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ABSTRACT

The problem of modeling and controlling the distribution of a multi-agent system
has recently evolved into an interdisciplinary effort. When the agent population is
very large, i.e., at least on the order of hundreds of agents, it is important that
techniques for analyzing and controlling the system scale well with the number of
agents. One scalable approach to characterizing the behavior of a multi-agent system
is possible when the agents’ states evolve over time according to a Markov process. In
this case, the density of agents over space and time is governed by a set of difference
or differential equations known as a mean-field model, whose parameters determine
the stochastic control policies of the individual agents. These models often have the
advantage of being easier to analyze than the individual agent dynamics. Mean-
field models have been used to describe the behavior of chemical reaction networks,
biological collectives such as social insect colonies, and more recently, swarms of
robots that, like natural swarms, consist of hundreds or thousands of agents that are
individually limited in capability but can coordinate to achieve a particular collective
goal.

This dissertation presents a control-theoretic analysis of mean-field models for
which the agent dynamics are governed by either a continuous-time Markov chain
on an arbitrary state space, or a discrete-time Markov chain on a continuous state
space. Three main problems are investigated. First, the problem of stabilization
is addressed, that is, the design of transition probabilities/rates of the Markov pro-
cess (the agent control parameters) that make a target distribution, satisfying certain
conditions, invariant. Such a control approach could be used to achieve desired multi-
agent distributions for spatial coverage and task allocation. However, the convergence
of the multi-agent distribution to the designed equilibrium does not imply the conver-

gence of the individual agents to fixed states. To prevent the agents from continuing



to transition between states once the target distribution is reached, and thus po-
tentially waste energy, the second problem addressed within this dissertation is the
construction of feedback control laws that prevent agents from transitioning once the
equilibrium distribution is reached. The third problem addressed is the computa-
tion of optimized transition probabilities/rates that maximize the speed at which the

system converges to the target distribution.
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Chapter 1

INTRODUCTION

Over approximately the past two decades, research on the control of multi-agent
systems has gained increasing attention and has evolved into an established, interdis-
ciplinary field that is of interest to engineers, mathematicians, and biologists alike.
Graph-theoretic approaches have been widely used in the analysis and control of
multi-agent systems, and there are numerous works on such approaches; (Bullo et al.,
2009; Lewis et al., 2013; Mesbahi and Egerstedt, 2010) are excellent books dedicated
to such methods. However, many of these control approaches do not scale well to
very large agent populations. When all agents follow the same dynamics and these
dynamics are independent of agents’ identities, an alternative approach is to study a
fluid approximation of the swarm. This approach is inspired by the Fulerian model-
ing methodology used in fluid dynamics. This entails looking at fluid motion focusing
on specific locations in space through which the fluid flows, or a macroscopic per-
spective. Contrary to this approach, the Lagrangian method entails observing an
individual fluid particle as it moves through space and time, or a microscopic per-
spective. A similar modeling methodology is also employed in statistical mechanics
(Van Kampen, 1992) and biology (Brauer et al., 2012) to treat a large collection
of entities as a continuum. The term self-organization has been used in biology to
denote the emergence of ordered behavior in groups of interacting entities. Schools
of fish display such self-organized behavior. For example, without ‘leader fish,” each
individual fish in a school is able to localize with respect to its neighbors, and the
school can form a variety of complex patterns (Hemelrijk and Hildenbrandt, 2012).

Taking inspiration from the models discussed in the previous paragraph, in the



models considered within this dissertation, the primary assumption is that every
agent follows an identical Markov process, and then the macroscopic behavior of the
population is determined by the Kolmogorov forward equation corresponding to the
Markov process. For a population of N agents, the state space of the forward equation
is dependent on N; however, in the limit N tends to infinity, the N-agent forward
equation is replaced by a single forward equation defined on the set of probability
densities, called the mean-field model. Because such models are independent of the
agent population size, the analysis and control of these models is scalable with the
number of agents, which is an advantage over many existing multi-agent control
techniques. A survey on mean-field models in the context of control of multi-agent
systems is presented in Elamvazhuthi and Berman (2019). Moreover, a range of tools
are available to analyze and control mean-field dynamical models, which have the
advantage of linearity in the absence of agent interactions, or are easier to analyze
than the corresponding agent-based models. A drawback of using these models is that
for low values of N, they are not accurate representations of the N-agent system; as N
becomes larger, the approximation tends to be better. We will observe that although
stability and convergence results are proven for the mean-field model, simulations of
the corresponding N-agent system demonstrate that for relatively small numbers of
agents (specific estimates of the order are provided within the chapters), the agent
distribution does in fact follow the prediction of the corresponding mean-field model.
We will now state the main contributions of this dissertation.

1.1 Contributions

The goals of this research are threefold. We shall list these next.
1. It is well-established that a Markov chain that is rreducible and positive re-

current has a unique stationary distribution. A question that is investigated for all



models considered within this dissertation is the following inverse problem: Given a
target probability distribution, can a Markov chain be constructed such that its station-
ary distribution is this target distribution? From a control-theoretic perspective, this
implies requires proving the stabilizability of the Kolmogorov forward equation. A po-
tential application of this work is to control the distribution of large-scale multi-agent
systems over discrete or continuous state spaces that could, for instance, represent a
set of distinct locations or a domain of interest. Such a control approach could be
used, for example, in environmental monitoring, surveillance, disaster response, and
autonomous construction. Chapters 2-6 discuss the construction of control method-
ologies for allocating a swarm of robots among a set of states in a decentralized
fashion, using minimal local information or none at all.

The stabilization of macroscopic models to arbitrary measures can alternatively
be seen as an extension of the classical control problem of asymptotically stabilizing a
system to a point, which corresponds to the Dirac measure in the measure stabilization
framework.

In Chapter 2, the time evolution of each robot’s state is modeled as a continuous-
time Markov chain (CTMC) on a finite graph. We prove that by using the transition
rates as control parameters, any distribution that is strictly positive everywhere can
be stabilized. Specifically, for bidirected graphs, we construct polynomial density
feedback laws that stabilize strictly positive stationary distributions. In Chapters 3
and 5, we address the problem of stabilizing a discrete-time Markov chain (DTMC)
to a target invariant distribution, using the transition kernel as control parameter.
The transition kernel is a continuous state space analogue of the transition proba-
bility matrix of a DTMC on a discrete state space. We investigate the distribution
stabilization problem in two settings: in Chapter 3, the state space is restricted to

compact subsets of the Euclidean space, and in Chapter 5, the state space is restricted



to compact manifolds. In the former case, we assume that the target measure is sup-
ported a.e. on the entire state space of the system and is absolutely continuous with
respect to the Lebesgue measure, with L>(-) density. We additionally assume that
agents evolve according to discrete-time deterministic nonlinear dynamics. In the lat-
ter case where the state space is a manifold, we address the stabilization problem for
a DTMC that evolves on a compact, smooth, connected manifold without boundary.
We consider target measures that are supported a.e. on the entire state space of the
system and are absolutely continuous with respect to the Riemannian volume with
L>(-) density.

2. Having obtained the above stabilizability results, the next problem that we in-
vestigate is the construction of transition kernel/rates, the control parameters of the
Markov process, that maximize the system’s convergence rate to the target distribu-
tion. In Chapters 3 and 5, we formulate an infinite-dimensional convex optimization
problem to construct feedback control laws that stabilize the system to the target
invariant measure at a maximized rate of convergence. This problem has been previ-
ously solved in Boyd et al. (2004) and Berman et al. (2009) for DTMCs and CTMCs,
respectively, that are defined on a finite graph with the uniform distribution as their
invariant distribution. Similar to these earlier works, we pose the optimization prob-
lem in terms of maximizing the spectral gap of the operator that pushes forward
measures, also known from here on as the forward operator. Since the first eigenvalue
of the forward operator is 1 or 0 when time is discrete or continuous, respectively,
maximizing the spectral gap reduces to the problem of minimizing the modulus of the
second-largest eigenvalue. The optimization problem admits an exact solution in the
case where the manifold is a Lie group and the target measure is uniform. In Chapter
6, we invoke the min-maz principle to characterize the modulus of the second-largest

eigenvalue of the forward operator for a Markov process that evolves in continuous



time on a continuous state space. Hence, unlike in Chapters 3 and 5, the optimization
problem admits an exact solution for arbitrary distributions that are in L>(-).

3. The convergence of a Markov process to an equilibrium distribution does not
necessarily imply that the agents evolving according to the process also converge
to equilibrium states. In fact, agents may continue to transition between states,
which can cause them to waste energy. To prevent agents from continuing to switch
between states at the equilibrium distribution, the third goal of this dissertation
is to construct a Markov process such that its forward operator is the identity or
zero operator at equilibrium, depending on whether time is discrete or continuous.
This results in a density-dependent operator that is a function of the distribution
and gives rise to a nonlinear Markov process. Moreover, since the operator must
be dependent on the distribution, we construct the operator to have a decentralized
structure. An operator with this structure corresponds to control laws that require
each agent to estimate the population only in its local neighborhood, rather than
obtain feedback on the entire agent distribution. In Chapter 2, in which the state
space is a finite graph, we construct distribution-dependent transition rates (feedback
control laws) that evaluate to zero at the desired equilibrium distribution. This
enables the construction of decentralized density feedback controllers, using tools
from Sum-of-Squares (SOS)-based polynomial optimization (Prajna et al., 2002), that
globally stabilize a swarm of agents modeled as a CTMC to a target state distribution
with no state-switching at equilibrium. In Chapter 4, we address this problem for a
DTMC that evolves on a compact, connected subset of R%. The desired distribution
is assumed to be in L*(-).

Finally, in Chapter 7, we address the problem of redistributing a swarm of agents
over a discrete state space while accounting for the physical constraint that agents

must avoid collisions with one another. In this case, we develop an agent-based



model of the swarm using tools from the theory of interacting particle systems (IPS).
We consider a swarm of K agents that move randomly on the vertex set of a finite
connected graph, with at most one agent per vertex, i.e., two agents cannot occupy
the same vertex. An agent at vertex x chooses one of the deg(x) neighboring vertices
uniformly at random at a defined transition rate, and jumps to that vertex if and only
if it is empty. Using standard probability techniques, the set of invariant measures
of this process so defined is identified in order to study the occupation time of each
vertex, defined as the expected time during which the vertex will be occupied at

equilibrium.
1.2 Literature Review

We will now review some of the important works that have contributed to this
field of research.

We begin with the discrete state space setting; we will review works wherein
the time variable is both discrete and continuous. To stabilize DTMCs or CTMCs
to target distributions, several approaches have been developed in which the agents
are programmed to switch stochastically between states at tunable transition prob-
abilities or rates; therefore, the transition probabilities or rates are the control pa-
rameters of the Markov process. For DTMCs on discrete state spaces, the types of
distributions that can be stabilized are well-understood (Agikmese and Bayard, 2015;
Elamvazhuthi et al., 2017); this stabilizability result follows from the classical Perron-
Frobenius theorem (Berman and Plemmons, 1994), which gives a sufficient condition
for the uniqueness of the stationary distribution of a Markov chain. In the continuous
time setting, optimized transition rates were computed to maximize the rate of con-
vergence to target distributions in Berman et al. (2009) for a multi-robot stochastic

task allocation scenario. There is a limitation on the kind of probability distributions



that can be stabilized using open-loop control; specifically, distributions that have
strongly connected support can be stabilized (Elamvazhuthi et al., 2019a). This as-
sumption, however, was relaxed in Elamvazhuthi et al. (2018a) by using discontinuous
control laws. By allowing the control laws to be time-dependent, additional control
objectives can be achieved. For example, to reduce agent transitions between states
at equilibrium Hsieh et al. (2008); Mather and Hsieh (2014) construct control laws
for a CTMC that are dependent on the population density. A similar problem was
addressed for the discrete-time case in Bandyopadhyay et al. (2017). In Demir et al.
(2015), the authors construct time-dependent feedback laws for a DTMC in order to
impose safety constraints on the system in terms of an upper bound on the agent
density at each time step.

We will next consider the continuous state space setting. The distribution stabi-
lization problem that we address in Chapters 3-5 is closely related to a class of control
problems that have been investigated in the context of mean-field games (Lasry and
Lions, 2007; Bensoussan et al., 2013; Carmona and Delarue, 2018) and optimal trans-
port theory (Villani, 2003; Santambrogio, 2015). In mean-field games, the control
problem is to design a feedback control law that is a function of the agent’s state,
with the goal of optimizing an objective functional that is a function of the agent’s
state and the probability density of its position over time. The mean-field game prob-
lem for agent dynamics evolving in discrete time and continuous space is considered
in Saldi et al. (2018). Works on mean-field game theory, which has only recently been
applied to problems in swarm robotics (Liu et al., 2018), use optimal control tech-
niques to construct policies for strategic decision-making in very large populations of
interacting agents. However, control problems in the mean-field games literature usu-
ally do not include constraints on the long-time behavior of this probability density,

as we do in Chapters 3-5.



Similar to mean-field games, optimal transport theory considers a class of measure
control problems in which the goal is to construct a map from the state space to
itself that pushes forward an initial measure to a target measure while optimizing
a given cost function. According to the Benamou-Brenier formulation of optimal
transport, when the cost function is quadratic, the problem can be framed as a
control problem for an advection equation with the velocity field as the control input.
For scenarios where the measure represents the distribution of a swarm of agents,
this classical version of the optimal transport problem corresponds to agents with
single-integrator dynamics. There has been some recent work on extending results
on optimal transport to agents that evolve in continuous time with linear dynamics
(Hindawi et al., 2011; Chen et al., 2017) and nonlinear dynamics (Rifford, 2014;
Agrachev and Lee, 2009). For discrete-time nonlinear systems, a relaxed version of
the optimal transport problem was investigated in Elamvazhuthi et al. (2019b), where
stochastic feedback laws, instead of deterministic feedback laws, were constructed to
transport a system from a given initial measure to a target measure. The problem in
Elamvazhuthi et al. (2019b) can be considered as the fixed-endpoint control version

of the problem addressed in Chapters 3-5.



