Grid. The
Quadrotors Search the Environment for a Set of Static Targets, Represented by the
Squares, As They Perform a Random Walk on the Grid.

the robots follow. We then provide a brief discussion on the theory of renewal-reward

processes and their application to our problem in Section 3.4. In Section 3.5, we

present the Random Finite Set formulation and its first-order moment, the Probabil-

ity Hypothesis Density (PHD) filter, as an estimation framework for detecting and

tracking multiple targets. In Section 3.5.1, we describe the Gaussian Mixture approx-

imation of the PHD filter from (Vo and Ma, 2006). We then validate our strategy

with simulations in Section 3.6 and finally state our conclusions in Section 3.7.

3.2 Problem Formulation

We consider an unknown, bounded environment that contains a finite, non-zero

number of static targets, indexed by the set I ⊂ Z+. The environment is discretized
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into a square grid, and the four vertices of each grid cell are referred to as nodes.

Let S ⊂ Z+ denote the set of S nodes, and let Gs = (Vs, Es) be an undirected graph

associated with this grid, where Vs is the set of nodes and Es is the set of edges (i, j)

that signify the pairs of nodes i, j ∈ Vs between which the quadrotors can travel.

A group of N quadrotors, indexed by the set N , explores the environment using a

random walk strategy: each quadrotor performs a random walk on the grid, moving

from its current node i to an adjacent node j with transition probability pij at each

discrete time k. We assume that each quadrotor is able to localize itself in this

environment; i.e., that it knows which node it currently occupies. We also assume

that quadrotors can communicate with one another only if they occupy the same

node. We also assume that the quadrotors have perfect localization.

The number of targets estimated by each quadrotor is updated at every time step

k. Let the ith target detected by quadrotor aj at time k be m
aj
i,k ∈ R+ which is a

tuple, composed of the state of the target, which is a time-varying property of the

target like its location within the quadrotor’s field of view (FoV), the pixels that

it occupies in the quadrotor’s camera image, and a unique identification label. Let

Mai
k = {mai

1,k, . . . ,m
ai
nm,k
} be the set of states of all targets detected by the quadrotor

aj at time k, where nm is the maximum number of features that a quadrotor can

detect simultaneously. The value of nm is limited by the computational capabilities

and the available memory on the robot. As the quadrotor explores the environment,

the number of targets that it detects and their states vary, as new targets appear in

the FoV of the quadrotor and existing targets disappear. An observation set obtained

by a quadrotor at a particular time consists of both measurements that are associated

with actual targets and measurements arising from clutter. The objective of multi-

target tracking is to jointly estimate, at each time step, the number of targets and

the targets’ states from a series of noisy and cluttered observation sets. The concept
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of a random finite set (RFS) is useful for formulating this problem, since within the

FoV of a quadrotor, the number of targets and their states are time-varying and not

completely known. A random finite set, as defined in (Mahler, 2007), is a set with a

random number of elements which are themselves random. In other words, a RFS is

a random variable whose possible values are unordered finite sets. A computationally

tractable approach to set-based estimation is to utilize the first statistical moment of

an RFS, known as the Probability Hypothesis Density (PHD) or its intensity function,

for multi-target tracking. We propose to use the Gaussian Mixture formulation of the

PHD filter (GM-PHD) for each quadrotor, as it is less computationally expensive

than the particle filter implementation.

Figure 3.1 illustrates our multi-target tracking approach with two quadrotors and

six stationary targets. The quadrotors explore the grid according to the random walk

motion model defined in Section 3.3, and they estimate the number of targets and

their positions within their limited sensing FoV using the GM-PHD filter described

in Section 3.5.1. Sample trajectories are shown for each quadrotor as a sequence of

arrows that indicate its direction of motion. At time step k, the first renewal epoch,

the quadrotors meet at node m and exchange rewards, defined as each quadrotor’s

estimates of the number of targets that it has detected up until time k and their

positions, as described in Section 3.4. The implementation of this strategy is described

in pseudocode in Algorithm 2 and Algorithm 3 and Algorithm 4. We extract only

unique target states during simulation by using set union methods, as described in

Algorithm 5.

3.3 Robot Motion Model

Let Y ai
k ∈ S be the random variable that represents the location of quadrotor ai

at time k on the spatial grid. For each quadrotor ai, the probability mass function
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Algorithm 2: Control Strategy for Robot ai ∈ N
Step 0: Initialization

ai, J
(ai)
γ , µ

(ai)
γ , P

(ai)
γ , Y

(ai)
0 , Fk−1, Qk−1, Hk, Rk,,

κ
(ai)
0 (z), pS, pD, w

(ai)
0 ,M(·)

0

Step 1: Random Walk

[Y
(ai)
k ] = MarkovRandomWalk(Y

(ai)
k−1 );

Step 2: GM-PHD Filter

a Predicted State Components

b Updated State Components

c Pruning and Merging Components

d Multi-target State Extraction

πk ∈ R1×S of Y ai
k evolves according to a discrete-time discrete-space (DTDS) Markov

chain given by:

πk+1 = Pπk, (3.1)

where the state transition matrix P ∈ RS×S has elements pij ∈ [0, 1] at row i and

column j. The time evolution of the probability mass function of Y ai
k is expressed

using the Markov property as follows:

Pr(Y ai
k+1 = jk+1|Y ai

k = jk, . . . , Y
ai
0 = j0) = Pr(Y ai

k+1 = jk+1|Y ai
k = jk), (3.2)

where jk is a specific node in the spatial grid that the quadrotor may occupy at time

k. In other words, Equation (3.2) states that the future location of the quadrotor

depends only on its current location and is statistically independent of any previous

locations. We assume that the DTDS Markov chain is time-homogeneous, which

implies that Pr(Y ai
k+1 = jk+1|Y ai

k = jk) is same for all quadrotors at all time steps.
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Algorithm 3: Components of GMPHD Filter for ai ∈ N
a Predicted State Components

Apply steps 1 and 2 from Table 1 in (Vo and Ma, 2006)

J
(ai)
k−1=J

(ai)
γ ; w

(ai)
k−1=w

(ai)
γ ; µ

(ai)
k−1 = µ

(ai)
γ

[w
(ai)
k|k−1, µ

(ai)
k|k−1, P

(ai)
k|k−1,J

(ai)
k|k−1] =

predictGMPHD(Jk−1,w
(ai)
k−1,µ

(ai)
k−1,P

(ai)
k−1,Fk−1,Qk−1,pS);

b Updated State Components

Apply steps 3 and 4 from Table 1 in (Vo and Ma, 2006)

[wk,µk,Pk,Jk]=

updateGMPHD(Hk,µk|k−1,Rk,Pk|k−1,pD,Jk|k−1,wk|k−1, κ
(ai)
k (z),Z

(ai)
k );

c Pruning and Merging Components

Apply all steps from Table 2 in (Vo and Ma, 2006)

d Multi-target State Extraction

Apply all steps from Table 3 in (Vo and Ma, 2006) with threshstate = 0.5

[X̂
(ai)
k ,ŵ

(ai)
k ,P̂

(ai)
k ] =

extractMTStateGMPHD(w
(ai)
k ,µ

(ai)
k ,P

(ai)
k ,threshstate);

M(ai)
k = M(ai)

k−1
⋃
X̂

(ai)
k ;
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Thus, the entries of P can be defined as follows:

pij = Pr(Y ai
k+1 = jk+1|Y ai

k = jk), ∀jk ∈ S, k ∈ Z≥0, ai ∈ N . (3.3)

Assuming that each quadrotor chooses its next position from a uniform random

distribution, we can compute the entries of P as follows:

pij =


1

di+1
, (i, j) ∈ Es,

0, otherwise,

(3.4)

where di is the degree of the node i ∈ S. Since each entry pij ≥ 0, we use the notation

P ≥ 0. We see that Pm ≥ 0 for m ≥ 1. Hence, P is a non-negative matrix. Then,

from Theorem 5 in (Grimmett and Stirzaker, 2001), we can say that P is a stochastic

matrix.

We define Equation (3.1) as the spatial Markov chain. From the construction of

the spatial Markov chain, every quadrotor has a positive probability of moving from

node i ∈ S to any node j ∈ S in a finite number of time steps. Thus, the Markov

chain is said to be irreducible, and consequently, P is an irreducible matrix. Now

applying Lemma 8.4.4 in (Horn and Johnson, 1990), we know that there exists a real

unique positive left eigenvector of P. Since P is a stochastic matrix, we have that

ρ(P) = 1, where ρ(P) denotes the spectral radius of P. Thus, we can conclude that

this real unique positive left eigenvector is the stationary distribution associated with

the spatial Markov chain. Since we have shown that the Markov chain is irreducible

and has a stationary distribution π that satisfies πP = π, we can conclude from

Theorem 21.12 in (Levin and Peres, 2017) that the Markov chain is positive recurrent.

Thus, all states in the Markov chain are positive recurrent, which implies that each

quadrotor will keep visiting every state on the finite spatial grid infinitely often. We

will use this result to prove results on the associated renewal-reward process, which

is discussed next.
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3.4 Renewal-Reward Process

We now define a random variable τaij ∈ R≥0 as the jth interval between two

successive times at which quadrotor ai and any another quadrotor occupy the same

node. This time interval is referred to as the inter-arrival time. A renewal epoch is a

time instant at which two quadrotors meet at the same node. For each quadrotor ai,

we define the counting process T ai(k) ∈ Z≥0 as the number of times ai has met any

other quadrotor by time k. At each renewal epoch, quadrotor ai updates its reward,

defined as the number of all detected targets and their locations, with the number

of targets and locations detected by the quadrotor(s) that occupies its current node

and transmits this information to ai. We use the definition of a renewal process given

by Definition 7.1 in (Ross, 2014). If the sequence of non-negative random variables

{τai0 , τ
ai
1 , . . . , } is independent and identically distributed, then the counting process

T ai(k) is said to be a renewal process. We demonstrate that T ai(k) is a renewal

process at the end of this section.

For a renewal process having inter-arrival times τai0 , τ
ai
1 , . . ., we define Sain =∑n

j=1 τ
ai
j as the nth renewal epoch, with Sai0 = 0 for all ai ∈ N . From the defi-

nition of a renewal process, we can infer that the number of renewal epochs by time

k is greater than or equal to n if and only if the nth renewal epoch occurs before or

at time k; that is,

T ai(k) ≥ n ⇔ Sain ≤ k. (3.5)

Now consider that at each renewal epoch, quadrotor ai receives a reward. The

reward Rai
n earned by quadrotor ai when the nth renewal occurs is defined as follows:

Rai
n =Mai

k

⋃
aj 6=ai

Maj
k , Y ai

k = Y
aj
k and aj ∈ N . (3.6)

Equation (3.5) and Equation (3.6) together define a renewal-reward process. Each

quadrotor ai calculates Mai
k by estimating the number of targets and their spatial
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distribution using a PHD filter. In Section 3.5, we describe some fundamental theory

on target detection and tracking using this type of filter.

Given the quadrotor motion model defined in Section 3.3, we can model the dy-

namics of all the quadrotors’ movements on the spatial grid by a composite Markov

chain with states ψk = (Y a1
k , Y a2

k , . . . , Y aN
k ) ∈ H, where H = SN . Note that S = |S|

and |H| = SN . We now define another undirected graph Ĝ = (V̂ , Ê) associated with

this composite Markov chain. The vertex set V̂ is a set of all possible realizations

ı̂ ∈ H of ψk. Here ı̂(al) represents the athl entry of ı̂, which corresponds to the spatial

node i ∈ S occupied by robot al ∈ N and l ∈ I. We define the edge set Ê of graph

Ĝ as follows: (̂ı, ̂) ∈ Ê if and only if (̂ı(al), ̂(al)) ∈ Es for all robots al ∈ N . Let

Q ∈ R|H|×|H| be the state transition matrix associated with this composite Markov

chain. An element of Q, denoted by qı̂̂, is the probability that in the next time step,

each robot a will move from spatial node ı̂(al) to node ̂(al). These elements are

computed from the transition probabilities defined by Equation (3.4) as follows:

qı̂̂ =
N∏
al=1

pı̂(al)̂(al), ∀ı̂, ̂ ∈ H & l ∈ I. (3.7)

As an illustration, consider a set of two robots, N = {a1, a2}, that move on the

graph Gs shown in Figure 3.2. The robots can stay at their current node in the next

time step or travel between nodes i and j and between nodes j and l, but they cannot

travel between nodes i and l. Figure 3.3 shows a subset of the resulting composite

graph Ĝ, which has the set of nodes

V̂ = {(i, i), (i, j), (i, l), (j, i), (j, j), (j, l), (l, i), (l, j), (l, l)}

Each node in V̂ is labeled by a single index ı̂, e.g., ı̂ = (i, j), with ı̂(a1) = i and

ı̂(a2) = j. Given the connectivity of the spatial grid defined by Es, we can for

example identify ((i, j), (i, l)) as an edge in Ê , but not ((i, j), (l, l)). Since N = 2 and
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i j l
pij pjl

pii pjj pll

Figure 3.2: The Arrows Signify Directed Edges Between Pairs of Distinct Nodes or
Self-Edges. The Edge Set Is Es = {(i, i), (j, j), (l, l), (i, j), (j, l)}.

(i, i)

î

(i, j)

ĵ

(i, l)

l̂

qî,ĵ qĵ,l̂

qî,̂i qĵ,ĵ ql̂,l̂

Figure 3.3: A Subset of the Composite Graph Ĝ = (V̂ , Ê) for Two Agents That
Move on the Graph Gs Shown In Gs shown in Figure 3.2.

S = 3, we have that |H| = 32 = 9. For each ı̂, ̂ ∈ V̂ , we can compute the transition

probabilities in Q ∈ R9×9 from Equation (3.7) as:

qı̂̂ = Pr (ψk+1 = ̂ | ψk = ı̂) = pı̂(a1)̂(a1)pı̂(a2)̂(a2), k ∈ Z+. (3.8)

We now prove that T ai(k) is a renewal process.

Theorem 3.4.1. T ai(k) is a renewal process on the composite Markov chain ψk.

Proof. Suppose that an initial time instant k0, the locations of all N robots on the

spatial grid are represented by the node ı̂ ∈ V̂ . Consider another set of robot locations

at time k0 + k, where k > 0, represented by the node ̂ ∈ V̂ . The transition of the

robots from configuration ı̂ to configuration ̂ in k time steps corresponds to a random

walk of length k on the composite Markov chain ψk from node ı̂ to node ̂. It also

corresponds to a random walk by each robot ai on the spatial grid from node ı̂(ai)

to node ̂(ai) in k time steps. By construction, the graph Gs is strongly connected

and each of its nodes has a self-edge. Therefore, there exists a discrete time n > 0

such that, for each robot ai ∈ N , there exists a random walk on the spatial grid from

node ı̂(ai) to node ̂(ai) in n time steps. Consequently, there always exists a random

52



walk of length n on the composite Markov chain ψk from node ı̂ to node ̂. Therefore,

ψk is an irreducible Markov chain. All states of an irreducible Markov chain belong

to a single communication class. In this case, all states are positive recurrent. As a

result, ψk is positive recurrent. Thus, each state in ψk is visited infinitely often from

all other states in ψk. A state with this property is said to regenerate (or renew)

infinitely often. We can then conclude from Proposition 67 in (Serfozo, 2009) that

T ai(k) is a regenerative process on ψk. Since every regenerative process is a renewal

process, T ai(k) is a renewal process.

Algorithm 4: Renewal-Reward Computation for Robots (ai, Aj) ∈ N

Given: M(ai)
k , M(aj)

k , Y
(ai)
k , Y

(aj)
k

for k ∈ 1 : tfinal do

for n1 ∈ 1 : |N | do

l = 1; n = 1;

for n2 ∈ n1 + 1 : |N | do

if Y
(n1)
k = Y

(n2)
k then

Rl
n=M(n1)

k

⋃
M(n2)

k ;

l = l + 1; n = n+ 1;

end

end

end

end

3.5 Probability Hypothesis Density Filter

Let Mai
k ≤ nm be the number of targets identified by quadrotor ai at time step k.

Suppose that at time k − 1, the target states are xaik−1,1, x
ai
k−1,2, . . . , x

ai
k−1,Mai

k−1

∈ X ,
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Algorithm 5: Exchange of Set of Estimated States Between Robots

(ai, Aj) ∈ N

Given: X
(ai,aj)
k−1 , X̂

(ai)
k , X̂

(aj)
k

for l1 ∈ 1 : size(|X̂(ai)
k |, 2) do

for l2 ∈ 1 : size(|X̂(aj)
k |, 2) do

Xtemp = X̂
(ai)
k,l1

⋃
X̂

(aj)
k,l2

;

if Xtemp 6⊂ X
(ai,aj)
k−1 then

X
(ai,aj)
k = X

(ai,aj)
k−1

⋃
Xtemp;

end

else

X
(ai,aj)
k = X

(ai,aj)
k−1 ;

end

end

M(ai,aj)
k = X

(ai,aj)
k ;

end

where X is the set of target states. At the next time step, some of these targets

might disappear from the quadrotor’s field of view (FoV), and new targets may ap-

pear. This results in Mai
k new states xaik,1, x

ai
k,2, . . . , xai

k,M
ai
k

. Note that the order in

which the states are represented has no significance in the RFS multi-target tracking

formulation. The quadrotor ai makes Nai
k measurements zaik,1, . . . , zk,Nai

k
∈ Z at time

k, where Z is the set of measurements. The order in which the measurements are

made is not significant. The states of the targets identified by quadrotor ai at time

k (i.e., the multi-target state) and the measurements obtained by the quadrotor at

time k can both be represented as finite sets:
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Saik|k−1(ξ): RFS of targets with previous state ξ at time k − 1 that survive

at time k

Bai
k|k−1(ξ): RFS of targets spawned at time k from targets with previous state ξ

at time k − 1

Γai
k : RFS of targets that are spontaneously born at time k

Xai
k = {xaik,1, . . . , x

ai
k,M

ai
k

} ∈ F(X ), (3.9)

Zai
k = {zaik,1, . . . , zk,Nai

k
} ∈ F(Z), (3.10)

where F(X ) is the multi-target state space and F(Z) is the measurement space. For

a quadrotor ai, given multi-target state Xai
k−1 at time k − 1, each xaik−1 ∈ X

ai
k−1 either

continues to exist (survives) at time k with probability paiS,k(x
ai
k−1) or disappears (dies)

at time k with probability 1−paiS,k(x
ai
k−1). The conditional probability density at time

k of a transition from state xaik−1 to state xaik is given by faik|k−1(·|·).

We now define the RFS model for the time evolution of the multi-target state,

which incorporates motion of the targets relative to the quadrotor, appearance (birth)

of targets, and disappearance (death) of targets:

Xai
k =

[ ⋃
ξ∈Xai

k−1

Saik|k−1(ξ)

]⋃[ ⋃
ξ∈Xai

k−1

Bai
k|k−1(ξ)

]⋃
Γai
k (3.11)

At each time step, a quadrotor ai detects a target with state xaik ∈ X
ai
k with prob-

ability paiD,k(·), or misses it with probability 1 − paiD,k(·). The conditional probability

of obtaining a measurement zaik ∈ Z
ai
k from xaik is characterized by the multi-target

likelihood function, gaik (·|·). We can now define the RFS model for the time evolution

of the multi-target measurement, which incorporates measurements of actual targets

55



along with clutter:

Zai
k = Kai

k

⋃[ ⋃
x∈Xai

k

Θai
k (x)

]
(3.12)

Kai
k : RFS of measurements arising from clutter at time k

Θai
k (x): RFS of measurements of the multi-target state Xai

k at time k

The multi-target Bayes filter propagates the multi-target posterior density

paik (· | Zai
1:k) in time via recursion as:

paik|k−1(X
ai
k |Z

ai
1:k−1) =

∫
Xai∈F(X )

faik|k−1(X
ai
k |X

ai)paik−1(X
ai |Zai

1:k−1)µs(dX
ai) (3.13)

paik (Xai
k |Z

ai
1:k) =

gaik (Zai
k |X

ai
k )paik|k−1(X

ai
k |Z

ai
1:k−1)∫

Xai∈F(X )
gk(Z

ai
k |Xai)paik|k−1(X

ai |Zai
1:k−1)µs(dX

ai)
(3.14)

where µS is a suitable reference measure on F(X ) of target states Xai ∈ F(X ),

gaik (·|·) represents the multi-target likelihood function, and faik|k−1(·|·) represents the

multi-target transition density. For further details, see (Clark et al., 2006; Vo and

Ma, 2006).

We will approximate the integrals above using the framework of the probability

hypothesis density (PHD) filter, with the assumptions that: (1) each target evolves

and generates observations independently of the others; (2) clutter is Poisson dis-

tributed and independent of target-originated measurements; (3) the multi-target

RFS is Poisson distributed. For a RFS Xai ∈ X with probability distribution pai(·),

there is a non-negative function v on X , defined as the intensity function, such that

for each region S ⊂ X , ∫
|Xai ∩ S|pai(dX) =

∫
S
v(x)dx. (3.15)
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Then we can model the posterior intensity and its recursion as follows:

vaik|k−1(x) =

∫
paiS,k(ξ)f

ai
k|k−1(x|ξ)v

ai
k−1(ξ)dξ +

∫
βaik|k−1(x|ξ)v

ai
k−1(ξ)dξ + γaik (x), (3.16)

vaik (x) = [1− paiD,k(x)]vaik|k−1(x) +
∑
z∈Zaik

paiD,k(x)gaik (z|x)vaik|k−1(x)

κaik (z) +
∫
paiD,k(ξ)g

ai
k (z|ξ)vaik|k−1(ξ)

. (3.17)

In these equations, vaik and vaik|k−1 denote the intensities associated with, respec-

tively, the multi-target posterior density paik (·|·) and the multi-target predicted density

paik|k−1(·|·) that are defined by the recursion in Equation (3.13) and Equation (3.14).

The function γaik (·) is the intensity of the RFS Γai
k , βaik|k−1(·|ξ) is the intensity of the

RFS Bk|k−1(ξ), and κaik (·) is the intensity of the RFS Kai
k . The quadrotor ai can

estimate the number of targets as:

N̂ =

∫
v(x)dx. (3.18)

The estimate N̂ is used to update the number of elements ofMai
k , and the intensity

vaik (x) computed from Equation (3.17) is used to update the states of the N̂ targets.

Then each element of Mai
k is represented as the following tuple:

mai
k,l = 〈 l, vaik (x) 〉, (3.19)

where l is a label for the tracked target, such as one of its properties, e.g. its color,

shape, size or its position in the environment.

3.5.1 Gaussian Mixture PHD Filter

The PHD filter as described in Equation (3.16) and Equation (3.17) does not admit

a closed-form solution in general, and the numerical integration suffers from the curse

of dimensionality. Thus, for implementation purposes, we consider a sub-optimal

solution of the PHD filter that models approximates it as a mixture of Gaussians,

as described in (Vo and Ma, 2006). The Gaussian Mixture PHD (GM-PHD) filter

provides a closed-form solution to the PHD filter under the following assumptions:
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A.1 Each target generates observations independently of the others.

A.2 The clutter process is Poisson distributed and is independent of target-generated

measurements.

A.3 Each target’s state evolves according to a linear model with Gaussian process

noise, and each quadrotor’s sensor has a linear measurement model with Gaus-

sian sensor noise, i.e.

faik|k−1(x|ξ) = N(x;Fk−1, Qk−1), (3.20)

gaik (z|ξ) = N(z;Hkx,Rk), (3.21)

where the notation N(· ;µ, σ) denotes a Gaussian density with mean µ and

covariance σ, Fk−1 is the state transition matrix, Qk−1 is the process noise

covariance, Hk is the observation or measurement matrix, and Rk is the sensor

noise covariance.