Chapter 2

CONTINUOUS-TIME MARKOV CHAIN MODELS ON DISCRETE STATE
SPACES

In this chapter, we address the problem of redistributing a large number of ho-
mogeneous agents that evolve in continuous-time among a finite set of states. These
states could represent tasks to be performed or spatial locations to occupy. In re-
cent years, approaches to this problem have been developed in which the agents are
programmed to switch stochastically between states at tunable transition rates. In
some of these approaches (Berman et al., 2009; Mather and Hsieh, 2014), the agents’
states evolve according to a continuous-time Markov chain (CTMC), and their state
distribution is controlled using the corresponding mean-field model, given by the
Kolmogorov forward equation. These methods enable the scalable design of robot
controllers due to the independence of the control methodology from the number of
agents.

We consider such an approach for controlling a swarm of robots to allocate among
a set of states in a decentralized fashion, that is, using only information that the
robots can obtain from their local environment. We model the time evolution of
each robot’s state as a continuous-time Markov chain (CTMC) and frame the control
problem in terms of the mean-field model of the system.

In some existing approaches to this problem that use Markov chain models
(Berman et al., 2009; Acikmese and Bayard, 2012), the robots continue switching
between states at equilibrium, which could unnecessarily expend energy, even though
the swarm distribution among states in the mean-field model is stabilized. This con-

tinued switching at equilibrium is due to the time- and density-independence of the



control laws considered in these works. To address this problem, density-feedback
laws that use quorum-sensing strategies were constructed in Hsieh et al. (2008) to
stabilize a swarm to a desired distribution and reduce the amount of switching be-
tween states at equilibrium. In Mather and Hsieh (2014), the authors pose this as
a problem of controlling the variance of the agent distribution at equilibrium using
density-feedback laws. As in Mather and Hsieh (2014), we propose density-feedback
laws that stabilize a swarm of agents to a strictly positive target distribution. How-
ever, a key difference from Mather and Hsieh (2014) is that we consider feedback
laws that are polynomial functions of the state that do not violate positivity con-
straints and converge to zero at equilibrium, preventing further switching between
states. In Section 2.3, we prove the existence of a stabilizing polynomial control law
by constructing a specific example of such a control law.

In Section 2.4, we present algorithmic procedures for computing polynomial feed-
back controllers that stabilize the mean-field model to a strictly positive target dis-
tribution with no state transitions occurring at equilibrium. For this, we use the
Sum-of-Squares (SOS)-based MATLAB toolbox SOSTOOLS (Prajna et al., 2002).
These procedures could potentially incorporate additional constraints to improve the
properties of the closed-loop system response. Moreover, in contrast to the control
approaches presented in Bandyopadhyay et al. (2017); Demir et al. (2015), all com-
putations for control synthesis are done offline in our procedures rather than onboard
the robots in real-time, which reduces the robots’ computational burden.

2.1 Notation

We denote by G = (V, ) a directed graph with M vertices, V = {1,2,..., M},
and a set of Ng edges, £ C V x V. We say that e = (i, 7) € & if there is an edge from

vertex i € V to vertex j € V. We define a source map S : £ — V and a target map
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T :E& — V for which S(e) =i and T'(e) = j whenever e = (i,j) € £. We assume
that (i,7) ¢ & for all i € V. There is a directed path of length s from node i € V
to node j € V if there exists a sequence of edges {e;}5_; in € such that S(e;) = 1,
T(es) =j, and S(ex) = T(ep—1) for all 1 <k < s—1. A directed graph G = (W, €) is
called strongly connected if for every pair of distinct vertices vy, vy € V, there exists a
directed path of edges in £ connecting vy to vy. The graph G is said to be bidirected

if e € € implies that € = (T'(e), S(e)) also lies in £.
2.2 Problem Statement

Consider a swarm of N autonomous agents whose states evolve in continuous time
according to a Markov chain with finite state space V. As an example application, V
can represent a set of spatial locations that are obtained by partitioning the agents’
environment. The graph G determines the pairs of vertices (states) between which
the agents can transition. Denoting the set of admissible control inputs by U C R,
the agents’ transition rules are determined by the control parameters u, : [0, 00) — U
for each e € £, and are known as the transition rates of the associated CTMC. An
agent in state v; at time ¢ decides to switch to state vy at probability per unit time
ue(t), e = (v1,v9). Here, we have U C R, i.e., the u.(t) obey positivity constraints,
since transition rates must always be positive for a CTMC. The evolution of the N
agents’ states over time ¢ on the state space V is described by N stochastic processes,
Xi(t) € V, k = 1,...,N. Each stochastic process Xy(t) evolves according to the

following conditional probabilities for every e € &:
P(Xy(t+h) =T(e)|Xi(t) = S(e)) = ue(t)h + o(h). (2.1)

Here, o(h) is the little-oh symbol and PP is the underlying probability measure defined

on the space of events Q that is induced by the stochastic processes { X () },.
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Let P(V) be the (M —1)-dimensional simplex of probability densities on V), defined
as P(V) ={y e R : Y ,y; = 1}. Let x(t) = [z1(¢) ... zu(t)]" € P(V) be the

vector of probability distributions of the random variable Xy (¢) at time ¢, that is,
z;i(t) = P(Xg(t) =14), i€V. (2.2)

The evolution of probability distributions is determined by the Kolmogorov forward
equation, which can be cast as s a bilinear control system,

X(t) = Y u(t)Bex(t), x(0)=x"€P(V), (2.3)

eef

where B, e € £, are control matrices with entries

(

—~1 ifi=j=5(),
B =491 iti=T(e), j=5(e) (24)

0 otherwise.

\
Here, BY denotes the element in row ¢ and column j of the matrix B..
Note that (2.3) can be rewritten in the following form, which is common in the

Markov chain literature:
x(t) = Qx(t), x(0) =x"eP(V),

where Q : RM — RM*M ig the transition rate matrix, defined as Q = >~ ue(t)Be.

In Elamvazhuthi et al. (2017, 2019a), the Perron-Frobenius theorem was used to
characterize the types of stationary distributions that can be stabilized by an irre-
ducible, positively recurrent CTMC. We can now state the main problem addressed

in this section.
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Problem 2.2.1. Given a strictly positive desired equilibrium distribution x* € P(V),
compute transition rates k. : P(V) = R, e € £, such that the closed-loop system

X(t) =Y ke(x(t)Bex(t), t€ [0,00), (2.5)

eel

x(0) =x" € P(V)

satisfies lim;_,o [|x(t) —x?|| = 0 for all x° € P(V), with the additional constraint that
ke(x?) = 0 for all e € E. Moreover, the density feedback should have a decentralized

structure, in that each k. must be a function only of densities x; for which i = S(e)

ori=S(€), where T(€) = S(e).

We specify that each agent knows the desired equilibrium distribution x¢. This
assumption is used in other approaches to stabilizing solutions of the mean-field model
of a swarm to desired probability distributions, e.g. Acikmese and Bayard (2012);
Berman et al. (2009); Hsieh et al. (2008); Mather and Hsieh (2014).

We note that we were able to describe the state evolution of the agents by system
(2.3) when the transition rates were density-independent because the agents’ states
were independent and identically distributed (i.i.d.) random variables in that case.
However, when the density feedback control law {u.(x)}.ce is used, the independence
of the stochastic processes X;(t) is lost. This implies that the evolution of the prob-
ability distribution cannot be described by system (2.3). However, if we invoke the
mean-field hypothesis and take the limit N — oo, then we can model the evolution
of the probability distribution according to a nonlinear Markov chain. In this limit,
the discrete number of agents N, (¢,w) in state v € V at time t € [0,7T], where w is
used to emphasize that N, is a measurable function of the sample path €2, converges
to the continuous agent population z,(t) in an appropriate sense, provided that so-

lutions of system (2.5) are defined until a given final time 7" > 0. A rigorous process
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for taking this limit in a stochastic process setting is described in Ethier and Kurtz

(2009); Kolokoltsov (2010).
2.3 Solution to Problem 2.2.1

We consider a target equilibrium distribution x? that is defined to be strictly
positive everywhere on the domain; i.e., x4 € int(P(V)), where int(P(V)) denotes the
interior of the simplex P(V). To prove the asymptotic stability of x¢ for bidirected

graphs, consider the continuously differentiable function V' : R® — R~ given by

1
V(y) = 5(y =x*)"D(y — x) (2.6)
for all y € RM where D € RM*M is defined as D = [diag(x?)]~*. This Lyapunov

function is commonly used in multi-agent consensus protocols Lewis et al. (2013).

Theorem 2.3.1. Let G be a bidirected graph. Suppose that x? € int(P(V)). Let

ke : RM — [0,00) be given by

ke(y) = [(Use) — 75(0)” + (Ur(e) — 27())"]/75¢c) (2.7)

in system (2.5), for each e € £ and each y € R™. Then x? is the globally asymptoti-

cally stable equilibrium point of system (2.5).
Proof. To facilitate our analysis, we rewrite system (2.5) as
x(t) = G(x(t))x(t), x(0)=x"€P(V), (2.8)

where G : RM — RM*M is given by G(y) = Y. .¢ ke(y)B. for all y € RM. Tt is clear
that when zg() = xds(e) and Zp(e) = xflr(e) for all e € £, G(x?) = 0, which satisfies our
requirement that the control inputs equal zero at equilibrium.

To prove the stability of system (2.8), we will again invoke LaSalle’s invariance

principle (Khalil, 2001). Consider the continuously differentiable function V : R —
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R defined in equation (2.6). To apply LaSalle’s invariance principle, V (x(t)) along
the solutions x(t) of system (2.8) is required to be negative. We can compute this

derivative as:

V(x(1) = 5x(1)D(x(t) — x) + 5 (x(1) — x*)"Dx(1)
— % <x(t)TG(x(t))Dx(t) +x(1)TDG (x(£))x(t)

x(t)TG(x(t))Dx? — (Xd)TDG(X(t))TX(t)>.

A simple computation shows that the last two terms in the expression above are
zero. The sum of the first two terms is strictly negative; this can be confirmed by
algebraic manipulation of the sum as follows. Setting r(t) = [x1(t)/z{ ... xpr(t)/2¢,]T

Y

we obtain:

Ex()TGx(1)Dx(t) + (1 DG(x(1)) (1)

= % Z —(rs(e)(t) = 710 ())* ((T5(6) (1) = 250))? + (216 (1) — 27())?) (2.9)

eef
The expression (2.9) is a negative sum-of-squares, and thus equals zero only when
x(t) = x%. Hence, this function is strictly negative for all x € P(V)\{x?}. Moreover,
the set P(V) is invariant for the closed-loop system (2.8) since G(y) is an essentially
non-negative matrix for which each row sums to 0, for all y € P(V). It follows from
LaSalle’s invariance principle that x? is the globally asymptotically stable equilibrium

point of the closed-loop system (2.8) with the control inputs k. defined in (2.7). O

In Elamvazhuthi et al. (2018a), we broadened the class of possible target distribu-
tions x to those that are not necessarily positive everywhere on the state space; that
is, x? could have a discontinuous support. This is rendered possible by using feedback
control laws that are strictly local, in the sense that these feedback laws require each

agent to know the density of agents only in the current state that it occupies, unlike
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the control laws constructed in this section, which also require the agent to know the
population densities at adjacent states. However, in contrast to the control laws in
Elamvazhuthi et al. (2018a), the control laws presented in this section are polynomial

in nature and can be computed algorithmically, as we will show next.
2.4 Nonlinear Polynomial Controller

In the previous section, we showed that the set of decentralized nonlinear control
laws that solve Problem 2.2.1 is nonempty by explicitly constructing one such control
law. Here, we present an algorithmic procedure for constructing nonlinear control
laws that solve Problem 2.2.1, using the function (2.6) in the construction. We will
construct control laws that are polynomial functions of the system state. This allows
us to frame Problem 2.2.1 as a polynomial optimization problem that can be solved
using SOSTOOLS (Prajna et al., 2002), a MATLAB toolbox for solving sum-of-
squares (SOS) programs. SOSTOOLS is widely used to provide algorithmic solutions
to problems with polynomial non-negativity constraints that are otherwise difficult
to solve. The non-negativity constraints are relaxed to a test for the existence of an
SOS decomposition, and this test is performed using semidefinite programming. We
note that our procedure is just one possible method for constructing the control laws.

We first pose Problem 2.2.1 as an optimization problem.

Problem 2.4.1. Let R[x] denote the set of polynomials (not necessarily positive),
and let X5 denote the set of SOS polynomials. Given system (2.5) with the matriz B,

defined as in (2.4), and given the function V(x) in Equation (2.6), find k.(x) € R[x]
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such that

ke(x) >0, (2.10)
k(x?) =0, (2.11)
VV(x)TF(x) <0 (2.12)

for allx € P(V), where F(x) = ¢ ke(x)Bex.

In Problem 2.4.1, the candidate Lyapunov function V(x) is fixed, and an appro-
priate control law is constructed such that V(x) is indeed a Lyapunov function for
the closed-loop system (2.5). We can easily confirm that V(x) = 0 at the equilibrium
x4, and simple algebraic manipulation shows that V(x) > 0 for all x € P(V)\{x%}.
However, establishing the local negative definiteness of the gradient of V'(x) on the
simplex P(V), as specified by the inequality (2.12), is a relatively difficult constraint to
encode in SOSTOOLS. We enforce this constraint by using the theory of positivestel-
lansatz (Chesi, 2011): Given a function f(z), where z € R™, and a set S C R", is
f(z) >0 (or, alternatively, is f(z) < 0) for every z € S? In this formulation, S is a

semialgebraic set, which is defined as:
S:={zeR"|p(z) >0, ¢j(z) =0, i,j € N}, (2.13)

where p; and ¢; are polynomial functions of the state variable z and N is the set of
natural numbers. S may also include constraints of the form p;(z) < 0 and g;(z) # 0.
Schmudgen’s positivestellansatz (Schmiidgen, 1991), stated below, gives sufficient

conditions for the positivity of f(z) on a compact semialgebraic set S C R".