A.4 The detection probability is state-dependent and is modeled as

paiD,k(x) =


pD ||qaik − x|| ∈ Br(q

ai
k ),

0 otherwise,

(3.22)

where qaik denotes the grid coordinates of robot ai at time k and Br(qaik ) repre-

sents the FoV of the sensor on robot ai, which we model as a disc of radius r

centered at the robot location qaik . The survival probability is assumed to be

constant:

paiS,k(x) = pS,k. (3.23)

A.5 The birth and spawning intensities are modeled as Gaussian mixtures of the

form

γaik (x) =

Jγ,k∑
i=1

w
(i)
γ,kN(x;µ

(i)
γ,k, P

(i)
γ,k), (3.24)
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βaik|k−1(x|ξ) =

Jβ,k∑
j=1

w
(j)
β,kN(x;F

(j)
β,k−1ξ + d

(j)
β,k−1, Q

(j)
β,k−1), (3.25)

where Jγ,k, w
(i)
γ,k, µ

(i)
γ,k, and P

(i)
γ,k are known parameters of the birth intensity,

and Jβ,k, w
(i)
β,k, F

(j)
β,k−1, d

(j)
β,k−1, Q

(j)
β,k−1, and P

(j)
β,k−1 are known parameters of the

spawn intensity of a target with state ξ at time k − 1. For more details on the

parameters, please refer to (Vo and Ma, 2006).

Using the above assumptions, we can rewrite Equation (3.16) and Equation (3.17)

as follows. The intensity associated with the multi-target predicted density can be

approximated as a Gaussian mixture:

vaik|k−1(x) = vaiS,k|k−1(x) + vaiβ,k|k−1(x) + γaik (x), (3.26)

where

vaiS,k|k−1(x) = pS,k

Jk−1∑
i=1

w
(i)
k−1N(x;µ

(i)
S,k|k−1, P

(i)
S,k|k−1), (3.27)

µ
(i)
S,k|k−1 = Fk−1µ

(i)
k−1, (3.28)

P
(i)
S,k|k−1 = Qk−1 + Fk−1P

(i)
k−1F

T
k−1, (3.29)

vaiβ,k|k−1(x) =

Jk−1∑
i=1

Jβ,k∑
l=1

w
(i)
k−1w

(l)
β,kN(x;µ

(i,l)
β,k|k−1, P

(i,l)
β,k|k−1), (3.30)

µ
(i,l)
β,k|k−1 = F

(l)
β,k−1µ

(i)
k−1 + d

(l)
β,k−1, (3.31)

P
(i,l)
β,k|k−1 = Q

(l)
β,k−1 + F

(l)
β,k−1P

(i)
β,k−1(F

(l)
β,k−1)

T , (3.32)

in which Jk−1, w
(i)
k−1, µ

(i)
k−1, and P

(i)
k−1 are known parameters of the intensity function

at time k − 1 (Vo and Ma, 2006).

Then the intensity associated with the multi-target posterior density can be ap-

proximated as a Gaussian mixture:

vaik (x) = [1− paiD,k(x)]vaik|k−1(x) +
∑
z∈Zaik

vaiD,k(x; z), (3.33)
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where

vaiD,k(x; z) =

Jk|k−1∑
j=1

w
(j)
k (z)N(x;µ

(j)
k|k(z), P

(j)
k|k), (3.34)

w
(j)
k (z) =

paiD,k(x)w
(j)
k|k−1N(z;Hkµk|k−1, Rk +HkPkH

T
k )

κaik (z) + paiD,k(x)
∑Jk|k−1

l=1 w
(l)
k|k−1N(z;Hkµk|k−1, Rk +HkPkHT

k )
, (3.35)

µ
(j)
k|k(z) = µ

(j)
k|k−1(z) +K

(j)
k (z −Hkµ

(j)
k|k−1(z)), (3.36)

P
(j)
k|k = [I −K(j)

k Hk]P
(j)
k|k−1, (3.37)

K
(j)
k = P

(j)
k|k−1H

T
k [HkP

(j)
k|k−1H

T
k +Rk]

−1. (3.38)

3.6 Simulation Results

In this section, we validate our approach with simulations in MATLAB. First, we

model a scenario with a bounded environment with dimensions 5m× 5m that contains

3 stationary targets which must be located by 3 robots, as shown in Figure 3.4. The

state of each target is defined as its x−y position coordinates, x = [px, py]
T . A robot’s

sensor measurement of a target’s state is modeled according to Equation (3.21). Each

robot has a circular FoV of radius rFOV = 0.6m, centered at the robot’s position on

the spatial grid. We assume that each robot is able to accurately localize itself on

the grid, and that there are no obstacles present in the environment.

Since each agent has a limited FoV, We assume that the targets that are detected

at time step k survive in the next time step with probability pS,k = 0.1 for all robots.

Since the targets are stationary, Fk−1 = I2, the 2 × 2 identity matrix. We also set

Qk−1 = 0.2I2. As the robots explore the environment, new targets might appear in

their FoV. We account for this by allowing 4 new targets to be birthed at each time

step, depending upon the robot’s position on the grid, with weights wγ,k = (w
(i)
γ,k)

4
i=1 =

[0.1, 0.1, 0.1, 0.1]T . Thus, the birth intensity at each time step from Equation (3.24)
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is modeled as

γaik (x) = 0.1N(x;µ
(1)
γ,k, P

(1)
γ,k) + 0.1N(x;µ

(2)
γ,k, P

(2)
γ,k)+

0.1N(x;µ
(3)
γ,k, P

(3)
γ,k) + 0.1N(x;µ

(4)
γ,k, P

(4)
γ,k)

(3.39)

where P
(l)
γ = 0.5I2 and

µ(l)
γ =

paix,k + rbirth cos(θl)

paiy,k + rbirth sin(θl)

 , (3.40)

in which qaik = [paix,kp
ai
y,k] denotes the x − y coordinates of robot ai at time step k,

corresponding to its current node Y ai
k ; rbirth = 0.8rFOV , so that the targets are birthed

only near the boundary of FOV; and θl = [π/4, 3π/4, 5π/4, 7π/4]T rad, the angles at

which targets are likely to appear. We assume that there are no spawned targets. Each

target is detected with a probability of pD = 0.8, and a quadrotor’s observation of a

target follows the measurement model Equation (3.21) with Hk = I2 and Rk = 0.25I2.

The observations are immersed in clutter that can be modeled as a Poisson RFS K
(·)
k

with intensity κ
(·)
k (z) = λCAsU(z), where λC = 3.98 × 10−3 is the clutter intensity;

As is the area of the sensor’s circular FoV, which is approximately 1m2; and U(z) is

the uniform density over As.

We assume that all robots start at random positions on the grid and have no

knowledge of the number of targets or their states (positions). The robots explore

the environment according to the random walk model Equation (3.1). As the robots

detect the targets, they recursively update their estimates of the number of targets

and their positions using the GM-PHD framework described in Section 3.5.1. We set

T = 1× 10−3 as the pruning threshold and U = 4 as the merging distance threshold

(see Table II in (Vo and Ma, 2006) for details on these parameters).

Figure 3.5 plots the inter-arrival times over time during 300 s of the simulation.

Each inter-arrival time τamanj ends at a renewal epoch, i.e. a time when any two

robots am and an meet at a node, which can be identified in the figure as the time at
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Figure 3.4: A 5m× 5m Square Environment, With Hollow Circles Denoting the Grid
Nodes and Squares Denoting the Targets. The Red Border Denotes the Boundary of
the Area That Is Explored by 3 Robots.

the corresponding peak of the graph. At this time, the next inter-arrival time τamanj+1 is

initialized to zero. Figure 3.6 plots the time evolution of the cardinality of the reward

Equation (3.6) earned by each robot, which is the estimated number of targets. The

average inter-arrival time over this simulation run was calculated to be E[τ
(·)
k ] ∼ 68

s, and the time required for the cardinality of all robots’ rewards to equal the actual

number of targets, n = 3, was treward ∼ 150 s.

Thus, for a scenario with both a robot density (number of robots per m2) and
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Figure 3.5: Inter-arrival Times During a Simulation of 3 Robots Exploring the
Environment In Figure 3.4.

a target density (number of targets per m2) of 3/25 = 0.12 m−2, there must be

about treward

E[τ (·)j ]
≈ 2.2 renewals, i.e. at least 2 renewals, for all robots to achieve the

same reward cardinality (estimated number of targets). Figure 3.7, Figure 3.9, and

Figure 3.11 show the true positions of the targets and their estimated positions by

each robot at the end of the simulation time. Figure 3.8, Figure 3.10, and Figure 3.12

show the corresponding PHD intensity for each robot as a Gaussian mixture model

with n = 3 components (the number of targets), computed from Equation (3.33). We
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Figure 3.6: Cardinality of the Reward Accumulated by Each of the Robots at Each
Time Step.

obtain the number of targets estimated by each robot ai as

N̂ai =

⌈ n∑
l=1

w
(l),ai
k

⌉
, (3.41)

where the weights w
(·),ai
k for robots ai = 1, 2, 3 are given by the peak intensities in

Figure 3.8, Figure 3.10, and Figure 3.12, respectively. The estimated positions of the

targets are obtained from positions of these peak intensities.

We also evaluated our approach through Monte Carlo simulations of three scenar-

ios, with 100 simulation runs for each scenario. In all scenarios, 20 robots explored
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Scenarios 1 2 3

Mean inter-arrival time (s) 20 190 430

Mean reward (%) 10 33 65

Table 3.1: Mean Inter-arrival Time and Mean Reward Percentage Over 100 Simu-
lation Runs Each for 3 Scenarios.

a grid according to the random walk model Equation (3.1) in order to track a set of

stationary targets. The robots were initialized at random positions on the grid, and

the positions of the targets were kept the same over all 100 runs for each scenario.

In Scenario 1, simulated for 1000 s, the grid has dimensions 15m × 15m and there

are 10 targets; in Scenario 2, simulated for 2000 s, the grid has dimensions 20m ×

20m and there are 15 targets; and in Scenario 3, simulated for 3000 s, the grid has

dimensions 30m × 30m and there are 20 targets. The mean inter-arrival time and

mean reward percentage for each scenario, averaged over all 100 runs, are given in

Table 3.1. The mean reward percentage is computed from the ratio of the mean num-

ber of targets detected by the robots until the mean inter-arrival time to the actual

number of targets in the scenario. Table 3.1 shows that the mean inter-arrival time

increases as the density of robots in the environment decreases, which is due to the

lower rate of robots encounters with one another in larger environments, on average.

The table also shows that as the density of targets in the environment decreases,

the percentage of targets identified before the mean inter-arrival time increases, on

average. This indicates that in the scenarios simulated, the longer inter-arrival times

for larger environments tend to enable identification of a higher number of targets,

despite the lower target density.
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Figure 3.7: Multi-Target Tracking by Robot 1. Estimated (+) and True (∗) Target
Positions.

3.7 Conclusion and Future Work

In this chapter, we demonstrated theoretically that a group of robots equipped

with limited sensing and communication capabilities, moving according to a DTDS

Markov chain model on a spatial grid, is able to detect and track the number and

states of multiple stationary targets in the environment using the Gaussian Mixture

formulation of the PHD filter from the RFS framework. We verified our results with

numerical simulations in MATLAB.
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Figure 3.8: GM-PHD Intensities Computed From Equation (3.33) by Robot 1.

In the next chapter, we will show our strategy for reconstructing discrete dis-

tributions in a distributed fashion, using a distributed version of Chernoff fusion

algorithm.
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Figure 3.9: Multi-Target Tracking by Robot 2. Estimated (+) and True (∗) Target
Positions.
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Figure 3.10: GM-PHD Intensities Computed From Equation (3.33) by Robot 2.
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Figure 3.11: Multi-Target Tracking by Robot 3. Estimated (+) and True (∗) Target
Positions.
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Figure 3.12: GM-PHD Intensities Computed From Equation (3.33) by Robot 3.