Theorem 2.4.2. Suppose that the semialgebraic set (2.13) is compact. If f(z) > 0
for allz € S, then there exist t; € R[z] and s, si, Sij, Sijk, ... € L5 such that
Z tiq; + so+ Z spit Y syppit+ Y Suspippe+ .. (2.14)
i,j1i7£] i,0,kiF#j £k
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Figure 2.1: Six-vertex bidirected graph.

In our case, the simplex P(V) is a compact semialgebraic set in RM of the form
(2.13), in which the inequalities p; > 0,7 =1, ..., M, are given by 2y > 0, ... ,xp > 0,
and the equality ¢ = 0 is given by 1 —x1 —...—x; = 0. Thus, according to Theorem
2.4.2, verifying the inequality (2.12) for all x € P(V) reduces to searching for t; € R|[x]
and s, 8;, 5ij, Sijk, ... € 2s such that

~VV()TF(x) = tiq1 + so + Z Sipi + Z Sijpipj + ... (2.15)
i 1,J:17]
We can use SOSTOOLS to find polynomials ¢; and s, s;, s;5, ... that satisfy Equation
(2.15).

We note that Problem 2.4.1 could alternatively be formulated to search for both
the Lyapunov function and the control law simultaneously. Since this would render
the optimization problem bilinear in the variables V'(x) and k.(x), it would be possible
to solve the problem by iterating between these variables. However, this approach

does not guarantee convergence to a solution.
2.5 Numerical Simulations

In this section, we numerically verify the effectiveness of the decentralized feedback
controller (2.7), defined in Theorem 2.3.1, and a controller constructed using SOS-
TOOLS, as described in Section 2.4. The controllers were designed to redistribute
populations of N = 20, N = 80, and N = 1200 agents on the six-vertex bidirected

graph shown in Fig. 2.1. The initial distribution is x° = [0.2 0.1 0.2 0.15 0.2 0.15]7,
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Figure 2.2: Trajectories of the mean-field model (thick lines) and the corresponding
stochastic simulations (thin lines).

and the desired distribution was x? = [0.1 0.2 0.05 0.25 0.15 0.25]7.

The solution of the mean-field model (2.5) with each of the two controllers and
the trajectories of a corresponding stochastic simulation are compared in Fig. 2.2.
The probability that an agent i in state (vertex) S(e), e € £, at time ¢ transitions to

state T'(e) at time t + At was set to:

P(X;(t + At) = T(e)| X;(t) = S(e)) = ke (%Np(t)) At.

Here, {k.}ece is the set of feedback laws and NP (¢) = [N7(¢) N5(t) ... N¥,(t)]", where

NP(t) is the number of agents in state v € V at time . We assume that each agent
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can measure the agent populations in its current state and in adjacent states. For
ease of comparison, the total agent populations were normalized to 1 in both the
mean-field model and the stochastic simulation. We observe from the plots that
both controllers drive the agent distributions to the desired equilibrium distribution,
although it appears that the controller obtained from SOSTOOLS has a much slower
convergence rate than the controller (2.7). This is because the inequalities in Problem
2.4.1 only guarantee the asymptotic stability of system (2.5). We note that if faster
convergence is desired, then this could be encoded as a constraint in SOSTOOLS.

The underlying assumption of using the mean-field model (2.5) is that the swarm
behaves like a continuum. That is, the ODE (2.5) is valid as the number of agents
N — oo (Kolokoltsov, 2010). Hence, it is imperative to check the performance of
the feedback controller for different agent populations. We observe that the stochas-
tic simulation follows the ODE solution closely in all the simulations, and that the
stochastic simulation exhibits smaller fluctuations about the ODE solution when the
agent population is increased (from N = 80 to N = 1200 for controller (2.7), and
from N = 20 to N = 1200 for the SOSTOOLS controller). In addition, in all sim-
ulations, the numbers of agents in each state remain constant after some time; for
the SOSTOOLS controller, the fluctuations stop earlier when N = 20 than when
N = 1200.

The results presented within this chapter are part of (Elamvazhuthi et al., 2017;
Deshmukh et al., 2018; Elamvazhuthi et al., 2018a, 2019a).
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Chapter 3

DISCRETE-TIME MARKOV CHAIN MODELS ON CONTINUOUS STATE
SPACES - PART 1

In this chapter, we prove that a particular class of discrete-time nonlinear control
systems that evolve on a compact subset of R? can be stabilized to target probability
measures that are positive almost everywhere on this subset, are absolutely continuous
with respect to the Lebesgue measure, with L*° density. Moreover, we also pose and
numerically solve a relaxed optimization problem to obtain a stochastic feedback law
that produces fast exponential convergence of the system to the desired probability
measure. The problem of stabilizing a nonlinear control system to a target measure
has many potential applications, including the control of large-scale distributed sys-
tems, in which these measures could model the distribution of an ensemble of agents
such as a swarm of robots (e.g. Agikmese and Bayard (2015); Elamvazhuthi and
Berman (2018)) or the distribution of nodes in an electric power grid or a wireless
network (Bagagiolo and Bauso, 2014).

Similar measure control problems have also been considered outside the context of
mean-field games and optimal transport theory. In Mesquita and Hespanha (2012),
piecewise-deterministic Markov processes evolving on R? are controlled to make a
continuously differentiable probability density invariant and stable. The problem of
stabilizing measures that represent swarms of agents with single-integrator dynamics
perturbed by Brownian motion was addressed in Elamvazhuthi and Berman (2018);
Elamvazhuthi et al. (2018c). Other recent works (Vaidya et al., 2010; Raghunathan
and Vaidya, 2014; Das et al., 2017) extend classical measure-theoretic studies of de-

terministic dynamical systems (Ding and Zhou, 2010; Lasota and Mackey, 2013) to
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investigate the problem of stabilizing a control system to an attractor set from a
measure-theoretic point of view. For the corresponding system evolving on the space
of measures/densities, this means that the goal is to make the set of measures that are
supported over the attractor set, or a Dirac measure at the desired point, invariant.
In contrast, the objective in this section is to asymptotically stabilize a given measure
that is subject to particular constraints. A similar measure stabilization problem is
addressed in Chen et al. (2018), in which the authors consider an optimal control
problem that drives a linear system evolving on R? to target Gaussian measures. Our
approach differs from this work in that we consider both the state space and the set
of controls to be compact subsets of R?, and the set of target measures that can be
stabilized is infinite-dimensional rather than finite-dimensional.

We will first identify the types of target measures that can be stabilized by the
discrete-time nonlinear control systems that we consider, using stochastic feedback
laws. In this case, the closed-loop system defines a discrete-time Markov chain on the
continuous state space R?. For discrete-time Markov chains on discrete state spaces,
the types of measures that can be stabilized are well-understood (Agikmege and Ba-
yard, 2015). This stabilizability result follows from the classical Perron-Frobenius
theorem (Grobler, 1995), which gives a sufficient condition for the uniqueness of the
stationary distribution of a Markov chain. We need an appropriate generalization of
the Perron-Frobenius theorem for infinite-dimensional vector spaces. This generaliza-
tion has been one of the motivating forces in developing the theory of Banach lattices
and positive operators (Schaefer, 1974). At present, this theory has been developed
to the point where the classical theorems of Perron-Frobenius are known to hold un-
der very general hypotheses. A review of progress in this field is surveyed in Grobler
(1995). We use the Jentzsch-Perron theorem, a generalization of the Perron-Frobenius

theorem, to prove our results on the stabilizability of measures.
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Having obtained these stabilizability results, we next address the problem of con-
structing feedback control laws that maximize the system’s convergence rate to the
target measure. For this, we exploit properties of geometrically ergodic discrete-time
Markov chains, which converge exponentially fast to their target distributions. It is
known that a Markov chain is geometrically ergodic if the forward operator that oper-
ates on the densities of the process has a spectral gap in L?; the converse is only true
for reversible Markov chains (Roberts and Tweedie, 2001). Therefore, the convergence
rate of the Markov chain that describes our system can be characterized using this
spectral gap. Thus, to compute feedback controllers that maximize the convergence
rate of our system, we first prove the existence of a spectral gap in L? and then define
an optimization problem that maximizes this spectral gap. Previous work has also
addressed the maximization of the convergence rate of discrete-time Markov chains
(Boyd et al., 2004; Agikmese and Bayard, 2015) and continuous-time Markov chains
(Berman et al., 2009; Deshmukh et al., 2018) to stationary distributions; however,
these results are restricted to finite, discrete state spaces.

3.1 Notation

Here, we present notation that will be used in this chapter and the next. We let
det(-) stand for determinant.

We denote the state space by (2, B(Q2)), a measurable space. Here,  C R? is a
compact set and B({2) represents the Borel sigma algebra on € corresponding to the
standard topology on R?. The set of admissible control inputs and its corresponding
Borel sigma algebra will be denoted by (U, B(U)). We will assume that U is compact
in R?. The dimension of the set U could be larger than d, but we are restricting it
for notational simplicity. We denote the spaces of probability measures on €2 and U

by P(Q) and P(U), respectively. The Lebesgue measure on R? will be denoted by
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m. For a measure v on R", v is said to be absolutely continuous with respect to m,
denoted by v < m, if ¥(F) = 0 whenever m(E) = 0. In this case, there exists a
function f : R™ — R such that dv = fdm; this function is called the Radon-Nikodym
deriwative of v with respect to m (Folland, 2013).

LT (X, v) is the space of all measurable functions from X to [0, oo]. For topological
spaces X, Y, if T': X — ) is an operator, it will be understood that ||T'|| stands for
the operator norm, defined as sup, %{2

Let (X,N,m) be a measure space, where N is the sigma algebra and m is a
measure. A transition kernel or Markov kernel (or simply kernel) is a map @ :
X x N = [0,1], where Q(-, F) is a measurable function on X for each fixed £ € N

and Q(z,-) is a measure on X for each fixed x € X'. Furthermore, for v on P(X), the

transition kernel @) induces an operator T : P(X) — P(X') defined as:
Tu(E) = / Q(z, E) dv(z), EcN. (3.1)
X

Similarly, @ can be used to define an operator on L*(X,m). Suppose that v is
absolutely continuous with respect to m, denoted as v < m, and the Radon-Nikodym
derivative of v with respect to m, dv/dm, is given by dv/dm = f, € L*(X,m).
In simple terms, f, is called the density of v. Then () induces an operator 7™ :

L*(X,m) — L*(X,m), the adjoint of T, defined as

T f(z) = /X F)Qr.dm(y)), =€ X, fe L3 (X, m). (3.2)

We say that @ is regular if there exists a function ¢ € L>®(X x X, m x m) such that
for each x € X', the measure Q(z,-) is absolutely continuous with respect to m and
Q(x,dy) = q(x,y)dm. The function q : X x ¥ — R, will be called the kernel function
of the transition kernel ().

We define a continuous map F : Q x U — R?. We also define F, as the map from

U — R? when z € Q is held fixed, and F, as the map from Q — R? when v € U is
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held fixed. We specify that F' is non-singular, which means that for all £ € B(),
m(F,;(F)) =0 and m(F,'(E)) = 0 whenever m(E) = 0.

The spectrum o(T') of a continuous linear operator 7" on the Banach space X is
the non-void compact set of complex numbers A for which 7" — Al does not have a
continuous inverse on X. If A € o(T) is such that T'— AI is not injective, then A
is called an eigenvalue of T and the set 0,(7") of all eigenvalues is called the point
spectrum of 7". The spectral radius of T will be denoted by r(T") := sup{|\| : A €
o(T)}. We denote the complement of o(T") by p(T") and call it the resolvent set of T.

Given a Banach space X, if X'* is its dual space, then the duality pairing will be
denoted by (f, g)(x,x+), where f € X, g € X*.

A linear operator T on a real ordered vector space X is said to be positive, denoted

by T' > 0, if for x € X, x > 0 implies that Tx > 0.
3.2 Problem Formulation

Now we are ready to state the problems addressed in this section. Consider the

nonlinear discrete-time control system,
Lnt+1 = F(mmun)? n= Z+>

xg € §, (33)
where z,, € Q for each n € Z,, and (u,,)52, is a sequence in U such that F(z,,u,) €
Q). Suppose that zy is a random variable with distribution py. Then (x,)22, is a
Markov chain with corresponding sequence of distributions (u,,)02,. In particular,
the nonlinear control system (3.3) induces a controlled flow on the space of measures
P(R), given by

Hn1 = F(aun)#lu“’ru n = 07 17 27

to € P(), (3.4)
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where F(-, up,)4 : P(2) — P(Q) is the induced forward operator corresponding to the
deterministic map F'(-,u,). This operator is defined as

Flown) ol E) = i P2 E) = [ Xp(F(a. ) (3.5)
for each £ € B(Q2), where X(.y denotes the characteristic function of a set.

We are interested in the problem of stabilizing system (3.4) to a given target
measure. Toward this end, we must determine whether there exists a sequence of
feedback laws such that starting from any initial measure, the system (3.4) converges
to the target measure. However, in Elamvazhuthi et al. (2019b), a counterexample
was provided to show that using deterministic feedback laws, the problem of reaching
desired measures in finite time is generally unsolvable. A similar argument shows
that this problem is unsolvable even without the finite-time convergence requirement.
Hence, we will instead address the relaxed version of this problem, which is formulated

as Problem 3.2.1 below.

Problem 3.2.1. (Stabilizability of target measures with stochastic control)
Given a target measure g € P(Q) and a non-singular continuous map F : Q x U —
R?, determine whether there exists a state-to-control transition kernel K : QxB(U) —

0, 1] such that the closed-loop system
Hn41 :P,U“nv n:071727"'; Ho GP(Q) (36)

satisfies lim,, o P g — pg for all initial measures pg € P(Q2), where the forward

operator P that keeps P(Q2) invariant is defined for each E € B(Q2) as

wmmzélmwmmemww. (3.7)

This problem will be addressed in Section 3.4, wherein an explicit state-to-control

transition kernel, also referred to here as a stochastic feedback law, will be constructed
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for target measures that satisfy certain properties. Additional constraints will be
imposed on F' and ).