71



Chapter 4

DISTRIBUTED FEATURE RECONSTRUCTION USING CHERNOFF FUSION

This chapter presents research and results from Shirsat et al. (2022)[ A. Shirsat,

S. Mishra, W. Zhang, and S. Berman, “Probabilistic Consensus on Feature Distri-

bution for Multi-Robot Systems With Markovian Exploration Dynamics,”In revision

for IEEE Robotics and Automation Letters (RA-L), 2022]

4.1 Overview

In this chapter, we generalize the consensus objective of our probabilistic multi-

robot search strategy to agreement on a discrete distribution of static features, mod-

eled as an occupancy grid map, using results on opinion pools Stone (1961); Degroot

(1974); Bailey et al. (2012). We consider a group of robots that move according to

a DTDS Markov chain on a finite 2D spatial grid, as shown in Figure 4.1, and that

can detect features using their on-board sensors. The proposed strategy is distributed

and asynchronous, and it preserves the required communication bandwidth by relying

only on local inter-robot communication.

The remainder of the chapter is organized as follows. We present our probabilistic

exploration strategy and information fusion protocol in Section 4.2. We describe

some relevant properties of DTDS Markov chains in Section 4.3, and we derive the

main result that guarantees the convergence of each robot’s feature distribution to the

actual distribution in Section 4.4. We present the results of our numerical simulations

in Section 4.5 and our SITL simulations in Section 4.6. Section 4.9 concludes the

chapter.
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Figure 4.1: Illustration of Our Multi-Robot Exploration Strategy, Showing Sample
Paths for Two Quadrotors (Orange and Blue) on a Square Grid. The Quadrotors
Search the Environment for a Set of Static Features (the Magenta Squares Repre-
senting a Discretized Circle) As They Perform a Random Walk on the Grid.

4.2 Problem Formulation

Consider a bounded square environment B ⊂ R2 with sides of length B. We

discretize B into a square grid of nodes spaced at a distance δ apart. The set of nodes

is denoted by S ⊂ Z+, and we define S = |S|. A set of N robots, A = {1, 2, . . . , N},

each modeled as a point mass, explore the environment by performing a random walk

on the grid. We assume that there are no obstacles in the environment that impede

the robots’ motion. Let Gs = (Vs, Es) be an undirected graph associated with this

finite spatial grid, where Vs = S is the set of nodes and Es is the set of edges (i, j).

The edges signify pairs of nodes i, j ∈ Vs, called neighboring nodes, between which

robots can travel. We assume that the robots can localize on Gs.
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Let Y a
k ∈ S be a random variable that defines the node that robot a ∈ A occupies

at discrete time k. Robot a moves from its current node i to a neighboring node j

at the next time step with a transition probability pij ∈ [0, 1]. We define P ∈ RS×S

as the state transition matrix consisting of elements pij at row i and column j. Let

πk ∈ R1×S denote the probability mass function (PMF) of Y a
k for each robot a, or

alternatively, the distribution of the robot population over the grid at time k. This

distribution evolves over time according to a DTDS Markov chain model of order one:

πk+1 = πkP. (4.1)

We assume that each robot can exchange information with other robots that are

within a communication radius rcomm ≤ 0.5δ. Let Gc[k] = (Vc, Ec[k]) be an undirected

graph in which Vc = A, the set of robots, and Ec[k] is the set of all pairs of robots

(a, b) ∈ A × A that can communicate with each other at time k. Let M[k] ∈ RN×N

be the adjacency matrix with elements mab[k] = 1 if (a, b) ∈ Ec[k] and mab[k] = 0

otherwise. For each robot a ∈ A, we define the set of neighbors of robot a at time k

as N a
k , {b ∈ A : (a, b) ∈ Ec[k]}.

A set of discrete features is distributed over the grid at nodes in the set Br ⊆ S.

The robots know a priori that these features are present in the environment, but do

not know their distribution. We assume that when a robot is located at a node in Br,

it can detect the presence of a feature at that node using its on-board sensors. Each

node in the grid is associated with a binary occupancy value, defined as l̄ ∈ (0.5, 1)

if the robot detects a feature at that node and 1− l̄ if it does not.

We define the occupancy vector for robot a at time k as θ̄ak = [θak(1) . . . θak(S)] ∈

R1×S, where

θak(s) =


l̄, s ∈ Br (occupied)

1− l̄, o.w (unoccupied)

(4.2)
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The occupancy vector for each robot indicates its estimate of the nodes that are

occupied by features. The feature PMF, or occupancy distribution, estimated by

robot a at time k from its own sensor measurements,

fak (s) =
θak(s)∑
i∈S θ

a
k(i)

(4.3)

We denote θref (s) as the reference occupancy vector that is being estimated by all

the robots, defined as follows:

θref (s) =


l̄, s ∈ Br

1− l̄, o.w

(4.4)

Here, fak (s) also represents the opinion (Degroot, 1974; Stone, 1961) of robot a at time

k for the occupancy distribution. Since the robots do not know the occupancy distri-

bution a priori, we specify that they all initially consider the grid to be unoccupied,

i.e.,

fa0 (s) =
1− l̄

S(1− l̄)
, a ∈ A (4.5)

This is defined as the nominal distribution for all the robots, denoted by fnom(s) =

f
(·)
0 (s). We also denote a vector θnom(s) as the nominal occupancy vector for all robots,

which represents all nodes as unoccupied. We define f ref (s) as the reference PMF,

the actual feature distribution, corresponding to θref (s).

We define a fusion weight ω
(a,b)
k as the following Metropolis weight (Calafiore and

Abrate, 2009; Xiao et al., 2005):

ω
(a,b)
k =



1
1+|N bk |

, b ∈ N a
k \ {a}

1−
∑

b∈Nak \{a}
ω
(a,b)
k , a = b, a ∈ A

0, o.w

(4.6)
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Note that ω
(a,b)
k ≥ 0 and

∑
b∈Nak

ω
(a,b)
k = 1. We then define the consensus or opinion

weighting matrix Ωk ∈ RN×N at time k, which consists of elements ω
(a,b)
k at row a

and column b.

Given the robot exploration dynamics in Equation (4.1), each robot a updates

its opinion fak (s), computed from Equation (4.3), to the following PMF f cherk+1 (s) at

the next time step, which it computes from the opinions of other robots within its

communication range according to the Chernoff fusion rule (Farrell and Ganesh,

2009):

f cherk+1 (s) =

∏
b∈Nak ∪{a}

[f bk(s)]
ω
(a,b)
k∑

s∈S
∏

b∈Nak ∪{a}
[f bk(s)]

ω
(a,b)
k

, a ∈ A (4.7)

Applying Theorem 1 from (Battistelli and Chisci, 2014), we can say that f cherk+1 (s)

is the local neighbor fused feature PMF at time k+ 1 of the all robots a ∈ A that are

in N a
k . When only two robots a, b ∈ A are within communication range, this update

rule becomes:

f cherk+1 (s) =
[fak (s)]ω[f bk(s)]

1−ω∑
s∈S [fak (s)]ω[f bk(s)]

1−ω , (4.8)

where the Metropolis weight ω ≡ ω
(a,b)
k is defined in Equation (4.6).

Then each robot a compares f cherk+1 (s) with fnom(s) to generate a new fused occu-

pancy vector as follows:

θcherk+1 (s) =


l̄ f cherk+1 (s) > fnom(s), s ∈ S

1− l̄ o.w

(4.9)

Then, each robot a generates a new occupancy vector θak+1(s) by comparing both its

occupancy vector at the previous time step, θak(s), and the fused occupancy vector

θcherk+1 (s), to θnom(s):
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θak+1(s) =


l̄ θak(s) > θnom(s) or

θcherk+1 (s) > θnom(s), s ∈ S

θak(s) o.w

(4.10)

To quantify the convergence of each robot’s feature distribution to the reference

distribution, we use the Hellinger distance, which measures the similarity between

two PMFs. The Hellinger distance between the feature PMF fak (s) of a robot a ∈ A

at time k and the reference PMF f ref (s) is given by

DH(fak (s), f ref (s)) =
√

1− ρ(fak (s), f ref (s)) , (4.11)

where ρ(fak (s), f ref (s)) is the Bhattacharya coefficient, defined as:

ρ(fak (s), f ref (s)) =
∑
s∈S

√
fak (s) · f ref (s) . (4.12)

This distance takes values in [0, 1]. We define the vector DH ∈ RN×1
≥0 with each

entry a ∈ A given by DH(fak (s), f ref (s)).

The pseudo code in Algorithm 6 implements this fusion strategy for two robots

a and b. In this algorithm, the normalizing constant c is the denominator of Equa-

tion (4.8). Figure 4.1 illustrates the proposed strategy for a scenario with two quadro-

tors. The quadrotors start at the spatial grid nodes indexed by i and j and move

on the grid according to the DTDS Markov chain dynamics in Equation (4.1). The

figure shows sample paths of the quadrotors. The orange quadrotor detects the fea-

ture, indicated by a magenta square, when it moves to a node in the set Br (at these

nodes, the feature is within the quadrotor’s sensing range). The quadrotors meet

at grid node m after k = 9 time steps and fuse occupancy distributions according

to Equation (4.8). They stop exploring when the Hellinger distance between their

fused opinions is less than a small positive number ε; otherwise, they continue to

random-walk on the grid until a specified maximum time T .
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Algorithm 6: Distributed Chernoff Fusion Protocol for Robots a,B ∈ A

Computed by Robot a at Time k

input : fak , f
b
k , f

ref , Y a
k , Y

b
k , k, T, ε

output: fak+1

if DH(fak , f
ref ) > ε and 1 < k ≤ T then

if Y a
k = Y b

k then
ω = 0.5

else
ω = 1.0

end

c =
∑

s∈S [fak (s)]ω · [f bk(s)]1−ω

logfcher = ω log (fak ) + (1− ω) log (f bk)− log (c)

fak+1 = f cherk+1 = exp(logfcher)

end

4.3 Properties of DTDS Markov Chains

The Markov chain in Equation (4.1) is characterized in terms of the time-invariant

state transition matrix P, which is defined by the state space of the spatial grid repre-

senting the discretized environment. Hence, the Markov chain is time-homogeneous,

which implies that Pr(Y a
k+1 = j | Y a

k = i) is the same for all robots at all times k.

The entries of P, which are the state transition probabilities, can therefore be defined

as

pij = Pr(Y a
k+1 = j | Y a

k = i), ∀i, j ∈ S, k ∈ Z+, ∀a ∈ A. (4.13)

Since each robot chooses its next node from a uniform distribution, these entries
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can be computed as

pij =


1

di+1
, (i, j) ∈ Es,

0, o.w,

(4.14)

where di is the degree of the node i ∈ S, defined as di = 2 if i is a corner node of

the spatial grid, di = 3 if it is on an edge between two corner nodes, and di = 4

otherwise. Since each entry pij ≥ 0, we use the notation P ≥ 0. We see that Pm ≥ 0

for m ≥ 1, and therefore P is a non-negative matrix. From Theorem 5 in (Grimmett

and Stirzaker, 2001), we can conclude that P is a stochastic matrix. If π is a stationary

distribution of Markov chain Equation (4.1), then ∀k ∈ Z+,

πPk = π. (4.15)

From the construction of the Markov chain, each robot has a positive probability of

moving from any node i ∈ S to any other node j ∈ S of the spatial grid in a finite

number of time steps. As a result, the Markov chain is irreducible, and therefore P

is an irreducible matrix. By Lemma 8.4.4 (Perron-Frobenius) in (Horn and Johnson,

1990), there exists a real unique positive left eigenvector of P. Moreover, since P is

a stochastic matrix, its spectral radius ρ(P) is 1. Therefore, this left eigenvector is

the stationary distribution of the corresponding Markov chain.

Since we have shown that the Markov chain is irreducible and has a stationary

distribution π, which satisfies πP = π, we can conclude from Theorem 21.12 in (Levin

and Peres, 2017) that the Markov chain is positive recurrent. Thus, all states in the

Markov chain are positive recurrent, which implies that each robot will keep visiting

every state on the finite spatial grid infinitely often.
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4.4 Consensus on the Feature Distribution

By Theorem 1 of (Battistelli and Chisci, 2014), Equation (4.8) achieves opinion

consensus over a graph with a fixed and strongly connected topology. We extend this

result to graphs with topologies that evolve according to the switching dynamics on

the composite Markov chain described in this section. We demonstrate that under our

opinion fusion scheme, all the robots will reach a consensus on the feature distribution.

The dynamics of all robots’ movements on the spatial grid can be modeled by a

composite Markov chain with states Yk = (Y 1
k , Y

2
k , . . . , Y

N
k ) ∈ M, where M = SA.

Note that S = |S| and |M| = SN . We define an undirected graph Ĝ = (V̂ , Ê) that is

associated with the composite Markov chain. The vertex set V̂ is the set of all possible

realizations ı̂ ∈M of Yk. The notation ı̂(a) represents the ath entry of ı̂, which is the

node i ∈ S occupied by robot a. We define the edge set Ê as follows: (̂ı, ̂) ∈ Ê if and

only if (̂ı(a), ̂(a)) ∈ Es for all robots a ∈ N . Let Q ∈ R|M|×|M| be the state transition

matrix associated with the composite Markov chain. The elements of Q, denoted

by qı̂̂, are computed from the transition probabilities defined in Equation (4.14) as

follows:

qı̂̂ =
N∏
a=1

pı̂(a)̂(a), ∀ı̂, ̂ ∈M. (4.16)

Here, qı̂̂ is the probability that in the next time step, each robot a will move from

node ı̂(a) to node ̂(a).

i j l
pij pjl

pii pjj pll

Figure 4.2: A Graph Gs = (Vs, Es) Defined on the Set of Spatial Nodes Vs = {i, j, l}.
The Arrows Signify Undirected Edges Between Pairs of Distinct Nodes and Self-Edges.
The Edge Set of the Graph Is Es = {(i, i), (j, j), (l, l), (i, j), (j, l)}.

For example, consider a set of two robots, N = {1, 2}, that move on the graph Gs

in Figure 4.2. In the next time step, the robots can stay at their current node or travel
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Figure 4.3: A Subset of the Composite Graph Ĝ = (V̂ , Ê) For 2 Robots That Move
on the Graph Gs Shown In Figure 4.2.

between nodes i and j and between nodes j and l, but they cannot travel between

nodes i and l. Figure 4.3 shows a subset of the resulting composite graph Ĝ,whose

entire set of nodes is V̂ = {(i, i), (i, j), (i, l), (j, i), (j, j), (j, l), (l, i), (l, j), (l, l)}. Each

node in V̂ is labeled by an index ı̂, e.g., ı̂ = (i, j), with ı̂(1) = i and ı̂(2) = j. Given the

connectivity of the spatial grid defined by Es, we can for example identify ((i, j), (i, l))

as an edge in Ê , but not ((i, j), (l, l)). Since N = 2 and S = 3, we have that |M| =

32 = 9. For each ı̂, ̂ ∈ V̂ , we can compute the transition probabilities in Q ∈ R9×9

from Equation (4.16) as follows:

qı̂̂ = Pr (Yk+1 = ̂ | Yk = ı̂) = pı̂(1)̂(1)pı̂(2)̂(2),

k ∈ Z+. (4.17)

We now prove that all robots will reach consensus on the feature distribution and

also that this distribution will converge to the reference distribution.

Theorem 4.4.1. Consider a group of N robots, moving on a finite spatial grid with

DTDS Markov chain dynamics Equation (4.1), that update their opinions fak (s) for the

feature distribution on the grid according to Equations (4.3), (4.7), (4.9) and (4.10).

Then for each robot a ∈ A, fak (s) will converge to f ref (s) as k →∞ almost surely.

Proof. Suppose at initial time k0, the locations of the robots on the spatial grid are

given by the node ı̂ ∈ V̂ . Consider another set of robot locations at a future time
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k0 + k, given by the node ̂ ∈ V̂ . The transition of the robots from configuration ı̂

to configuration ̂ in k time steps corresponds to a random walk of length k on the

composite Markov chain Yk from node ı̂ to node ̂. It also corresponds to a random

walk by each robot a on the spatial grid from node ı̂(a) to node ̂(a) in k time steps.

By construction, the graph Gs is strongly connected and each of its nodes has a self-

edge. Thus, there exists a discrete time n > 0 such that, for each robot a, there

exists a random walk on the spatial grid from node ı̂(a) to node ̂(a) in n time steps.

Consequently, there always exists a random walk of length n on the composite Markov

chain Yk from node ı̂ to node ̂, and therefore Yk is an irreducible Markov chain. All

states of an irreducible Markov chain belong to a single communication class. In this

case, all states are positive recurrent ; as a result, each state of Yk is visited infinitely

often by the group of robots. Moreover, because the composite Markov chain is

irreducible, we can conclude that ∪k∈Z+Gc[k] = G0, where G0 is the complete graph

on the set of robots. Therefore G0 is strongly connected. Hence, each robot will meet

every other robot at some node s ∈ S infinitely often. Since Yk is irreducible and,

from Equation (4.10), we have that θak(s) ≤ θak+1(s) ≤ θref (s), ∀a ∈ A, ∀s ∈ S, it

follows from Equations (4.9) and (4.10) that θak(s)→ θref (s) as k →∞. Consequently,

fak (s)→ f ref (s) as k →∞ almost surely.

4.5 Numerical Simulation Results

In the numerical simulations, we consider a set of robots A = {1, 2, 3, 4} moving

on a 5.6 m × 5.6 m domain that is discretized into a square grid with c = 8 nodes

on each side, with a distance δ = 0.7 m between adjacent nodes. The robots switch

from one node to another at each time step according to the Markov chain dynamics

in Equation (4.1). The state transition probabilities pij, i, j ∈ S = {1, 2, . . . , c2},

that are associated with the spatial graph Gs are computed from Equation (4.14).
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We set the value of l̄ = 0.8 in Equation (4.2) in both the numerical and Software-

In-The-Loop simulations. We distribute the features on the set of nodes Br =

{19, 20, 21, 26, 30, 34, 38, 42, 46, 51, 52, 53}, which represents a discrete approximation

of a circular distribution on the grid. The set of neighbors N a
k of robot a at time k

consists of all robots that are located at the same node as robot a at that time.

All robots are initialized at uniformly random nodes in S. Prior to exploration,

the robots assume that all the grid nodes are unoccupied by features, and hence the

vector of Hellinger distances is initially DH = 0 ∈ RN×1. During their exploration

of the grid, when robots encounter each other at the same node, they exchange their

current feature PMFs and fuse them according to Equation (4.7).

Figure 4.4 and Figure 4.5 show the feature PMFs computed by each robot at

k = 240 s and k = 500 s, respectively. We observe in Figure 4.4 that by k = 240 s, all

robots have partially reconstructed the feature PMF, with robot 4 having the closest

reconstruction as measured by DH(f 4
240(s), f

ref (s)) ∼ 0.07 units in Figure 4.6.

In Figure 4.5, we see that all robots have successfully reconstructed the feature

PMF by k = 500 s. The robots’ consensus on the reference PMF is also apparent from

Figure 4.6, which verifies that all Hellinger distances are zero at that time. Several

distances DH(fak (s), f ref (s)) increase at times k between 400 s and 500 s, due to the

numerical inaccuracies in the fusion. We also ran Monte Carlo numerical simulations

with different numbers of robots, N = {4, 8, 12, 16}, to investigate the effect of N and

the effect of consensus on the performance of the strategy in terms of the time for all

robots’ feature PMFs to converge to the reference PMF.

Figure 4.7 plots the resulting time, averaged over 100 simulations (error bars show

standard deviations), until the feature PMFs of all N robots converge to the reference

PMF in the consensus and no-consensus cases. The figure shows that for N = 4

robots, the mean time until convergence for both the consensus and no-consensus
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strategies are similar, with a significant overlap in their standard deviations. This

indicates that for small numbers of robots, both strategies perform similarly. However,

as N increases, there is a widening gap between the mean times until convergence

of the consensus and no-consensus strategies, with the times for the strategy with

consensus being consistently lower. For N = 16 robots, the strategy with consensus

is faster than the one without consensus by a factor of ∼2 (830 s/438 s).

4.6 Software-in-the-Loop Results

We also validate our approach in Software-In-The-Loop (SITL) simulations using

Gazebo and ROS Melodic. We simulate the same scenario as in the numerical sim-

ulations, with the set of robots A consisting of two quadrotors, Robot 1 and Robot

2. Figure 4.8 illustrates the simulation setup. The quadrotors are simulated using

the Rotors (Furrer et al., 2016) package in Gazebo, and the PX4 flight control stack

(Meier et al., 2015) is implemented in SITL to execute all low-level control tasks for

each quadrotor. The discrete feature distribution that the quadrotors must recon-

struct is represented by the ArUco markers on the ground plane, located at positions

along the red dotted circle.

The quadrotors fly at different altitudes (1 m and 2 m) to avoid collisions. This

eliminates the need for obstacle detection and avoidance strategies, which are beyond

the scope of this work. To detect the ArUco markers, each quadrotor is equipped

with a simulated VGA resolution RGB camera that takes images at 30 fps and is

oriented to face the ground plane. The image window size is heuristically adjusted

to account for the difference in perspective resulting from the robots’ difference in

altitude. The quadrotors are assigned static IP addresses and exchange their feature

distributions over wireless communication when they meet at the x, y position of the

same node (at different altitudes).
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Figure 4.4: Feature PMF fak (s) of 4 Robots at Time k = 240 S in the Numerical
Simulation.
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Figure 4.5: Feature PMF fak (s) of 4 Robots at Time k = 500 S in the Numerical
Simulation.
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Figure 4.6: Time Evolution of DH(fak (s), f ref (s)) For Each Robot a ∈ {1, 2, 3, 4} In
the Numerical Simulation.
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Figure 4.7: Time Until Convergence of Robots’ Feature PMFs to the Reference
PMF in Numerical Simulations of the Feature Reconstruction Strategy With and
Without Consensus, For N = {4, 8, 12, 16} Robots.
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Figure 4.8: Software-in-the-Loop (SITL) Setup in Gazebo Using the Rotors (Furrer
et al., 2016) Package. Robots 1 and 2 Are Quadrotors, and the ArUco Markers
Represent a Discrete Approximation of a Continuous Circular Feature (Red Dotted
Line).
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4.6.1 System Architecture

A diagram of our system architecture is shown in Figure 4.9. We use a hierarchical

control scheme composed of low-level and high-level control blocks. The following is

a description of each block in Figure 4.9

• Gazebo Simulator : Gazebo provides global localization for the simulated quadro-

tors. It outputs the 3D position of each robot a, [pax, p
a
y, p

a
z ], and its orientation.

• MAVROS : The low-level controllers (Low Level Unit) use the ROS package

MAVROS (Ermakov, 2004) to generate the control commands for the simulated

quadrotors from the high-level controller (High Level Unit).

• Gazebo Simulator : Gazebo provides global localization for the simulated quadro-

tors. It outputs the 3D position of each robot a, [pax, p
a
y, p

a
z ], and its orientation.

• Random Walker : The 3D quadrotor positions from Gazebo are used to deter-

mine the quadrotors’ current nodes on the grid and the nodes they should move

to in the next time step, according to the DTDS Markov chain in Equation (4.1).

The new node locations are mapped to the commanded quadrotor velocities at

time k+1, V k+1
com , which are converted by MAVROS into velocity set points V k+1

sp

and communicated to the Low Level Unit. This block performs the necessary

corrections to the quadrotors’ poses, which are rendered in Gazebo.

• Feature Detector : An RGB image from the quadrotor’s bottom-facing camera

is used to detect the presence or absence of an ArUco marker at the quadro-

tor’s current node, and the feature PMF fak (s) is computed according to Equa-

tion (4.3).