Given that there exists such a state-to-control transition kernel, we then address
the problem of choosing the kernel that optimizes the convergence rate (mixing rate)

of system (3.6) to the desired measure.

Problem 3.2.2. (Optimization of convergence rate) Let K be the set of all
Markov kernels defined on Q x B(U) — Ry, and define ||pu|rv = SUPgep(o) |1(E)|
as the total variation norm. Given a target measure pg € P(QQ), a non-singular
continuous map F : Q x U — R%, and a constant o € (0,1), determine whether the

following optimization problem admits a solution:
min «
K
such that ||, — pallry < o™ for all n € Z,, subject to the constraint

Pnt1 = Plin,
where P is the forward operator (3.7).

Markov chains that satisfy the bound o™ above are called geometrically ergodic
chains. Different definitions of geometric ergodicity can be posed in terms of the
particular norm (e.g., the L', L?  or total variation norm) that is used to quantify
the distance between the target and initial measures. The relationships among these
definitions are discussed in Roberts et al. (1997). In addition, the spectral gap in
L? is often easier to formulate than the total variation norm. Therefore, instead of
framing the optimization problem in terms of the total variation norm, we shall pose

it as the maximization of the L?(Q, m) spectral gap.
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3.3 Analytical Properties of the Forward Operator

For the case where the state space is discrete, Problem 3.2.2 has been solved in
Boyd et al. (2004) by maximizing the modulus of the second largest eigenvalue of
the corresponding transition probability matrix. Since the largest eigenvalue of any
stochastic matrix is 1, the problem reduces to maximizing the spectral gap of the
transition probability matrix. When the state space is continuous, the forward oper-
ator replaces the matrix, and we can optimize the convergence rate by maximizing the
spectral gap in L*(€2, m). Before formulating the optimization problem, we establish
the existence of the L?(2,m) spectral gap.

Let p € P(£2). Suppose that p is absolutely continuous with respect to the
Lebesgue measure m (denoted as p < m). Hence, by the Radon-Nikodym theorem
Folland (2013), there exists an m-integrable function f, : & — R such that du = f,dm
and f, € L'(2,m). Note that since y is restricted to be a probability measure, f, is
naturally non-negative on 2. We will further restrict f, to be square-integrable with
respect to m; that is, f, € L*(Q,m). This restriction gives us the advantage of being
able to analyze the forward operator on a Hilbert space. Let K : Q x B(U) — [0, 1]
be the transition kernel. We specify that K is regular; that is, if its kernel function
is denoted as k, then k € L>®(Q x U;m x m). Furthermore, we impose the following

constraints on k:
>0, for m-a.e. v € Q,u € U s.t. F(x,u) € Q
k(x,u) (3.8)
=0, otherwise

/ k(x,u)du = 1, for m-a.e. x € Q. (3.9)
uelU

These properties ensure that K is indeed stochastic.
Instead of working with P, which acts on the space of probability measures P((2),

we will instead use P to define two linear operators, P and ﬁ, that act on the spaces
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LY (2,m) and L*(Q2,m), respectively. We note that L?*(2,m) has the advantage of
being a Hilbert space. The operator P on L'(2,m) is defined by restricting P to
those measures in P(£2) that have integrable Radon-Nikodym derivative functions
with respect to m, or equivalently, are absolutely continuous measures, denoted here
using the subscript ac, i.e., P : P(Q)],. — P(Q)|,.. Let £ C L' (2, m) be defined such
that, if 4 € P(Q)],, and du/dm = f, then f € L. Note that since P(2) is not a vector
space, L is a strict subset of L'(Q, m). Define P : £ — £ such that d(Ppu)/dm = Pf.
By the linearity of P, we extend it to the whole of L'(€2,m), so we can now define P :
LY, m) — LY(Q,m). Similarly, by restricting P(£2) to measures that have square-
integrable densities with respect to m, we define P L*(2,m) — L*(Q,m). Shortly,
we will establish that these operators are well-defined, in the sense that P preserves
absolute continuity and square-integrability of the Radon-Nikodym derivatives, and
moreover is bounded. The three operators P, P, and P are all referred to as forward
operators, since they describe the evolution of measures/densities forward in time. We
will primarily be working with the operator }Nj, and the title of this section refers to
this operator. Note that we cannot write an explicit formula for Pf(-) for f € L2()
directly from (3.7). The backward operator is defined to be the Banach adjoint of
the forward operator; hence, we define the backward operator P* on L?(©2,m), but
again, we cannot write an explicit expression for P f.

We will now explore properties of the forward operator P. First, we need to check
whether P is bounded, linear, and well-defined. To establish these properties, we

need the following definition.

Definition 3.3.1. (Lasota and Mackey, 2013) Let (X, M,v) be any measure space.
Any linear operator T : L'(X,v) — LY(X,v) that satisfies the following two condi-

tions 1s called a Markov operator:
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1. Tf>0for f>0, feL'(X,v),

2Tl = Iflly for £ =0, f €LY (X, v).

Lemma 3.3.2. If F is non-singular and continuous, then the operator P is well-

defined, Markov, and bounded.

Proof. We begin by proving that P preserves those measures that are absolutely
continuous with respect to the Lebesgue measure. Given that p € P(€2) is such that
@ < m, we must show that Py < m. Indeed, if E € B(Q2) is such that m(E) = 0, then
w(E) = 0, which further implies that (u x m)(F~!(E)) = 0. The last equality holds
true due to the non-singularity of F' with respect to both variables x,u. Therefore,
we have that Xg(F(z,u)) = Xp-1(g)(2,u) = 0 m-a.e. x € Q,u € U. From (3.7), we

have

(Pu)(E) = / / Xp(F (e, ) )z, u)dm (u) dp(x)
< kil / / Xp(F (. w))dm(u)du(z) = 0.

Therefore (Pu)(E) = 0, and we obtain Pu < m. Since P preserves absolutely con-
tinuous probability measures, P preserves L'(Q,m).

Next, we prove that P is Markov. Condition (1) of Definition 3.3.1 follows from
property (3.8), and accordingly the integrand in (3.7) is non-negative. Condition (2)
follows from the fact that P preserves probability measures P({2) that are absolutely
continuous with respect to m. Thus, P is Markov. Also, from condition (i), it follows

that || P, = 1. O

We will be using the following result, which is straightforward to prove, several

times in this section.
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Lemma 3.3.3. Suppose that v is a measure on R? such that v < m. Further, suppose
that v(E) < Cm(E) for any set E € B(R?), where C € R is a constant. Then the

d

derivative of v with respect to m, dv/dm, is in L= (R* m).

We can rewrite P in (3.7) in terms of what we will refer to as the closed-loop

transition kernel Q : Q x B(Q) — R,. For E € B(Q), (3.7) can be rewritten as

(Pp)(E) = | Qz, E) du(z), (3.10)

g Q
Q(z,E) = (P5,)(E). (3.11)

Here 4, is the Dirac measure at x. Example 9.10 in Schilling (2017) justifies evaluation
of the integral in (3.10) against a Dirac measure. It is straightforward to confirm that
@ is a well-defined transition kernel, and that Q(z, ) = 1. This will aid us in proving
our next result in Proposition 3.3.4, which is at the heart of the analysis, in that it
proves the compactness of P. This in turn guarantees that the spectrum of P is
discrete and therefore that a spectral gap exists (which is not true for operators with
a continuous spectrum). This follows from Theorem VII.7.1 in Conway (2013), which
states that for a compact operator 17" on an infinite-dimensional Hilbert space H, the
spectrum of T" contains 0 and is discrete; furthermore, if the eigenvalues \; exist, they
can be arranged in a decreasing order that tends to 0: |Ai| > [Ao| > ... > |\, — 0.
We will also require F' to satisfy Lusin’s property (Bogachev, 2007) in both the z and
u variables. For z € Q fixed, this condition is stated as follows: for F, : (U;m) —
(RY,m), we say that F, satisfies Lusin’s property if m(F,(E)) = 0 for every E € U

with m(FE) = 0. Lusin’s property for F, has a similar definition.

Proposition 3.3.4. If K is reqular and F is C' differentiable and satisfies Lusin’s

property, then P L3(Q2,m) — L*(Q2,m) is well-defined, bounded, and compact.

Proof. The proof will be divided into the following key steps.
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1. Prove that the closed-loop kernel @) defined in (3.11) is regular; that is, its kernel

function is in L>®(Q x 2, m x m).

2. Prove that the operator Pis an integral operator, as defined in Conway (2013),

on L*(Q x Q,m x m).

3. Apply Proposition 11.4.7 of Conway (2013) to prove that P indeed satisfies all

the properties stated in the proposition.

Fix z € Q and E € B(Q). Setting 1 = ¢, in (3.7), we obtain:

(P6,)(E) = /Q/ Xp(F(z,u)) k(x,u) du dd,

_ /U Xi(F () k(2 ) du (3.12)
< ||k:||oo/UXE(F(z,u)) du (3.13)
= [|Ellec m(F;H(E)). (3.14)

The equality (3.12) follows from Fubini’s theorem (Folland, 2013). We note that by
the non-singularity of F, m(F;'(E)) = 0 if u(E) = 0. Therefore, (P4,)(E) is an
absolutely continuous measure with respect to m. Recall the generalized version of
the change of variables theorem (Theorem 5.8.30, Bogachev (2007)) Since the change
of variables theorem can only be applied to an open set, we restrict F to int(U) (i.e.,
F |int(U)). The boundary OU can be excluded, since by Lusin’s property, the fact that
the measure of OU is 0 implies that m(F,(0U)) = 0. Since F}, is C! differentiable, the
derivative of F, with respect to u, denoted by D,(F,), is bounded on U uniformly
over all x € Q. Hence, the quantity |det D,F,| has both upper and lower bounds,
both positive. Let ¢; = inf, , | det D, F;|. The integral in (3.13) can be bounded from

above as follows:

/U Xe(F(z,u))du < e /U Xi(F(2,u))| det Do F.|du.
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Since F,, satisfies Lusin’s property, we can now apply the change of variables theorem

to the right-hand side of the above inequality to obtain,

/XE(F(Z,U))du < / Xg(y)dy = ¢ / dy=c1 m(ENF,(U)) < m(E).
U F=(U) ENF.(U)

Combining this result with (3.13), we obtain Q(z, E) = (Pd,)(E) < ||k|le c1 m(E).
The constant ¢; is independent of z € Q and E € B(Q2). Therefore, ) is regular. Let
P f,. be the density function of Pp with respect to the Lebesgue measure. Therefore

we have,

(Pu)(E) = / (Bf,)(x)dz = / Qe B) f (x)da (3.15)
< [ Wleaim(B) (o) = Cm(E),

where C'is a constant. The second equality follows from (3.10), and the inequality
follows from computations above. Hence, we have achieved a uniform bound on
(Pu)(E), which by Lemma 3.3.3 means that P in fact takes L2(£2,m) functions to
L>(2,m). Now we can apply Theorem 1.3 of Arendt and Bukhvalov (1994), which
claims that if X' is any o-finite measure space, any bounded operator from LP(X)
(1 < p < o0) into L*(X) is an integral operator. This proves that our P is indeed
an integral operator.

By Lemma 3.3.3, the kernel function of @ is in L®(Qx Q,mxm) C L*(QxQ, mxm).
Denote the kernel function of Q by ¢ : © x Q@ — R,. For each z, ¢, : Q@ — Ry is
such that Q(z,dy) = ¢.dm. We can now give an integral representation of P. From

(3.15), we have

[Erwie=[ [ e pnas

Using Fubini’s theorem and comparing the integrands of the two integrals over E

yields (ﬁfu)(y) = Joa(x,y)fu(x)dz. Since P is an integral operator on L2(€,m)
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with its integral kernel, as defined in Conway (2013), given by ¢ € L>®(Q2 x 2, m x m),
we can apply Proposition I11.4.7 of Conway (2013) to obtain our result, namely, that

P is well-defined, bounded, and compact. O

From the statement of Proposition 3.3.4, it can be inferred that there exists a

g € L>®(Q x Q,m x m) such that we can define the forward operator P : L2(Q, m) —
L?(Q,m) as

(P1)w = [ ale.o) (o) (3.16)

Q

Using the definition of the adjoint operator, the backward operator P L2, m) —
L2(2,m) is,
P10 = [ ate.o)f @iy (3.17)
In the case of finite-dimensional Markov chains, 1 is the largest eigenvalue of the
transition probability matrix, and 1 is its corresponding (right) eigenvector. Similarly,
obtaining the adjoint of P from (3.10), we evaluate ( = [, Q(z,dy) = 1. This
is true for every z € ), and therefore P*1 = 1. Thus, 1 is an eigenvalue of P (P*).
Corresponding to 1, we assume that P has a eigenvector or stationary measure at
m € P(R); that is, Pm = w. We will further assume that 7 has a density function
= f, which is strictly positive on Q, and additionally, f,, f-! € L>(£2,m). The
reason for this choice will become clear shortly. It can be confirmed that f, is an
eigenvector of the operator P corresponding to eigenvalue 1. Therefore, from (3.16)

and (3.17), we have the following properties of ¢:

/Qq(ar,y)dy =1 (3.18)
léﬁ%@ﬂ@ﬂxzﬂ@) (3.19)

We now show that 1 is the largest eigenvalue of P. Toward this end, one could

prove that P is a contraction, i.e. ||P| < 1, using the fact that [\ < ||T|| for any
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bounded linear operator T'. However, P is not necessarily a contraction in the L2
norm. We introduce a new bounded operator P on a Hilbert space that is isomorphic
to L2(2,m), such that P is a contraction on this new space. We will show that
the spectrum of P is invariant under the transformation P — P. Recall that 7 is
a stationary measure of P that satisfies both # < m and m < 7. We define P
L*(Q,7) — L*(Q, 7). Since m and 7 are mutually absolutely continuous, L?(2,m) =
L?(2,7) as Hilbert spaces. To express P as an integral operator, we carry out the

following computations. Let fu d“ Then:

apmzwﬁmMmz(éhh;mnz<6ﬁ>dw=<ﬁﬁmm

where the last equality follows from the fact that ;—: = j—f;‘fl—’: = fl—ﬁ. The operator

P is well-defined because 7 and m are mutually absolutely continuous and because
we have assumed that f, fl € L>®(Q2,m). Now we define a multiplication operator

My

™

: L2(Q,m) — L*(Q,7), M;.g = frg. The operator M, is well-defined and

bounded according to Theorem II.1.5 of Folland (2013). P can be expressed as,

Pf, = (if“> dr = M, (Pf,) = M;'P (f‘}f“) .