• ADHOC : When two quadrotors are located at the same node, they exchange
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<latexit sha1_base64="/5qLAjNA5NiN53CFbAJO1mAn8+U=">AAAB/XicbZC7TsMwFIZPyq2UW7hsLBYtEgOqki4wVrAwFoleUBoix3Vaq44T2Q5SiSpehYUBhFh5DzbeBvcyQOGXLH36zzk6x3+Ycqa043xZhaXlldW14nppY3Nre8fe3WupJJOENknCE9kJsaKcCdrUTHPaSSXFcchpOxxeTurteyoVS8SNHqXUj3FfsIgRrI0V2AcV7/YuD8fB8BRFM/ArgV12qs5U6C+4cyjDXI3A/uz2EpLFVGjCsVKe66Taz7HUjHA6LnUzRVNMhrhPPYMCx1T5+fT6MTo2Tg9FiTRPaDR1f07kOFZqFIemM8Z6oBZrE/O/mpfp6NzPmUgzTQWZLYoyjnSCJlGgHpOUaD4ygIlk5lZEBlhiok1gJROCu/jlv9CqVV2n6l7XyvWLeRxFOIQjOAEXzqAOV9CAJhB4gCd4gVfr0Xq23qz3WWvBms/swy9ZH99cVZSA</latexit><latexit sha1_base64="/5qLAjNA5NiN53CFbAJO1mAn8+U=">AAAB/XicbZC7TsMwFIZPyq2UW7hsLBYtEgOqki4wVrAwFoleUBoix3Vaq44T2Q5SiSpehYUBhFh5DzbeBvcyQOGXLH36zzk6x3+Ycqa043xZhaXlldW14nppY3Nre8fe3WupJJOENknCE9kJsaKcCdrUTHPaSSXFcchpOxxeTurteyoVS8SNHqXUj3FfsIgRrI0V2AcV7/YuD8fB8BRFM/ArgV12qs5U6C+4cyjDXI3A/uz2EpLFVGjCsVKe66Taz7HUjHA6LnUzRVNMhrhPPYMCx1T5+fT6MTo2Tg9FiTRPaDR1f07kOFZqFIemM8Z6oBZrE/O/mpfp6NzPmUgzTQWZLYoyjnSCJlGgHpOUaD4ygIlk5lZEBlhiok1gJROCu/jlv9CqVV2n6l7XyvWLeRxFOIQjOAEXzqAOV9CAJhB4gCd4gVfr0Xq23qz3WWvBms/swy9ZH99cVZSA</latexit><latexit sha1_base64="/5qLAjNA5NiN53CFbAJO1mAn8+U=">AAAB/XicbZC7TsMwFIZPyq2UW7hsLBYtEgOqki4wVrAwFoleUBoix3Vaq44T2Q5SiSpehYUBhFh5DzbeBvcyQOGXLH36zzk6x3+Ycqa043xZhaXlldW14nppY3Nre8fe3WupJJOENknCE9kJsaKcCdrUTHPaSSXFcchpOxxeTurteyoVS8SNHqXUj3FfsIgRrI0V2AcV7/YuD8fB8BRFM/ArgV12qs5U6C+4cyjDXI3A/uz2EpLFVGjCsVKe66Taz7HUjHA6LnUzRVNMhrhPPYMCx1T5+fT6MTo2Tg9FiTRPaDR1f07kOFZqFIemM8Z6oBZrE/O/mpfp6NzPmUgzTQWZLYoyjnSCJlGgHpOUaD4ygIlk5lZEBlhiok1gJROCu/jlv9CqVV2n6l7XyvWLeRxFOIQjOAEXzqAOV9CAJhB4gCd4gVfr0Xq23qz3WWvBms/swy9ZH99cVZSA</latexit><latexit sha1_base64="/5qLAjNA5NiN53CFbAJO1mAn8+U=">AAAB/XicbZC7TsMwFIZPyq2UW7hsLBYtEgOqki4wVrAwFoleUBoix3Vaq44T2Q5SiSpehYUBhFh5DzbeBvcyQOGXLH36zzk6x3+Ycqa043xZhaXlldW14nppY3Nre8fe3WupJJOENknCE9kJsaKcCdrUTHPaSSXFcchpOxxeTurteyoVS8SNHqXUj3FfsIgRrI0V2AcV7/YuD8fB8BRFM/ArgV12qs5U6C+4cyjDXI3A/uz2EpLFVGjCsVKe66Taz7HUjHA6LnUzRVNMhrhPPYMCx1T5+fT6MTo2Tg9FiTRPaDR1f07kOFZqFIemM8Z6oBZrE/O/mpfp6NzPmUgzTQWZLYoyjnSCJlGgHpOUaD4ygIlk5lZEBlhiok1gJROCu/jlv9CqVV2n6l7XyvWLeRxFOIQjOAEXzqAOV9CAJhB4gCd4gVfr0Xq23qz3WWvBms/swy9ZH99cVZSA</latexit>
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<latexit sha1_base64="skNQb8ynlWSJy23uFg69CWnyjxU=">AAACBXicbVDLSsNAFL3xWesr6lIXg60gKCXpRpdFNy4r2IekMUymk3bo5MHMRCihGzf+ihsXirj1H9z5N07bgNp64MKZc+5l7j1+wplUlvVlLCwuLa+sFtaK6xubW9vmzm5TxqkgtEFiHou2jyXlLKINxRSn7URQHPqctvzB5dhv3VMhWRzdqGFC3RD3IhYwgpWWPPOg7NzeZXjkZYMTe3SKgp+HW/bMklWxJkDzxM5JCXLUPfOz041JGtJIEY6ldGwrUW6GhWKE01Gxk0qaYDLAPepoGuGQSjebXDFCR1rpoiAWuiKFJurviQyHUg5DX3eGWPXlrDcW//OcVAXnbsaiJFU0ItOPgpQjFaNxJKjLBCWKDzXBRDC9KyJ9LDBROriiDsGePXmeNKsV26rY19VS7SKPowD7cAjHYMMZ1OAK6tAAAg/wBC/wajwaz8ab8T5tXTDymT34A+PjG8vdl3Y=</latexit><latexit sha1_base64="skNQb8ynlWSJy23uFg69CWnyjxU=">AAACBXicbVDLSsNAFL3xWesr6lIXg60gKCXpRpdFNy4r2IekMUymk3bo5MHMRCihGzf+ihsXirj1H9z5N07bgNp64MKZc+5l7j1+wplUlvVlLCwuLa+sFtaK6xubW9vmzm5TxqkgtEFiHou2jyXlLKINxRSn7URQHPqctvzB5dhv3VMhWRzdqGFC3RD3IhYwgpWWPPOg7NzeZXjkZYMTe3SKgp+HW/bMklWxJkDzxM5JCXLUPfOz041JGtJIEY6ldGwrUW6GhWKE01Gxk0qaYDLAPepoGuGQSjebXDFCR1rpoiAWuiKFJurviQyHUg5DX3eGWPXlrDcW//OcVAXnbsaiJFU0ItOPgpQjFaNxJKjLBCWKDzXBRDC9KyJ9LDBROriiDsGePXmeNKsV26rY19VS7SKPowD7cAjHYMMZ1OAK6tAAAg/wBC/wajwaz8ab8T5tXTDymT34A+PjG8vdl3Y=</latexit><latexit sha1_base64="skNQb8ynlWSJy23uFg69CWnyjxU=">AAACBXicbVDLSsNAFL3xWesr6lIXg60gKCXpRpdFNy4r2IekMUymk3bo5MHMRCihGzf+ihsXirj1H9z5N07bgNp64MKZc+5l7j1+wplUlvVlLCwuLa+sFtaK6xubW9vmzm5TxqkgtEFiHou2jyXlLKINxRSn7URQHPqctvzB5dhv3VMhWRzdqGFC3RD3IhYwgpWWPPOg7NzeZXjkZYMTe3SKgp+HW/bMklWxJkDzxM5JCXLUPfOz041JGtJIEY6ldGwrUW6GhWKE01Gxk0qaYDLAPepoGuGQSjebXDFCR1rpoiAWuiKFJurviQyHUg5DX3eGWPXlrDcW//OcVAXnbsaiJFU0ItOPgpQjFaNxJKjLBCWKDzXBRDC9KyJ9LDBROriiDsGePXmeNKsV26rY19VS7SKPowD7cAjHYMMZ1OAK6tAAAg/wBC/wajwaz8ab8T5tXTDymT34A+PjG8vdl3Y=</latexit><latexit sha1_base64="skNQb8ynlWSJy23uFg69CWnyjxU=">AAACBXicbVDLSsNAFL3xWesr6lIXg60gKCXpRpdFNy4r2IekMUymk3bo5MHMRCihGzf+ihsXirj1H9z5N07bgNp64MKZc+5l7j1+wplUlvVlLCwuLa+sFtaK6xubW9vmzm5TxqkgtEFiHou2jyXlLKINxRSn7URQHPqctvzB5dhv3VMhWRzdqGFC3RD3IhYwgpWWPPOg7NzeZXjkZYMTe3SKgp+HW/bMklWxJkDzxM5JCXLUPfOz041JGtJIEY6ldGwrUW6GhWKE01Gxk0qaYDLAPepoGuGQSjebXDFCR1rpoiAWuiKFJurviQyHUg5DX3eGWPXlrDcW//OcVAXnbsaiJFU0ItOPgpQjFaNxJKjLBCWKDzXBRDC9KyJ9LDBROriiDsGePXmeNKsV26rY19VS7SKPowD7cAjHYMMZ1OAK6tAAAg/wBC/wajwaz8ab8T5tXTDymT34A+PjG8vdl3Y=</latexit>

[V sp
k+1]

<latexit sha1_base64="vxBDBponth6qokYHsNqsnnBNQUU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LLaCIJSkFz0WvXisYD+gjWGz3bRLN5uwuymUkH/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDyd3c706pVCwWj3qWUC/CI8FCRrA2km/btX7nKVNJ7meTKzf3ar5dderOAmiduAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwmlcGqaIJJhM8on1DBY6o8rLF5Tm6MMoQhbE0JTRaqL8nMhwpNYsC0xlhPVar3lz8z+unOrzxMiaSVFNBlovClCMdo3kMaMgkJZrPDMFEMnMrImMsMdEmrIoJwV19eZ10GnXXqbsPjWrztoijDGdwDpfgwjU04R5a0AYCU3iGV3izMuvFerc+lq0lq5g5hT+wPn8AmDeS9g==</latexit><latexit sha1_base64="vxBDBponth6qokYHsNqsnnBNQUU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LLaCIJSkFz0WvXisYD+gjWGz3bRLN5uwuymUkH/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDyd3c706pVCwWj3qWUC/CI8FCRrA2km/btX7nKVNJ7meTKzf3ar5dderOAmiduAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwmlcGqaIJJhM8on1DBY6o8rLF5Tm6MMoQhbE0JTRaqL8nMhwpNYsC0xlhPVar3lz8z+unOrzxMiaSVFNBlovClCMdo3kMaMgkJZrPDMFEMnMrImMsMdEmrIoJwV19eZ10GnXXqbsPjWrztoijDGdwDpfgwjU04R5a0AYCU3iGV3izMuvFerc+lq0lq5g5hT+wPn8AmDeS9g==</latexit><latexit sha1_base64="vxBDBponth6qokYHsNqsnnBNQUU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LLaCIJSkFz0WvXisYD+gjWGz3bRLN5uwuymUkH/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDyd3c706pVCwWj3qWUC/CI8FCRrA2km/btX7nKVNJ7meTKzf3ar5dderOAmiduAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwmlcGqaIJJhM8on1DBY6o8rLF5Tm6MMoQhbE0JTRaqL8nMhwpNYsC0xlhPVar3lz8z+unOrzxMiaSVFNBlovClCMdo3kMaMgkJZrPDMFEMnMrImMsMdEmrIoJwV19eZ10GnXXqbsPjWrztoijDGdwDpfgwjU04R5a0AYCU3iGV3izMuvFerc+lq0lq5g5hT+wPn8AmDeS9g==</latexit><latexit sha1_base64="vxBDBponth6qokYHsNqsnnBNQUU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LLaCIJSkFz0WvXisYD+gjWGz3bRLN5uwuymUkH/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDyd3c706pVCwWj3qWUC/CI8FCRrA2km/btX7nKVNJ7meTKzf3ar5dderOAmiduAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwmlcGqaIJJhM8on1DBY6o8rLF5Tm6MMoQhbE0JTRaqL8nMhwpNYsC0xlhPVar3lz8z+unOrzxMiaSVFNBlovClCMdo3kMaMgkJZrPDMFEMnMrImMsMdEmrIoJwV19eZ10GnXXqbsPjWrztoijDGdwDpfgwjU04R5a0AYCU3iGV3izMuvFerc+lq0lq5g5hT+wPn8AmDeS9g==</latexit>
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<latexit sha1_base64="Pc5NcPJro/zwKrsckle+ajLR/yk=">AAACDHicbZDLSsNAFIZP6q3WW9Wlm8FWcCEl6UaXRTcuK9gLpLFMppN26OTCzESMIQ/gxldx40IRtz6AO9/GaRtQW38Y+PjPOZw5vxtxJpVpfhmFpeWV1bXiemljc2t7p7y715ZhLAhtkZCHoutiSTkLaEsxxWk3EhT7Lqcdd3wxqXduqZAsDK5VElHHx8OAeYxgpa1+uVK1o5sUZ/30LjtBOSY/eJ85Vd1l1syp0CJYOVQgV7Nf/uwNQhL7NFCEYylty4yUk2KhGOE0K/ViSSNMxnhIbY0B9ql00ukxGTrSzgB5odAvUGjq/p5IsS9l4ru608dqJOdrE/O/mh0r78xJWRDFigZktsiLOVIhmiSDBkxQoniiARPB9F8RGWGBidL5lXQI1vzJi9Cu1yyzZl3VK43zPI4iHMAhHIMFp9CAS2hCCwg8wBO8wKvxaDwbb8b7rLVg5DP78EfGxzfrGJuE</latexit><latexit sha1_base64="Pc5NcPJro/zwKrsckle+ajLR/yk=">AAACDHicbZDLSsNAFIZP6q3WW9Wlm8FWcCEl6UaXRTcuK9gLpLFMppN26OTCzESMIQ/gxldx40IRtz6AO9/GaRtQW38Y+PjPOZw5vxtxJpVpfhmFpeWV1bXiemljc2t7p7y715ZhLAhtkZCHoutiSTkLaEsxxWk3EhT7Lqcdd3wxqXduqZAsDK5VElHHx8OAeYxgpa1+uVK1o5sUZ/30LjtBOSY/eJ85Vd1l1syp0CJYOVQgV7Nf/uwNQhL7NFCEYylty4yUk2KhGOE0K/ViSSNMxnhIbY0B9ql00ukxGTrSzgB5odAvUGjq/p5IsS9l4ru608dqJOdrE/O/mh0r78xJWRDFigZktsiLOVIhmiSDBkxQoniiARPB9F8RGWGBidL5lXQI1vzJi9Cu1yyzZl3VK43zPI4iHMAhHIMFp9CAS2hCCwg8wBO8wKvxaDwbb8b7rLVg5DP78EfGxzfrGJuE</latexit><latexit sha1_base64="Pc5NcPJro/zwKrsckle+ajLR/yk=">AAACDHicbZDLSsNAFIZP6q3WW9Wlm8FWcCEl6UaXRTcuK9gLpLFMppN26OTCzESMIQ/gxldx40IRtz6AO9/GaRtQW38Y+PjPOZw5vxtxJpVpfhmFpeWV1bXiemljc2t7p7y715ZhLAhtkZCHoutiSTkLaEsxxWk3EhT7Lqcdd3wxqXduqZAsDK5VElHHx8OAeYxgpa1+uVK1o5sUZ/30LjtBOSY/eJ85Vd1l1syp0CJYOVQgV7Nf/uwNQhL7NFCEYylty4yUk2KhGOE0K/ViSSNMxnhIbY0B9ql00ukxGTrSzgB5odAvUGjq/p5IsS9l4ru608dqJOdrE/O/mh0r78xJWRDFigZktsiLOVIhmiSDBkxQoniiARPB9F8RGWGBidL5lXQI1vzJi9Cu1yyzZl3VK43zPI4iHMAhHIMFp9CAS2hCCwg8wBO8wKvxaDwbb8b7rLVg5DP78EfGxzfrGJuE</latexit><latexit sha1_base64="Pc5NcPJro/zwKrsckle+ajLR/yk=">AAACDHicbZDLSsNAFIZP6q3WW9Wlm8FWcCEl6UaXRTcuK9gLpLFMppN26OTCzESMIQ/gxldx40IRtz6AO9/GaRtQW38Y+PjPOZw5vxtxJpVpfhmFpeWV1bXiemljc2t7p7y715ZhLAhtkZCHoutiSTkLaEsxxWk3EhT7Lqcdd3wxqXduqZAsDK5VElHHx8OAeYxgpa1+uVK1o5sUZ/30LjtBOSY/eJ85Vd1l1syp0CJYOVQgV7Nf/uwNQhL7NFCEYylty4yUk2KhGOE0K/ViSSNMxnhIbY0B9ql00ukxGTrSzgB5odAvUGjq/p5IsS9l4ru608dqJOdrE/O/mh0r78xJWRDFigZktsiLOVIhmiSDBkxQoniiARPB9F8RGWGBidL5lXQI1vzJi9Cu1yyzZl3VK43zPI4iHMAhHIMFp9CAS2hCCwg8wBO8wKvxaDwbb8b7rLVg5DP78EfGxzfrGJuE</latexit>

[V com
k+1 ]

<latexit sha1_base64="6LtaqJ/kNWL+v3zC1ORUajmV8hk=">AAAB+nicbVDLSsNAFJ3UV62vVJdugq0gCCXpRpdFNy4r2AekMUymk3boPMLMRCkxn+LGhSJu/RJ3/o3TNgttPXDhcM693HtPlFCitOt+W6W19Y3NrfJ2ZWd3b//Arh52lUglwh0kqJD9CCpMCccdTTTF/URiyCKKe9Hkeub3HrBURPA7PU1wwOCIk5ggqI0U2tW6373PkGB5mE3OvTyoh3bNbbhzOKvEK0gNFGiH9tdgKFDKMNeIQqV8z010kEGpCaI4rwxShROIJnCEfUM5ZFgF2fz03Dk1ytCJhTTFtTNXf09kkCk1ZZHpZFCP1bI3E//z/FTHl0FGeJJqzNFiUZxSRwtnloMzJBIjTaeGQCSJudVBYygh0iatignBW355lXSbDc9teLfNWuuqiKMMjsEJOAMeuAAtcAPaoAMQeATP4BW8WU/Wi/VufSxaS1YxcwT+wPr8AU6Dk1w=</latexit><latexit sha1_base64="6LtaqJ/kNWL+v3zC1ORUajmV8hk=">AAAB+nicbVDLSsNAFJ3UV62vVJdugq0gCCXpRpdFNy4r2AekMUymk3boPMLMRCkxn+LGhSJu/RJ3/o3TNgttPXDhcM693HtPlFCitOt+W6W19Y3NrfJ2ZWd3b//Arh52lUglwh0kqJD9CCpMCccdTTTF/URiyCKKe9Hkeub3HrBURPA7PU1wwOCIk5ggqI0U2tW6373PkGB5mE3OvTyoh3bNbbhzOKvEK0gNFGiH9tdgKFDKMNeIQqV8z010kEGpCaI4rwxShROIJnCEfUM5ZFgF2fz03Dk1ytCJhTTFtTNXf09kkCk1ZZHpZFCP1bI3E//z/FTHl0FGeJJqzNFiUZxSRwtnloMzJBIjTaeGQCSJudVBYygh0iatignBW355lXSbDc9teLfNWuuqiKMMjsEJOAMeuAAtcAPaoAMQeATP4BW8WU/Wi/VufSxaS1YxcwT+wPr8AU6Dk1w=</latexit><latexit sha1_base64="6LtaqJ/kNWL+v3zC1ORUajmV8hk=">AAAB+nicbVDLSsNAFJ3UV62vVJdugq0gCCXpRpdFNy4r2AekMUymk3boPMLMRCkxn+LGhSJu/RJ3/o3TNgttPXDhcM693HtPlFCitOt+W6W19Y3NrfJ2ZWd3b//Arh52lUglwh0kqJD9CCpMCccdTTTF/URiyCKKe9Hkeub3HrBURPA7PU1wwOCIk5ggqI0U2tW6373PkGB5mE3OvTyoh3bNbbhzOKvEK0gNFGiH9tdgKFDKMNeIQqV8z010kEGpCaI4rwxShROIJnCEfUM5ZFgF2fz03Dk1ytCJhTTFtTNXf09kkCk1ZZHpZFCP1bI3E//z/FTHl0FGeJJqzNFiUZxSRwtnloMzJBIjTaeGQCSJudVBYygh0iatignBW355lXSbDc9teLfNWuuqiKMMjsEJOAMeuAAtcAPaoAMQeATP4BW8WU/Wi/VufSxaS1YxcwT+wPr8AU6Dk1w=</latexit><latexit sha1_base64="6LtaqJ/kNWL+v3zC1ORUajmV8hk=">AAAB+nicbVDLSsNAFJ3UV62vVJdugq0gCCXpRpdFNy4r2AekMUymk3boPMLMRCkxn+LGhSJu/RJ3/o3TNgttPXDhcM693HtPlFCitOt+W6W19Y3NrfJ2ZWd3b//Arh52lUglwh0kqJD9CCpMCccdTTTF/URiyCKKe9Hkeub3HrBURPA7PU1wwOCIk5ggqI0U2tW6373PkGB5mE3OvTyoh3bNbbhzOKvEK0gNFGiH9tdgKFDKMNeIQqV8z010kEGpCaI4rwxShROIJnCEfUM5ZFgF2fz03Dk1ytCJhTTFtTNXf09kkCk1ZZHpZFCP1bI3E//z/FTHl0FGeJJqzNFiUZxSRwtnloMzJBIjTaeGQCSJudVBYygh0iatignBW355lXSbDc9teLfNWuuqiKMMjsEJOAMeuAAtcAPaoAMQeATP4BW8WU/Wi/VufSxaS1YxcwT+wPr8AU6Dk1w=</latexit>

<latexit sha1_base64="ehYeyjZpl2q6AFsfBjxMwilfxzc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68VjBtIU2lsl20y7dbMLuRiihv8GLB0W8+oO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw2dZIpynyaiES1Q9RMcMl8w41g7VQxjEPBWuHoduq3npjSPJEPZpyyIMaB5BGnaKzkR4/YG/UqVbfmzkCWiVeQKhRo9Cpf3X5Cs5hJQwVq3fHc1AQ5KsOpYJNyN9MsRTrCAetYKjFmOshnx07IqVX6JEqULWnITP09kWOs9TgObWeMZqgXvan4n9fJTHQd5FymmWGSzhdFmSAmIdPPSZ8rRo0YW4JUcXsroUNUSI3Np2xD8BZfXibN85p3WXPvL6r1myKOEhzDCZyBB1dQhztogA8UODzDK7w50nlx3p2PeeuKU8wcwR84nz+3146g</latexit>

fa
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Figure 4.9: SITL Simulation System Architecture Block Diagram.

their feature PMFs using the ZeroMQ (Hintjens, 2013) asynchronous messaging

library.

• Chernoff Fusion: This block executes the fusion protocol in Algorithm 6. It

computes the quadrotor’s feature PMF from its own measurements and from

the feature PMFs transmitted by other quadrotors at its current node through

the ADHOC block.
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4.7 Simulation Results

Figure 4.10 through Figure 4.13 plot the feature PMFs computed by both quadro-

tors during two SITL simulation runs. Figure 4.10 and Figure 4.11 show the feature

PMFs at k = 240 s (4 min) and k = 330 s (5.5 min), respectively, of the first

simulation run. The figures indicate that Robot 1 reconstructs most of the feature

distribution within 4 min, and both robots fully reconstruct the distribution within

5.5 min.

Figure 4.12 and Figure 4.13 plot the feature PMFs at k = 240 s (4 min) and

k = 530 s (∼ 8.8 min), respectively, of the second simulation run. Figure 4.12 shows

that in this simulation run, the two robots do not meet and exchange feature PMFs

within the first 4 min, since their feature PMFs are completely distinct at that time.