From this, we conclude that

P =M;'PM;,. (3.20)

Finally, from (3.16), (3.20), and the definition of M, , we are able to express P as an

integral operator:

P = [ raenf@n@d = [ B0 @are). e

Q(xzy)
fw(y) ’

Note that the integral kernel for the above integral operator is

Proposition 3.3.5. P as defined in (3.21) is bounded with ||]3|]L2(7r) =1, and as a

result, r(P) < 1.
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Proof. We will use Theorem 6.18 of Folland (2013) to prove the first part of the
proposition. In order to check the conditions of this theorem, we need the kernel
‘}(f—(’y)) to be in L'(Q, ) with respect to each variable x and y when the other variable
is fixed. First, we fix 2 and evaluate the integral fQ a(e y sdm. By property (3.18), we

q(z,y) B
/ / i f,r [ L5 in(y) =1, (3.22)

Next, we evaluate the integral [, F’;j))dﬂ(l'). Using property (3.19), we have

B Q(@,y) oy
/Q A y) f(@)dz = foly) = / (@) = 1.

Therefore, the constant C' in Theorem 6.18 of Folland (2013) is 1 in this case, and

have

therefore HﬁHLz(ﬂ) < 1. This implies that r(P) < HﬁHLz(ﬂ) < 1. Recall that P =
Mf:rlﬁMfﬂ. If A € o(P), then (P—\I) is not invertible, and further, Mﬁrl(ﬁ—)\I)Mfﬁ
is not invertible, which implies that A € ¢(P). From this, we also note that the
converse holds true; that is, if A € 0(13) then A\ € o(P). As a consequence, we

conclude that 7“(18) <1. O

In fact, Pis bistochastic, which implies that 1 is both a right and left eigenvector

of P. This follows from the equations below:
Pl=M;'PMp1=M;'Pfr=M;"'fr=1. (3.23)

The adjoint equation P*1 =1 follows from (3.22) in the Appendix.
In conclusion, in this section we showed that the forward operator (3.16) defined

on L*(Q,m) is compact and its largest eigenvalue is 1.
3.4 Existence of a Solution to Problem 3.2.1

In this section, we will construct the forward operator P : P(2) — P(Q2) and the

analogous operator on densities, P: L2(2,m) — L*(2,m), that solve Problem 3.2.1.
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This will be achieved in several steps, which are enumerated below. The proofs of
the results presented in this section are reserved for the Appendix.

We specify that the measure py € P(Q) is such that its density function fy is
strictly positive a.e. on €2 and satisfies fj, i € L>(,m). Next, we state our assump-
tions. Suppose that we are given a map F' : Q x U — R? that satisfies the conditions
stated in Problem 3.2.1. Further, as noted in Proposition 3.3.4, for compactness of
the to-be-constructed operator P to hold, we require F' to be C! differentiable and
to satisfy Lusin’s property. Moreover, as we will see, this process of construction
will require us to impose additional restrictions on 2. Specifically, 2 must be path
connected and satisfy the cone condition, to be defined in this section. Lastly, for the

system (3.3) to be controllable, we need the following local controllability condition.

Definition 3.4.1. The system (3.3) is said to be locally controllable if there exists

r > 0 such that, for every x € Q, B.(x) NQ C F(x,U).

From here on, we will consider r to be fixed as per this definition.

The steps for constructing P and P are as follows.

1. Construct a reference transition kernel, or stochastic feedback law, K : € x
B(U) — [0,1]. See (3.24). Prove that K is a well-defined Markov kernel; that
is, it is a measurable function on 2 in the first variable and a measure on U in
the second variable. See Proposition 3.4.2. Prove that K is regular; that is, it

has an L>(Q2 x U, m x m) kernel function. See Proposition 3.4.3.

2. Using the constructed K, formulate an operator S : L2(Q,m) — L*(Q,m). By

Proposition 3.3.4, S should be well-defined, bounded, and compact.

3. Prove that S is irreducible and that r(S) = 1, and moreover, that 5*1 = 1.

See Propositions 3.4.5 and 3.4.6. Corresponding to the eigenvalue 1, there must
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be an eigenvector of §, say fr. Prove that f. is in L*(£2,m) and is positive
on ) m-a.e. See Proposition 3.4.7. Prove the uniqueness of the eigenvalue 1,
which in turn will guarantee that the eigenvector f, is the unique equilibrium

of system (3.6). See Theorem 3.4.9.

. Using S, construct a new operator P : L%(Q,m) — L*(Q,m) such that the

desired function f, is its eigenvector. See (3.30).

. Obtain an expression for the closed-loop transition kernel for the operator P,

which we shall call Q : Q2 x B(Q) — [0,1]. Sece (3.32).

. Prove that the discreteness of the spectrum of S is preserved under the trans-
formation of S to P. Further, prove that 1 is the spectral radius and a unique

eigenvalue of P. See Theorem 3.4.12.

. Prove that P is primitive. This is to ensure that f; is the unique asymptotically

stable equilibrium of the system (3.6). See Theorem 3.4.13.

. The final step is to confirm that there exists a state-to-control transition kernel
of P, which we will call K:Qx B(U) — [0, 1], such that @ is the closed-loop

transition kernel of P. See Theorem 3.4.14.

Step 1: We now construct a suitable reference kernel K. Given x € (), define

U, := F;*(€). Since F is continuous in both variables, it is clear that the set U, is

Borel measurable for each x € 2. Let W € B(U). Then K is defined as

m(W NU,)

KW == @)

(3.24)

We note that in general, U, # U. We illustrate this with the following example. Let

2 =[-1,1] and U = [-0.5,0.5]. Suppose that F'(x,u) = x+u. Then for z = 1 fixed,

we do not have that for all w € U, F(1,u) € Q; in fact, any u € (0, 0.5] will result in
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F(1,u) € (1,1.5], which is outside our defined . Therefore, the appropriate subset
of U that ensures that F'(1,u) € Qis U,—; = [-0.5,0] C U.

To check that K is well-defined, we must confirm that m(U,) is non-zero. This
requires the concept of cone condition (Definition 4.6, Adams and Fournier (2003)).
A domain D is said to satisfy the cone condition if there exists a finite cone C such
that each z € Q is the vertex of a finite cone C, that is contained in {2 and congruent
to C. Note that C, need not be obtained from C by parallel translation, but simply

by rigid motion.

Proposition 3.4.2. If Q satisfies the cone condition and F is a C* function and
satisfies Lusin’s property, then m(U,) is non-zero for all x € €, and hence K in

(3.24) is a well-defined Markov kernel.

Proof. Let x be an arbitrary point in 2. In order to show that m(U,) is non-zero, we
will use the fact that F;*(B,(z) NQ) C U, = F, () and show that m(F, ' (B,(z) N
)) cannot be arbitrarily small. For clarity in the expressions below, we denote
B.(z) N Q by B,. We note that by the non-singularity of F,, m(F,'(B,)) > 0 if
m(B,) > 0.

There are two possible conditions under which m(F,1(B,)) is arbitrarily small.
First, m(B,) could be arbitrarily small. To show that this is not true, we estimate
the lower bound of m(B,) using the cone condition as follows. According to this
condition, there is a cone C that is completely contained in  with x at its vertex.
Accordingly, the intersection of this cone and B, has a positive measure. Denoting
this intersection by Cg, we have that m(Cg) < m(B,). Note that the lower bound
m(Cp) is independent of z.

The second way in which m(F,'(B,)) could be arbitrarily small is if the measure

of F7! of a set of positive measure is arbitrarily small. We show that this is not
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true by obtaining a lower bound on m(F, *(B,)), given that m(B,) is bounded from

below. By definition,

7mgwanzﬁk&w@mmm

Since F' is C', the determinant of its derivative with respect to each variable is
bounded; let

sup, , | det(D, F,)|)™" = ¢; < oo. We bound the integral from above and apply the
generalized change of variables formula (Bogachev, 2007), as was done in the proof
of Proposition 3.3.4, to obtain the following lower bound on m(F, !(B,)):

LMMNWMMZ@Z}mwwWWMWJMW

= cz/ X, (y)dy = co m(B, N F,(U))
Fr(U)

= co m(B;) > m(Cp) (3.25)

Therefore, m(F, *(B,)) is non-zero, and consequently m(U,) is non-zero, for all z € Q.

Next, we confirm that K is a well-defined Markov kernel. Toward this end, we
first fix W € B(U) and check whether K(-,W) is a measurable function on 2. Let
G={(r,u) € Qx W : F(z,u) € Q}. G is Borel measurable because F' is continuous
in both variables. Since X is a Borel measurable function, the Tonelli theorem
Folland (2013) implies that (X¢), is Borel measurable for each x € 2, and therefore
that  — [(Xg).du is Borel measurable. Since (X¢).(u) = Xg(z,u), we have that
J(Xg)zdu = m(EF;H(Q)) = m(U,). That is, 2 — m(U,) is Borel measurable, which
implies that x — m(W NU,)/m(U,) = K(x, W) is Borel measurable. Next, we check
that K (z,-) is a measure on (U, B(U)) for each fixed = € €. This is a straightforward

consequence of the fact that the Lebesgue measure restricted to U,, m|y,, is a measure

on U. Therefore, K is a well-defined Markov kernel. O
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The following result ensures that K is regular; that is, it has a kernel function in

L>*(Q x U,m x m).

Proposition 3.4.3. The transition kernel K defined in (3.24) is reqular. We denote
the kernel function by k : Qx U — Ry ; k € L*®(Q x Uym x m). For each x € €,

ky : U — Ry is such that K (z,du) = k.dm.

We need a lemma before presenting the proof. To begin, let the transition kernel

K induce an operator, say A : P(Q2) — P(U), as follows. For each measure p on €2,
(A W) = [ Ko W)duta), W e Bw) (3.26)
Q

defines a measure on (U,B(U)). Similar to our definition of P, we define A :

LY, m) — LY U, m).

Lemma 3.4.4. The operators A and A are well-defined; that is, they preserve prob-
ability measures on U and L*(U,m), respectively. Moreover, A and A are bounded,

and A : LY(Q,m) — L>(U,m).

Proof. Let u € P(£2) such that p < m. We will first show that Ay € P(U) and
Ap < m. A straightforward computation shows that Ap defines a measure and
(Ap)(U) = 1, and therefore Au € P(U). We now check absolute continuity of Ap

with respect to m. Let W € B(U) be such that m(W) = 0. Then we have that,

(Ap)(W /Kdou /mWﬁU 0w=0.

Hence, Ay < m. This shows that A, and therefore A, is well-defined.

To prove the boundedness of A, we carry out the following computation. Recall
that we used the cone condition in the proof of Proposition 3.3.4 to establish that, for
any x € €2, there exists a cone C,, congruent to a cone C, that is completely contained

in Q with z at its vertex. The intersection of C, and B, (x) N {2, denoted by Cg, has
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a positive measure. In Lemma 3.4.2, we showed that m(U,) > m(F, (B, (z)NQ)) >
m(Cp); that is, m(U,) is lower-bounded by a constant m(Cp) that is independent of
x. Further, since WNU, CW, m(W NU,) <m(W). Combining these results, we

obtain the following inequality:

cam) = [ —m%;x;fﬂdu@) </ Z@dm) < n“jjg;

This shows that Ap is equivalent to the Lebesgue measure, and therefore A is
bounded. Consequently, A is also bounded. Finally, since Ay has a uniform up-

per bound, by Lemma 3.3.3, the operator A takes L'(Q,m) to L>(U, m). O

Proof of Proposition 3.4.3. The proof follows from an application of Theorem 1.3
of Arendt and Bukhvalov (1994) in combination with the approach used in Proposition
3.34. O

We note that the kernel function k satisfies the properties (3.8)-(3.9).

Step 2: With the given map F' and the constructed kernel K in (3.24), we define a
forward operator S : P(2) — P(Q2) as per (3.7) as follows:

(Si(E) = [ [ Xe(Ple,u) K (@, du)du(z), E € BQ).
aJu
Let @ : 2 x B(Q2) — [0, 1] be the closed-loop transition kernel of S, defined as
Qe B) = [ XelF(w,0) K,
U

Denote the kernel function of ) by ¢. Note that ¢ must satisfy the properties
(3.18)-(3.19). By Proposition 3.3.4, ¢ € L®(Q2 x Q,m x m). By restricting S

to those probability measures that have L?(2,m) derivatives w.r.t m, we define

S L2(Q2,m) — L*(Q,m) as per (3.16):
EDw) = [ awo)s@is, fe @)
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Since K is regular from Step 1, we can apply Proposition 3.3.4 to establish that S is
well-defined, bounded, and compact and that it preserves L*().

Step 3: By the Perron-Frobenius theorem, the transition matrix of a finite dimen-
sional Markov chain must be irreducible to have a unique stationary distribution.
Similarly, we establish this important property for S. First, we present a few defi-
nitions from Eisner et al. (2015). A Banach lattice is a Banach space with an order
defined on it. In our case, L?(2,m) is a Banach lattice. A linear subspace I of a
Banach lattice is a lattice ideal if the following condition holds: if |g| < |h| pointwise
and h € I, then g € I.