By ∼ 8.8 min, Figure 4.13 shows that both robots have fully reconstructed the feature

distribution, which matches the reconstructed distribution in Figure 4.11. Thus,

Figure 4.10 through Figure 4.13 demonstrate that our approach ultimately results in

accurate feature reconstruction, but that the convergence time to full reconstruction

can differ between runs due to the randomness in the robot paths over the grid.

4.8 Real World Constraints

The performance of our approach in real-world environments will be affected by

aerodynamic interactions between quadrotors, uncertainty in positioning, and feature

occlusion by a quadrotor that enters other’s field of view. In the SITL simulations, it

is difficult to accurately simulate the aerodynamic disturbance on a quadrotor caused

by the downwash of a quadrotor flying or hovering above it. These disturbances can

be rejected by incorporating a robust disturbance observer (Mishra et al., 2019) into

the quadrotor’s low-level flight control strategy. Alternatively, the quadrotors could
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Figure 4.10: Feature PMF fak (s) Of 2 Robots at Time k = 240 s In the First Run
of the SITL Simulation.
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Figure 4.11: Feature PMF fak (s) Of 2 Robots at Time k = 330 s In the First Run
of the SITL Simulation.
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Figure 4.12: Feature PMF fak (s) Of 2 Robots at Time k = 240 s In the Second Run
of the SITL Simulation.
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Figure 4.13: Feature PMF fak (s) Of 2 Robots at Time k = 530 s In the Second Run
of the SITL Simulation.
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fly at the same altitude and employ controllers for inter-robot collision avoidance,

e.g. using control barrier functions (Wang et al., 2017). Quadrotors may miss feature

detections due to misalignment of their camera image window with the ground or to

occlusion of the feature by another quadrotor flying below it. Such misalignment’s

and occlusions sometimes occurred in our SITL simulations; however, the accuracy

of the feature reconstruction despite these occurrences demonstrates the robustness

of our approach to the resulting missed feature detections.

4.9 Conclusion

In this chapter, we proposed a decentralized multi-robot strategy for reconstruct-

ing a discrete feature distribution on a finite spatial grid. Robots update their esti-

mate of the feature distribution using their own measurements during random-walk

exploration and estimates from nearby robots, combined using a distributed Chernoff

fusion protocol. Our strategy extends established results on consensus of opinion

pools for fixed, strongly connected networks to networks with Markovian switching

dynamics. We provide theoretical guarantees on convergence to the actual feature

distribution in an almost sure sense, and we validate the strategy in both numerical

simulations and SITL simulations with quadrotors.
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Chapter 5

CONCLUSIONS AND POSSIBLE FUTURE RESEARCH DIRECTIONS

5.1 Conclusion

In this dissertation, we explored the formulation and implementation of consen-

sus strategies for homogeneous swarms that follow random mobility models and use

local communication. In Chapter 2, we theoretically proved the convergence of such

a probabilistic consensus strategy for detecting the presence of a static target. In

Chapter 3, we formulated another consensus strategy for tracking multiple static tar-

gets by a swarm of aerial robots. This work used an estimation technique from the

Random Finite Set (RFS) framework to account for the limited field of view (FOV)

of the robots’ sensors and for the uncertainty in both the number of targets and their

positions. In Chapter 4, we used results on opinion pools to extend this approach

to a consensus strategy for the decentralized fusion of discrete feature distributions,

modeled as occupancy grid maps. In this work, we also showed the effectiveness of

consensus by comparing it with a no-consensus strategy.

5.2 Future Research

In this section, we will discuss some future directions of this research applied to

localization and mapping applications and human-swarm interaction.

5.2.1 Swarm Mapping

Localization and mapping problems with multi-robot systems have been exten-

sively studied since early works from Jennings et al. (1999); Fox et al. (2000); Thrun
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(2001), with the latest research involving machine learning and artificial intelligence

techniques for solving subproblems in simultaneous localization and mapping (SLAM)

Guo et al. (2020). Swarm systems are designed to be scalable and redundant. To

achieve this, most swarm systems also need to be inexpensive. The paper Kegeleirs

et al. (2021) lists various challenges that are associated with deploying swarm systems

for mapping applications. Hardware and computation-related challenges do limit the

current application of swarms to mapping problems; however, developments in low-

power compute and edge compute technologies may provide a possible solution. In

a collaborative SLAM architecture, the SLAM problem for a pair of robots a, b is

formulated as a maximum likelihood estimation problem as follows:

X̂a, X̂b
.
= arg max

Xa,Xb

Pr(Za, Zb, Zab|Xa, Xb),

where Xa, Xb represent the state variables, for example the positions and velocities

of features, and Za, Zb represent the measurements taken by robots a and b, respec-

tively. In a decentralized collaborative SLAM formulation, each robot computes a

local map, and a consistent global map is generated over time by combining robots’

measurements to reduce the error from their individual measurements. Such a col-

laborative SLAM approach will not work for swarms, as inter-robot measurements

(which provide the robots’ pose transformations from their respective co-ordinate

frames) and measurements of certain areas of the environment in general may not be

available from all the robots. Swarm systems typically utilize local sensing and local

sharing of information, which results in a combinatorial data association problem for

generating a consistent global map. This problem can be further complicated by the

possible lack of overlapping measurements between members of the swarm that meet

and exchange data. This may cause an inconsistent global map to be generated by

the robot swarm.
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For a swarm system, the data association problem could be solved with tech-

niques from the Random Finite Set (RFS) framework, since it provides a metric for

comparing and combining individual robot maps. The global map and the robot

measurements can be modeled as Random Finite Sets, which allows for the joint

estimation of the number and locations of features and the robot trajectories. Addi-

tionally, robots in a swarm can use visual inertial odometry methods to improve their

estimates of their own trajectories, and thus generate more consistent local maps.

Given these improved local maps, probabilistic consensus algorithms similar to the

ones presented in this thesis can be developed to enable the swarm to produce a con-

sistent global map. This potential increase in consistency, however, comes at the cost

of requiring more on-board computational resources and power and more accurate

sensors. The metric for analyzing map consistency would also need to be modified to

account for the combinatorial problems associated with interaction and information

exchange among time-varying sets of robots, and to ensure geometric consistency of

the local-local map (map generated by a set of interacting robots), local-global map

(map formed by the robot and the ground truth map), and global map which is the

ground truth map.

5.2.2 Human Swarm Interaction

Human-Swarm Interaction (HSI) Brown et al. (2016) describes the mechanisms

by which a human operator monitors and controls a swarm of robots. The capacity

to control a large group of robots depends on the cognitive bandwidth of the human

operator Chen and Barnes (2014). With increasing numbers of robots, the human

operator will not able to control the granular behavior of each robot, but could be

able to control and modify the collective behavior of the swarm. HSI involves model-

ing this collective behavior with the human operator in the loop and designing robot
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control policies to achieve desired swarm tasks. HSI can be implemented using a

leader-follower control architecture, where the leader is the human operator and the

followers are the robots. The leader is responsible for generating the control com-

mands that the followers interpret to perform the required task, such as dispersion,

flocking, and formation control. However, this architecture would require all the

followers to continuously monitor the leader, and thus would be constrained by the

robots’ sensing and communication capabilities (e.g., the dispersion of a swarm could

be limited by the line of sight of the robots’ sensors).

One way of counteracting this limitation would be to use a hierarchical “supervisor-

leader-follower” scheme. Here, the supervisor is the human operator, the leader is

one of the robots, and the followers are the remaining robots in the swarm. The

leader in this scheme could be equipped with more resources than the followers, such

as a larger power source, faster processors, or communication gear. The leader would

interpret the intention of the human supervisor and communicate the required control

command that the followers need to execute to achieve the desired behavior.

One possible application for this scheme would be to coordinate a dance perfor-

mance by a human supervisor with a swarm of robots. Dancing with robots, also

called choreorobotics Cuan (2021), is an emerging field in which models from swarm

robotics can be used to formulate control and estimation policies that implement a

choreographed performance between humans and robots.

The framework from this dissertation can be extended to develop a supervisor-

leader-follower consensus scheme in which the followers try to reach an agreement on

the activity to perform based on the signal or parameter broadcast by the leader,

which responds to discrete commands from a human operator. Each follower can be

programmed to respond to the leader’s broadcast by executing prescribed trajectories

that are generated by a path planning framework. The leader would need to have
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the appropriate sensors or communication hardware (e.g., RGBD cameras, long-range

radio antennas) to be able to discern inputs from the human supervisor, which could

be, for example, in the form of hand gestures, speech, or computer commands. To

reduce the complexity of the inputs that the leader must detect or estimate, these

inputs can be modeled as a set of discrete states that evolve according to a Markov

chain, with each state corresponding to a particular input from the human supervisor.

The states can be identified a priori by a neural network that acts as a classifier, using

a supervised learning framework to compute the probabilities of transition between

pairs of states.
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allocation in an agent-based cloud computing platform”, Applied Soft Computing
48, 716–728 (2016).

Bandyopadhyay, S., S.-J. Chung and F. Y. Hadaegh, “Probabilistic and distributed
control of a large-scale swarm of autonomous agents”, IEEE Transactions on
Robotics 33, 5, 1103–1123 (2017).

Bar-Shalom, Y. and T. E. Fortmann, Tracking and data association, vol. 179 of Math-
ematics in Science and Engineering (Elsevier Science, 1988).

Battistelli, G. and L. Chisci, “Kullback–Leibler average, consensus on probability
densities, and distributed state estimation with guaranteed stability”, Automatica
50, 3, 707–718 (2014).

Biswal, S., K. Elamvazhuthi and S. Berman, “Fastest mixing markov chain on a com-
pact manifold”, in “2019 IEEE 58th Conference on Decision and Control (CDC)”,
pp. 547–554 (IEEE, 2019).

Brown, D. S., M. A. Goodrich, S.-Y. Jung and S. Kerman, “Two invariants of human-
swarm interaction”, Tech. rep., Air Force Research Lab Rome NY ROME United
States (2016).

Burgard, W., M. Moors, C. Stachniss and F. E. Schneider, “Coordinated multi-robot
exploration”, IEEE Transactions on Robotics 21, 3, 376–386 (2005).

Calafiore, G. C. and F. Abrate, “Distributed linear estimation over sensor networks”,
International Journal of Control 82, 5, 868–882 (2009).

Camazine, S., J.-L. Deneubourg, N. R. Franks, J. Sneyd, G. Theraula and
E. Bonabeau, Self-organization in biological systems (Princeton university press,
2020).

Chen, J. Y. and M. J. Barnes, “Human–agent teaming for multirobot control: A
review of human factors issues”, IEEE Transactions on Human-Machine Systems
44, 1, 13–29 (2014).

Clark, D. E., K. Panta and B.-N. Vo, “The gm-phd filter multiple target tracker”, in
“2006 9th International Conference on Information Fusion”, pp. 1–8 (IEEE, 2006).

101



Cuan, C., “Dances with robots: Choreographing, correcting, and performing with
moving machines”, The Drama Review 65, 1, 124–143 (2021).

Daley, D. J. and D. Vere-Jones, An introduction to the theory of point processes:
volume II: general theory and structure (Springer Science & Business Media, 2007).

Dames, P. and V. Kumar, “Cooperative multi-target localization with noisy sensors”,
in “2013 IEEE International Conference on Robotics and Automation (ICRA)”, pp.
1877–1883 (IEEE, 2013).

Dames, P. M., “Distributed multi-target search and tracking using the phd filter”,
Autonomous Robots pp. 1–17 (2019).

Dang, T., F. Mascarich, S. Khattak, C. Papachristos and K. Alexis, “Graph-based
path planning for autonomous robotic exploration in subterranean environments”,
in “2019 IEEE/RSJ International Conference on Intelligent Robots and Systems
(IROS)”, pp. 3105–3112 (IEEE, 2019).

Degroot, M. H., “Reaching a consensus”, Journal of the American Statistical Associ-
ation 69, 345, 118–121 (1974).

Dimidov, C., G. Oriolo and V. Trianni, “Random walks in swarm robotics: An ex-
periment with kilobots”, in “Swarm Intelligence”, edited by M. Dorigo, M. Birat-
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