A positive operator 7" on a Banach lattice X is called irreducible if the only T-
invariant closed lattice ideals of X’ are the trivial ones; that is, if I C X is a closed
lattice ideal, then T'(1) C I implies that either I = {0} or I = X. A topological space
X is path connected if any two points x,y € X are connected by a path in X, which

is a continuous map p : [0,1] — X with p(0) =z, p(1) = .

Proposition 3.4.5. If Q is path connected and system (3.3) is locally controllable,

then S is irreducible.

Before presenting the proof, we need the following characterization of ideals on a
finite-dimensional measure space from Eisner et al. (2015). On a finite-dimensional
measurable space (X, M), for 1 < p < oo, each closed lattice ideal I C LP(X) has

the form Ir shown below for some £ € M:

Ig:={g: EC{g=0}} (3.27)

Proof of Proposition 3.4.5. For the sake of contradiction, let S be reducible. Then,
let I be an §—invariant, non-trivial, closed ideal of S ; that is, S (I) C I. Furthermore,
I must have the form (3.27) for some non-trivial E € B(Q), with m(E) > 0. Let

g = Xge. Then g € L*(Q,m) and g = 0 on E. Therefore, g € I. Now, let du = gdm.
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Then g =m on E°and p =0 on E. By our claim, §g € 1. The idea of the proof is to
prove existence of a non p-null set in £¢ from which the measure gets push-forwarded
to E, thereby obtaining a contradiction.

According to our claim, Sg € I, and so we have that for all y € E, (S¢)(y) =
Jie a(x,y)g(x)dz = 0. Since g(z) = 1 only if x € E°, this computation implies that
q(z,y) = 0 for almost all y € E. This further implies that

Qz, E) = (S6,)(E) = /UXE(F(.I,U))k(x,u)du =0 for y-a.e. x € E¢ (3.28)

Next, we examine the two possible ways that the integral in (3.28) can be zero;
namely, when m(U) = 0 or when the integrand is zero.

First, we show the existence of a subset A C E° of positive measure, such that for
all z € A, there exist u € U such that F(z,u) € E. Since € is compact, there exists a
finite number of points z1, ..., zy € €2, such that € can be covered by a finite number
of balls, each with positive radius § and centered at x;,7 € {1,..., N}. Therefore, we
have that Q = F U E° C UY , Bs(z;). We choose ¢ small enough such that for every
i, Bs(z;) NQ C B.(z) NQ for all z € Bs(x;). Since €2 is path connected, these balls
cannot be disjoint, and furthermore, there exists at least one ball which intersects
both E and E° in sets of positive measure. That is, there exists j € {1,..., N} such
that m(Bs(x;) N E) > 0 and m(Bs(z;) N E¢) > 0. By our choice of §, for any point x
within Bs(x;), B,(z) NQ strictly contains Bs(x;) N €. Thus, as illustrated in Figure
3.1, B,(:) of all points in Bs(x;) N £ must also contain Bjs(z;) N E, which has a
strictly positive measure. Define A := Bjs(z;) N E°, as shown in Figure 3.1.

Returning to the integral (3.28), if the measure of the domain of integration is
zero, then the integral evaluates to zero. In this case, although m(U) > 0, it is not
true that F(z,u) € E for all w € U and all x € E°. Fixy € A. Then B,(y) N 2

contains Bs(x;) N E. Because F is non-singular, m(F, " (Bs(x;) N E)) > 0. Letting
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Figure 3.1: Illustration of the subset A (shaded region) used in the proof of Propo-
sition 3.4.5.

V .= F;(Bs(x;)NE) and restricting the domain of integration in (3.28) to V, observe
that Q(y, £) > [, Xg(F(y,u))k(y,u)du > 0. Since y € A and m(A) > 0, we arrive
at a contradiction with (3.28), and hence S is indeed irreducible. [

It is easy to see that Sisa positive operator. Next, we present several properties

of the spectrum of S (§*) For the result below, we note that S is Markov.
Proposition 3.4.6. 5*1 = 1 and the spectral radius r(S) is 1.

Similar to the procedure in Section 3.3, the proof of this proposition follows from
the fact that [, Q(z,dy) = 1.

Let fr € L>(€2,m) be the eigenvector of S corresponding to the eigenvalue 1, and
let m € P(£2) be the measure such that f, is its density. It is easy to see that = must
be an eigenvector of S corresponding to the (uniform) measure defined by constant

function 1. We establish properties of 7, f; below.

Proposition 3.4.7. We have that fr, {1 € L>(Q2,m) and fr is positive on Q2 m-a.e.

Proof. We have that,
SL)(w) = fuly) = / 0@, 9) o () < laloe / fr(@)dz < gl
Q Q
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for m-a.e. y € ). The last inequality follows from the fact that since f, is the density
of a probability measure, its integral over €2 is 1. Therefore, f; is bounded uniformly
by ||¢||e- Hence, fr € L>®(£2,m).

The irreducibility of S (proven in Proposition 3.4.5) guarantees that f is positive
almost everywhere on ). However, there could be cases where, for some = € €,
lim_,o 7(Be(x))/m(B(z)) = 0, which would lead to f ' ¢ L>*(£,m). To show that
this is indeed not the case, it is sufficient to prove that for x € 2, there exists a
measurable set NV (x) of positive measure, containing x, and a constant ¢ > 0 such
that, for all z € N (z),

(50,)(Be(x)) > em(Be(z)). (3.29)

First, we will assume that (3.29) is true. To see why this is a sufficient condition, we

compute the following. Fix x € 2. We evaluate

T(Be(z)) = (S7)(Be(z)) = /QQ(% Be(x))dn(2)
:/Q(Sdz)(Be(iL’))dﬂ'(Z) 2/ em(Be(x)) fr(2)dz

N ()

= em(Be(x)) [ fr(2)dz = ca(x)m(Be(x)).
N (=)

where a(x) € (0, 1] is the integral of f, over N'(z). Combining the constants ca(z) into
one constant ¢, we see that 7(B.(z)) > ¢,m(B.(x)). This implies that it will never be
true that lim._,o 7(Bc(z))/m(B.(z)) = 0. Therefore, this shows that f! € L>*(Q,m).

Now we show that the condition (3.29) indeed holds true for every x € . Let
z € Qand 0 < e <r/2. Choose N(z) to be B,(z) N Q. Then N(z) is measurable
and has positive measure. Further, for all z € N(z), B.(x) N Q C B,.(z) N Q. This
follows from Definition 3.4.1.

From (3.24), we note that k(-,-) is lower bounded by 1/m(U) on its support, and

we denote this lower bound as c¢3. Fix z € N(z). For notational simplicity, denote
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B.(x)N2 by B.. The computations below closely follow those preceding (3.25); hence,
we have omitted a few steps here.

(S(Sz)(BE):/UXBS(F(Z,U))k(z,u)du (from (3.12))

> 03/ XB.(z)(F(z,u))| det D, F.|du = c3 XB.(z)(y)dy = csm(Be(x))
U F.(U)

This shows that for every x € Q, (59,)(Bc(x)) > csm(B(z)). This proves that (3.29)

holds true, and thus it is indeed true that f-1 € L>®(Q,m). O

We now establish the simplicity of the eigenvalue 1, which in turn will guarantee
the uniqueness of the eigenvector m. Toward this end, we now state the generalized
Perron-Frobenius theorem for infinite-dimensional compact operators. For a detailed
proof, the reader is referred to Grobler (1995). First, we require the following defini-
tion. An element z of an L? space with p € [0, 00) (our case) is called a quasi-interior
point if z > 0. A more general definition for quasi-interior points on general Banach

lattices is given in Schaefer (1974).

Theorem 3.4.8. (Jentzsch-Perron)(Grobler, 1995) Let T be a linear operator on
a Banach lattice X. Suppose that T > 0 and compact. If T is irreducible, then r(T)
s a positive eigenvalue of algebraic multiplicity one and its eigenspace is spanned by

x € X, a unique normalized quasi-interior point.
Finally, we summarize the above results in the following theorem.

Theorem 3.4.9. The operator S s wrreducible, and its spectral radius 1 is simple.

Further, the eigenvector corresponding to 1, f., is positive on € m-a.e. and is in

L>(Q2,m).

Step 4: Our goal is to construct an operator that has f; as its fixed point. Toward

this end, we define a multiplication operator D : L?(Q2,m) — L*(2,m) by D(g) = %.
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Note that J}—Z € L>*(Q,m), and therefore D is well-defined and bounded. Now we
construct P as,

—(S—DNeD+1, 0<e<<1 (3.30)
Remark 3.4.10. For € small enough, Pisa positive operator.

Remark 3.4.11. The transformation (3.30) is the discrete-time analogue of a trans-
formation of the Laplacian A, which is the generator of a Brownian motion, into the
generator AD of a new stochastic process for which the target measure g is invariant.
We previously used such a transformation to construct stochastic coverage strategies

for robotic swarms in Elamvazhuthi et al. (2016); Elamvazhuthi and Berman (2018).

Step 5: Similar to the pair S, S , corresponding to P we can define an operator P
that acts on P(€2). We note that P is not compact, since the identity operator I is
not compact, so it cannot be represented as an integral operator with an L? integral
kernel as in (3.16). Instead, we will show that P can be represented as (3.10) with a
Markov kernel (that does not have an L*°(-) density function). To obtain the Markov
kernel, we carry out the following computation.

Let u € P(2) be such that < m, and let f, be its derivative with respect to m.
Let £ € B(Q). We have that (Pu)(E) = [,( Pfu x)dz. Using (3.30), we evaluate

the right-hand side of this equation:

// 2, y)a(@) fu(x )dydx—i—/(l—a(x))fu(x)dx, (3.31)

E
o €f7-r(33
where a(z) = 5755
We will also suppose that (Pu)(E fQ x, E)du(z) for some Q : Q x B(Q) —

R, . From (3.30), we will assume that Q is of the following form,
Q. B) = [ ale.palo)dy + (1 - a(w)5.(E). (3.32)
E
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This can be easily confirmed to be a Markov transition kernel. Now we evaluate

fQ z, E) f,(z)dz, which equals:

| [ atespa@is@ivds + [ (= a@)s @5, (Byie
- [ [ depa@iadyds + [ (1= a@)fyfe)ds

By applying Fubini’s theorem to the first term, we observe that the above expression
is exactly equal to (3.31). Hence, @ is indeed the Markov kernel of P, and P can
be represented in a form similar to (3.10) as shown below. For all © € P(§2) and all

E € B(Q),
(Pu)(E) = / O, E)du(x) (3.33)
//XE T, u) (x du)dp(z), (3.34)

where K is the state-to-control kernel of P. The existence of & will be ensured by
Theorem 3.4.14 below. As we will show in the next two theorems, Theorems 3.4.12
and 3.4.13, this constructed P is our solution to Problem 3.2.1 for 4 that satisfy the
constraints mentioned at the beginning of this section.

Step 6: We now use straightforward computations to demonstrate that the con-
structed operator P has 1 in its spectrum with f; and 1 as the corresponding
eigenvectors of P and ]5*, respectively. Since S*1 = 1, we have that Pl =
(eD*(S* — I) + I)1 = 1. In addition, since Sfy = fr, Pfa= ((S—DeD +1)fs = fa.
It is also easy to see that for P, we similarly have that P*1 = 1, where 1 is the

uniform measure, and Pug = pq.

Theorem 3.4.12. The operator P defined in (3.30) has 1 as its largest eigenvalue,

and this eigenvalue is algebraically simple and isolated (i.e., is not a limit point).

We require the following definitions from Hislop and Sigal (2012) for this proof.

Let T be a bounded, linear operator on a Hilbert space H with a nonempty resolvent
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set p(T). An operator A is called relatively T-compact if ARr(z) := A(T — 21)71,
where Rp(z) is the resolvent of T, is compact for some z € p(T). The essential
spectrum oess of T' is defined as the complement of 0,(7) in o(7T"). The operator 7" is
said to be closed if its graph I'(T'), defined as I'(T) := {(z, Ax) : x € H}, is a closed
subset of H x H.

Proof of Theorem 3.4.12. First, we prove that the eigenvalue 1 is not an accu-
mulation point. The resolvent of D, Rp(z), is bounded for all z € p(D) by def-
inition. Further, S is compact, and since the product of a compact operator and
a bounded operator is always compact, gRD(z) is compact; this implies that S is
relatively D-compact. Moreover, by the well-known closed graph theorem, D is a
closed operator. Now, we can apply Weyl’s theorem (Theorem 18.8, Hislop and Sigal
(2012)), which states that if 7" is a closed operator on a Hilbert space H and A is
a relatively T-compact operator, then o.ss(T) = 0ess(T + A). Accordingly, we have
that o..(D) = aess(gD — D). Since D is a multiplication operator, its spectrum is
the essential range of f./fs. Recall our assumption that fy, f;' € L®(Q,m), and
Proposition 3.4.7 ensures that f., f=' € L>®(Q,m). Let o..(D) C [a,b], for a,b > 0.

™

Therefore we have,

Oess(SD —eD +1) C [1—ca,1—eb].

Note that 1 € 0,(P). The computation above proves that there is a strict gap
between o.55(P) and 1. By Remark 1.5 (2) of Hislop and Sigal (2012), for a linear
operator 1" on a Banach space, o.(T") and 0,(T") form a complete decomposition
of the spectrum. Further, by definition (Hislop and Sigal, 2012), the eigenvalues,
constituting the discrete spectrum, are isolated points. Therefore, 1 must be an
isolated eigenvalue.

Second, we show that 1 is the spectral radius and an isolated eigenvalue of P. As
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per Proposition 4.1 of Schaefer (1974), for a positive operator 7" on a Banach lattice X,
the spectral radius r(T') is an eigenvalue of T'. Moreover, Theorem 2.1 of Marek (1970)
guarantees that there exists at least one eigenvector x in the positive cone (a subset
Xt ={z e X :x>0}) corresponding to r(T) : Txg = r(T)xo, xo # 0. In addition,
there exists at least one eigenfunction z{, in the positive dual cone corresponding to
r(T) : T*xly = r(T)a), x} # 0. In our case, since P is a positive operator on L2(£2, m),
we therefore have that r(P) € ¢(P), and the eigenvector corresponding to r(P) is
positive. Let 7 be the spectral radius of ﬁ, and define f, as the corresponding positive
eigenvector. Since the eigenvector f,. is known to be positive, by renormalizing, we
can assume that the integral of f,. over €2 is 1. Let u, be the measure on €2 defined
by f.. Then it follows that p,.(€2) = 1. Note that 1 is also an eigenvalue for P. We
then have that 7, () = [, C/Q\(x,Q)d,ur(:p) = 1, which implies that 7 = 1. Thus, we
conclude that 1 is the largest eigenvalue of P and that fr=fa

Finally, we show that 1 is algebraically simple, which will enable us to conclude
that f; is indeed the unique eigenvector of P (up to a normalization) corresponding
to 1. Theorem 5.2 of Schaefer (1974) states that if a positive, irreducible operator T
on a Banach lattice X with 7(T") = 1 has a non-void point spectrum and zq = Tz
for some zy € X, then 1 is the unique eigenvalue of T" and is algebraically simple.
We note that P satisfies all these properties, and thus we have the result that 1 is a
simple eigenvalue of ﬁ, and therefore f; is its unique positive fixed point. [
Step 7: For (3.6) to be asymptotically stable, we need 1 to be the only eigenvalue of
P that has modulus 1. Primitivity of Pis precisely the condition that ensures this.
A positive operator T is called primitive if r(7") is the only eigenvalue on the spectral
circle (the set {A € C: |A| = r(T)}). Note that primitivity of P implies aperiodicity

of the associated Markov chain.
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Theorem 3.4.13. For all € small enough, if f., fq are bounded from below, then P

in (3.30) is primitive.

To prove that Pis primitive, we require the following theorem from Grobler (1995).

Let X be a Banach lattice and T > 0 be an operator on X. Suppose there exists a
positive linear functional ¢ € X* such that T*¢ = ¢. Then T is primitive if for each
x > 0, there exists a d € N such that T% is a quasi-interior point in X (Schaefer,
1974). Here, the fact that T is a quasi-interior point implies that T > 0. In the
proof below, for v € P(§2), v > 0 indicates that the Radon-Nikodym derivative of v
with respect to m, if one exists, is positive m-a.e. on ).
Proof of Theorem 3.4.13. We first check whether S is primitive. This is true if
for any = € (2, there exists an ng € N such that for all n > ngy, S™6, > 0 m-a.e. on (.
Here, we require a uniform ng that satisfies this condition for all x € €2, so that we
can extend the condition to arbitrary probability measures on €2, which in turn could
be constructed from Dirac measures.

We denote the open ball of radius d centered at z by Vs(z). Since Q is compact,
there exists a finite set {z1,...,2x} C Q such that Q C UMV, 5(z;). Fix z € Q
and let p' := S6,. Then p' < m and dp'/dm = fa € L®(Q,m) by the proof of
Proposition 3.3.4. Furthermore, the support of f,1 contains B,(x). Now, we must
have x € V, jo(x;) for some i € {1,..., N}. Without loss of generality, let z € V, j5(1).
Then p' > 0 a.e. on V,jo(z1). Since Q is path connected, the sets {V o(z;)}Y,
cannot be pairwise disjoint; therefore, there exists another open ball, say V; (x2),
that intersects V;.j2(21). Choose y € V;/o(21) NV, /2(22). Note that y € B,.(z). Now let
p? = Sp' = 5%0,. Then p? < m and dp?/dm = f,2 € L>(Q, m). Furthermore, the
support of f,2 is £ := U.cp, (2)Br(2). We have that V, 5(x2) C B,(y) C E. Therefore,
p? >0 ae. on V,o(xs). Repeating this procedure of evaluating p/ := Sp/~! at each

iteration j, we observe that y/ is positive a.e. on V,2(z;). Since there are only N such
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balls that cover €2, this iterative procedure must stop at N, at which point we have
that u? := SN§, is positive a.e. on Q. Hence, we have proved that S is primitive,
which implies the same for S. From this discussion, we have demonstrated how S
acts on Dirac measures. Extending this argument, we can show how S acts on any
measure in P(§2) by noting that, for any x € Q, Q(x,-) = (50,)(-). In particular, we
have that (S™u)(-) = [, S"0x(-)du(x).

Finally, we establish the primitivity of P. Let u € P(Q). From the definition of

P in (3.30), we have that
P"=((S—1)eD+1)" = (eSD + (I — D))"

Consider the second expression for P" above. Since S is primitive, the product SD
preserves primitivity. In addition, by choosing a small enough ¢, we can ensure strict
positivity of the term I —eD (also see Remark 3.4.10). This in turn shows that pn
is a strictly positive operator for all n > N. Thus, the operator Pis primitive. [

Step 8: Finally, we prove that K , the state-to-control kernel of P in (3.34), is

well-defined.

Theorem 3.4.14. Let system (3.6) be locally controllable everywhere on Q. Then
there exists a Markov kernel K : Q x B(U) — [0,1] such that Q defined in (3.32) is
the Markov kernel of the corresponding closed-loop system, and hence the equalities

in (3.33)-(3.34) hold true.

Proof. Consider the identity map G :  — ) given by G(x) = x for all x € Q. We
will also need the set-valued map F : Q < U defined as F(m) = U for all z € 2. The
map F'is a measurable set-valued map in the sense of Definition 8.1.1 in Aubin and
Frankowska (2009). Since system (3.6) is locally controllable everywhere, we have
that F(z, F(z)) N {G(z)} is non-empty for every = € Q. Hence, from Theorem 8.2.8

in Aubin and Frankowska (2009), it follows that there exists a measurable function
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v :  — U such that F(z,v(z)) = G(x) = z for every x € Q. Then, we define
K :Qx U — R, as follows. For all W € B(U),

~

K(z,W) = a(z)K(z, W) + (1 - a(x))(sv(m)(w>v (3.35)

where a(z) = EJ{;”((;)). For a fixed = € (), it is easy to see that all terms in (3.35)
are Borel measurable functions on (2, except for the term d,¢,)(W). The map = —
dy(z)(-) can be written as a composition of two Borel measurable functions, z —
v(z) = Oye)(W), making it measurable in turn. Therefore, z — K(z,W) is a
Borel measurable function on €. Furthermore, it is straightforward to show that
W — K(z,W) is a measure on U for each z € (.

Now we evaluate (Pu)(E) for some E € B(€):
() = [ [ XelP ) R, duyipa
= / (/XE(F(x,u))a(x)K(x,du) +/XE(F(x,u))(1 —a(x))dév(x)(u)>dp(x)

Q U U

= [ QG Byate) + (1 = aw)bu B duta) (1)
= [ atevpatorty+ 1~ a(e)su()) aute)
- [ Q. Byinto)
We obtained the first term in the integral (1) by using (3.12) as follows:
/U Xp(F(z,0) K (2, du) = (PS.)(E) = Q(=, E).

We obtained the second term in this integral by noting that for fixed =, v(z) is the

set of u such that F'(z,u) = x. Hence, we have our required result. ]
3.5 Formulation of the Optimization Problem

In this section, we present a solution to a relaxed version of Problem 3.2.2. The

reason for this relaxation will be explained shortly. In the previous section, we proved
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the existence of an operator P that satisfies the following properties: it has a spectral
gap, the desired measure p, is its unique eigenvector, and it makes gy an asymptot-
ically stable equilibrium point for the system (3.6). In this section, we investigate
whether we can pose an optimization problem to search for such an operator P such
that the system (3.6) converges exponentially fast to the equilibrium pg. The spec-
tral gap of P will determine the rate of convergence of system (3.6); the larger the
gap, the faster the convergence. Recall the assumptions on p, as stated in Section
3.4: pg < m, with f; as its density, and fy, f; ' are in L=(€2,m) and are strictly
positive a.e. on (). Instead of P, we will formulate the optimization problem in terms
of the operator P that acts on L*(Q,m). Specifically, we formulate an optimization
problem that maximizes the spectral gap of P. Similar to Boyd et al. (2004), we
can then formulate a convex optimization problem that minimizes the second largest
eigenvalue modulus of the operator. We begin with the formulation of the objective
function in this problem.

We will pose the optimization problem for P=M P PM #,, which has the same
spectrum as P. The advantage here is that P is bistochastic, as proved in (3.23),
which simplifies the formulation of the optimization problem as explained next. We
know that given an operator 7' on a Hilbert space H, for all A € o(T), we have
that |A(T)| < ||T||. Unless the operator is self-adjoint or normal, there is no convex
formula, that we know of, to characterize the moduli of the eigenvalues. Since we are
not searching for a self-adjoint or normal operator ]3, the second largest eigenvalue
modulus of P can only be bounded from above. We obtain this bound by restricting
P to the subspace obtained after removing the eigenspace span(1) corresponding to

its largest eigenvalue 1:

A2(P) = A (P o Projy1) < ||P o Projy. |2, (3.36)
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where Proj , is the projection operator onto a subspace, and [|-[|o denotes the L*(€2, 1)
norm. The optimization objective is then to minimize the right-hand side of the equa-
tion above, knowing that it will be an upper bound for the moduli of all eigenvalues
of P. This is the relaxation that we mentioned at the beginning of the section.

The projection of an arbitrary vector v € L?(£2, uuq) onto the eigenspace 1 is
Proj, (v) = %1, and the projection of v onto 1+ is Proj;. = I — Proj,. Therefore,

we have

(ﬁ o Prij) v=P (v (v, 1) 1) — Py v, 1) 1.

1113 1113
We now formulate the optimization problem. The optimization variable is the
state-to-control transition kernel K. Using the variable K, the operator P from (3.7)
is defined in constraint (3.39) below. The relationship between P and P is enforced

as constraint (3.38) in the optimization problem, defined as follows:

min Hﬁ(K) o Proj,. (3.37)
subject to

P = M;'PMj, (3.38)
Pu(A) = /Q /U Xa(F (e, w) K (z, du)dp, VA € BQ), 1€ P(Q), (3.39)
K(x,E)>0 VaeQ, VE e BU), (3.40)
/Q K(z,U)dz =1 Vaeq, (3.41)
Qrc(w, A) = /U NA(F (2, u) K (2, du) YA € B(Q), (3.42)
| 5w @tedn) = fua) va e (3.43)

The constraints (3.40)-(3.41) ensure that K is indeed a Markov kernel. Constraint
(3.42) defines the closed-loop transition kernel Qx in terms of K, and constraint

(3.43) ensures that f; is the stationary distribution of P.
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Figure 3.2: Simulation of the additive system (3.52) in Example 1 at three times n.
We end this section by showing that the optimization problem posed above is

convex. Let KC be the set of closed-loop transition kernels, defined as follows:

K={K:QxBU) >R, /QK(:U, U)dz — 1,/Qfd(y)QK(x,dy) = fulw) vz € ).

Then K is the set of decision variables. We note that each constraint in this set is
convex, therefore making K a convex set. Furthermore, the objective function is a
norm of an operator, which makes it convex.

Finally, we note that it is not immediately clear whether an optimal solution to

this problem exists. We reserve this investigation for future work.
3.6 Numerical Optimization

In this section, we present a numerical approach to solving the optimization prob-
lem (3.37)-(3.43). Our approach can be applied to control systems of the form (3.3),
in which the state space  and the control set U are compact subsets of R?. The
subset  is partitioned into n, € Z, sets, Q= {Q,...,Q,, }, where Q = U= €, and
the sets €2; have intersections of zero Lebesgue measure. The set of control inputs
U is approximated as a set of n, € Z, discrete elements, U= {v1,...,0n, }, where
v; € U for each i. Define index sets Z = {1,...,n,} and J = {1,...,n,}. We define

an equivalent of the state-to-control transition kernel K, with kernel function £, in
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the discrete-time case. Let k; be the probability of choosing the control variable v,
given that the system state is in §2;. This probability is given by,

/51-[:/ k(x,v)dx.
Q

Let K be the matrix [lzﬁil]iez’le 7. Using this definition, we construct an approx-
imating controlled Markov chain on the finite state space Z. For ¢ € Z, when the
system state is in the set (2;, we will consider the Markov chain state to be ¢. We
use Ulam’s method (Ding and Zhou, 2010) to construct this approximation. In the
uncontrolled setting, Ulam’s method is a classical technique to construct approxi-
mations of the pushforward map (Perron-Frobenius operators) induced by dynamical
systems. Let pﬁ-j denote the probability of the system state being in the set €2; in the
next time step, given that the system state is uniformly randomly distributed over
the set 2; and the selected control input is v;. We define the transition probabilities
of the controlled Markov chain as follows:

c o m( N FTHQ)
Pi; = m(Qz) )

(3.44)

where Fi(-) = F(-,v).

Let pu € P(ﬁ) and j € Z. Let P be the equivalent expression for the operator P,
defined in (3.7), in matrix form. Then P is given by:

Pu(j) = Z Z ki péj,u(@')- (3.45)
i€ leJ

Let pg € P(ﬁ) be a desired distribution that is positive on Q, and define a diagonal
matrix My = diag(ug).

We can now formulate the finite-dimensional quadratic program that is equivalent
to optimization problem (3.37)-(3.43). We define a bistochastic matrix P according

to (3.20). This equation is enforced as constraint (3.47) in the quadratic program,

defined as follows:
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Figure 3.3: Simulation of the unicycle system (3.53) in Example 2 at three times n.

- T
min |P — 1 (3.46)

K o

subject to
P = M;'PM,, (3.47)
Pu(j) = > Y ka plyuli) Vi€, Ve P(Q), (3.48)
i€ leJ

ki >0 VieI Vied, (3.49)
Kl=1, (3.50)

The constraint (3.48) above is written from (3.45), where péj, ,jeI, leJ,is
obtained via Ulam’s method as per (3.44). Note that 1 in (3.46) is a vector in R"™=.
We observe that this problem is convex and similar to the optimization problem solved

in Boyd et al. (2004).
3.7 Simulation Results

In this section, we apply the numerical optimization procedure to two control
systems of the form (3.3) evolving in R2%. To solve the optimization problem (3.46)-

(3.51), we used CVX, a MATLAB package for solving convex programs (Grant and
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Boyd, 2014). Since the optimization problem is a quadratic program, it becomes
computationally intractable for very fine discretizations of the domain €2. Therefore,
in Examples 1 and 2 below, we use a relatively coarse discretization. In Example
3, we solve a feasibility problem for which a finer discretization is possible. In all
three cases, the quadratic program (3.46)-(3.51) was solved to obtain a state-to-
control transition probability matrix K. Defining P from the resulting K according
to (3.48), we simulated system (3.6) with the initial measure o set to be a Dirac
measure concentrated at the lower left corner of the domain. To quantify the degree
of convergence of the simulated measure u, to the target measure py, we computed
the 2-norm v, = ||, — wall2 at selected times n.

Example 1: Additive Model

We first consider a linear additive vector field F' in system (3.3):
Tpy1 = Ty + Up, (3.52)

where z, = [z} 22]T € Q and w,, = [u} w2]T € U. The state space is Q = [0, 1%,
and the set of control inputs is U = [—1,1]2. The target measure is set to ug =
sin?(2ral) + sin®(2m2?) + €, where [z} 22T € Q and € > 0 is chosen to ensure a
strictly positive measure over 2. We use a 10 x 10 grid for 2 (n, = 100) and a 20 x 20
grid for U (n,, = 400). Figures 3.2a-3.2c¢ show snapshots of the simulation of system
(3.6) at three times. Figure 3.5 plots the natural logarithm of the error metric v,
during the simulation. It is evident from the time evolution of the snapshots, along
with the accompanying decrease in 7, that the measure converges asymptotically to
the target measure.

Example 2: Unicycle Model

We next consider a nonlinear vector field F' in system (3.3) that represents a
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(a) n=>5 (b) n =10 (c)n=15 (d) n=20
Figure 3.4: Simulation of the unicycle system (3.53) in Example 3 at four times n.

Example 1
Example 2| 7
Example 3

log(vn)

5}

2 4 6 8 10 12 14 16 18 20

Figure 3.5: The time evolution of the natural logarithm of the error between the
simulated and target measures in each example.

unicycle model:

11 1 2
T, = T, + u, cos(uy),

x2 = a2 +ubsin(ul). (3.53)
In this case as well, =, = [z} 22]7 € Q and w,, = [u] v2]T € U. The state space
is Q = [0,1]%, and the set of control inputs is U = [—1,1] x [0,27]. The target

measure in this case is set to ug = cos?(2ma!) + cos?(2wz?) + ¢, where [z 22T € Q

and € > 0 is chosen to ensure a strictly positive measure over 2. We use a 10 x 10
grid for ©Q (n, = 100) and a 20 x 20 grid for U (n, = 400). Figures 3.3a-3.3c show
snapshots of the simulation of system (3.6) at three times, and Figure 3.5 plots the
natural logarithm of the error metric 7, over time. Again, the measure converges

asymptotically to the target measure.
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Example 3: Feasibility Problem

In the two previous cases, the optimization problem (3.46)-(3.51) was found to be
computationally intractable for grid sizes n, > 100, due to the fact that the problem
is quadratic in nature. Here, instead of optimizing the convergence rate of system
(3.6), we solve the feasibility problem. This entails searching for any matrix K such
that the steady-state distribution of system (3.6) is jug4; i.e., any K that satisfies the
constraints (3.47)-(3.51). This serves to demonstrate that the feasibility problem can
be solved for larger grid sizes than n, = 100. The simulated system (3.3) is defined
as the unicycle model (3.53) in Example 2. We use a 40 x 40 grid for Q (n, = 1600)
and a 45 x 45 grid for U (n, = 2025). Figures 3.4a-3.4d and 3.5 show snapshots of
the simulation of system (3.6) at four times and the natural logarithm of the error
metric 7, over time. We see that the measure again converges asymptotically to the
target measure.

Figure 3.5 shows that the system in this case exponentially converges to the target
distribution at a rate close to the rates observed in Examples 1 and 2. Note that the
convergence rate of Example 3 cannot be directly compared to the those of Examples
1 and 2, since the grid sizes n, and n, in Example 3 are much larger than in those
two examples. We also make note of the fact that in Examples 1 and 2, we are only
solving a relaxation of the optimization problem, as mentioned at the beginning of
Section 3.5. The relaxation is due to the fact that we are only optimizing the norm
of the operator, which is an upper bound on the moduli of all the eigenvalues of the
operator.

The results presented within this chapter are part of Biswal et al. (2019b).
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Chapter 4

DISCRETE-TIME MARKOV CHAIN MODELS ON CONTINUOUS STATE
SPACES - PART II

In this chapter, we address the problem of stabilizing a multi-agent system evolving
on a compact, connected subset of R? to a target distribution. We consider groups of
agents that all follow the same dynamics and control policies, which are independent
of the agents’ identities. We assume that each agent can obtain local measurements
of the agent population but do not require inter-agent communication. The goals of
this chapter are threefold:

1. We design the transition kernel to stabilize the mean-field model to target mea-
sures that have L*°(-) densities, a larger class of measures than we previously con-
sidered in Chapter 3. In the previous chapter, we considered measures that have
L>(-) densities that are strictly positive a.e. (almost everywhere) on the domain.
In general, discrete-time Markov chains cannot be stabilized to distributions that do
not have connected supports; we showed this for continuous-time Markov chains in
Elamvazhuthi et al. (2019a), and similar arguments can be applied to discrete-time
Markov chains (Ag¢ikmesge and Bayard, 2015). However, in this paper, we are able
to stabilize the mean-field model to distributions that are not supported everywhere,
due to the fact that, unlike in the previous chapter, the control law considered here
is density-dependent; the reason for this will be explained next.

2. The convergence of a Markov process to an equilibrium distribution does not
necessarily imply that the agents evolving according to the process also converge to
equilibrium states. To prevent agents from continuing to switch between states at

the equilibrium distribution, we construct the Markov process such that its forward
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operator is the identity operator at the desired equilibrium. This results in a time-
dependent transition kernel that is a function of the distribution and gives rise to a
nonlinear Markov process. Such stochastic processes, called density-dependent popu-
lation processes, are used to model the dynamics of logistic growth, epidemics, and
chemical reaction networks (Ethier and Kurtz, 2009).

3. Since we establish that the transition kernel must depend on the distribution,
our third goal is to construct the kernel to have a decentralized structure. A kernel
with this structure corresponds to agent control policies that require each agent to
estimate the population only in its local neighborhood. Toward this end, we construct
a kernel for the mean-field model that is defined pointwise; that is, it is a function
of the value of the distribution at the current state. We proved the existence of such
feedback control laws in the case of continuous-time Markov chains evolving on finite
graphs in Chapter 2. A similar problem is addressed in Mather and Hsieh (2014),
which develops a decentralized control approach by a priori restricting the controller
to have a decentralized structure. Another related work Demir et al. (2015) designs
a centralized controller and uses estimation algorithms to determine the entire agent

distribution in a decentralized manner.
4.1 Notation

The reader is referred to the notation section of Chapter 3. Some basic notations
used in this chapter are mentioned here. As in Chapter 3, we denote the state space
by © C R? a compact set. The set of admissible control inputs is denoted by
U C R% U is assumed to be compact. The Borel sigma algebras, corresponding to
the standard topology on R?, on  and U are B(Q2) and B(U) respectively. We denote
the space of probability measures on Q2 and U by P(€2). We define a continuous map

F:QxU — R% We also define F, as the map from U — R? when z €  is
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held fixed, and F, as the map from Q — R? when u € U is held fixed. We specify
that F is non-singular, which means that for all £ € B(Q), m(F,;'(E)) = 0 and

u

m(F*(F)) = 0 whenever m(E) = 0. We also assume that F(z,0) = .

x

4.2 Problem Formulation

We now state the problem addressed in this section. Consider a system of N
agents evolving in discrete time on the set 2 C RY. We suppose that the dynamics
of each agent k € {1,..., N} is governed by the following nonlinear discrete-time

control system:

gfwrl = F( §7uﬁ)7 712071’27”_

& €9, (4.1)

where ¢ € Q, and (u¥)22, is a sequence in U such that F(£8,u*) € Q for eachn € Z,..
Let &) be a random variable with distribution o € P(£2).

The empirical distribution of the N-agent system over () at time n is given by
% ij:l d¢r. Our goal is to design a feedback control law uk that redistributes the
agents from their initial empirical distribution % Z,]CVZI (555 to a desired empirical dis-
tribution %Zfil dera that “closely approximates” a target density f? € L>(Q) as
n — oo, where % Zfil d¢k.a is a sample of f¢. Since we assume that the agents are
identity-free, we will define the control law as a function of the current empirical dis-
tribution % Z]kvzl d¢r rather than the individual agent states ¢F. However, % Z,iv:l Ogk
is not a state variable of the system (4.1). In order to treat % Zszl der as the state,
we consider the mean-field limit of this quantity as N — oo.

Suppose that every agent k € {1,..., N} uses the same control law u* = u,, at each
time n; that is, the control law is independent of the agent identity k. In this case,

when N — o0, the empirical distribution % ij:l dgr converges to a deterministic
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quantity g, € P(2), which evolves according to the following forward equation,

Hn+1 = F#(,un)un, Ho € P(Q)u (42>

where F# (-, u,) : P(2) — P(Q) is the induced forward operator corresponding to the
deterministic map F'(-, u,). This operator is defined as

(F# () i) (E) = i F2(E)) = / X (F (2, u,))da

for each F € B(f2). Since we are interested in the problem of stabilizing system
(4.2) to a given target measure p¢ with density f¢, we must determine whether there
exists a sequence of feedback laws u,, such that starting from any initial measure,
the system (4.2) converges to p¢. In general, this problem cannot be solved using
deterministic feedback laws, as was shown in Elamvazhuthi et al. (2019b). Therefore,
we will construct a stochastic feedback law using a state-to-control transition kernel
K :Q x B(U) — [0,1]. On a continuous state space, the transition kernel plays the
role of the transition probability matrix on a discrete state space. That is, given
that an agent is at state z € €1, it chooses a subset of control inputs W C U with
probability K (xz,W). We note that deterministic control laws v : Q@ — U are a
special type of stochastic control law in that K (z,du) = d,(y); that is, given the state
x, the probability of choosing the control v(x) is 1. The transition kernel K induces

a forward Kolmogorov operator P : P(2) — P(2), defined as

(Pu)(E) = / / Xp(F (2, u)) K (z, du)dp(z)

for each E' € B(2). The mean-field model that governs the time evolution of y, can

then be written as

pnt1 = Ppin, po € P(Q) (43)
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Hence, taking the mean-field limit of the empirical distribution enables us to treat
the N-agent system as a continuum, as described in the Introduction. Moreover, to
achieve our goal of redistributing agents over €2, we will construct K to be a function
of the current distribution ,,.

Using K, we can define a closed-loop transition kernel @ : Q x B(U) — [0, 1].
That is, if the Markov chain (£F),, induces a probability measure P on Q% then an

agent k evolves on {2 according to the following conditional probability,
for each z € Q and E € B(Q2). For p € P(Q) and E € B(12), P can be redefined as

(Pu)(E) = / Q(x, B)dp(x). (4.5)

In this paper, instead of arbitrary measures in P(£2), we will consider those measures
that have L' densities (derivatives with respect to m). By restricting P to this subset
of P(), we can define an operator P on L'(£2); the exact construction will be carried

out in the next section. Then (4.3) can be rewritten as

far1 = Pfa, fo € LX9Q). (4.6)
We are now ready to state the problem that we address in this paper rigorously.

Problem 4.2.1. Let P be the forward operator induced by the operator P defined in
(4.5). Given a target distribution pu® € P(Q) with density f¢ € L>(Q) and a non-
singular continuous map F : Qx U — R?, determine whether there exists a transition
kernel Q : Q x B() — [0,1] such that (a) equation (4.6) satisfies lim, o P"fo = f°
for all initial measures fy € L), and (b) P(f%) = I, where I is the identity

operator.
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The operator P governs the stochastic transitions of individual agents between
states. Thus, the condition 15( f%) = I ensures that all agents stop transitioning
between states once the density f¢ of the target equilibrium distribution is reached.
This condition leads to a nonlinear operator P that depends on f. We will address
Problem 1 in Section 4.3, where we show that the construction of P requires additional
conditions on 2 and F.

Having proven the existence of such an operator ﬁ, in Section 4.4 we will introduce
the system of NV agents that evolve according to the N-agent Markov process that is
an approximation of the mean-field model (4.3). Since P (via ()) can be constructed
such that p? is an equilibrium of the system (4.3), we observe that in simulations of the
corresponding N-agent system, presented in Section 4.5, the empirical distribution

% Zgil d¢r converges to an empirical distribution that approximates f4 as n — oo.
4.3 Stability Result

In this section, an operator P that solves Problem 1 will be constructed. As stated
in Problem 1, f¢ € L*®(Q) is the density of the target measure. In the previous
chapter, we assumed that f? is supported m almost everywhere on ; in this chapter,
we relax this assumption. The cost of this generality comes at the price of working
with a nonlinear operator ﬁ, which is necessary to ensure that agent transitions
between states stop once the equilibrium distribution is reached.

Within this chapter we impose the same assumptions that we had in Chapter
6. That is, we assume that € is a path connected, compact subset of RZ. We also
require ) to satisfy the cone condition which ensures that the boundary of € is
regular enough. Lastly, for the system (4.1) to be controllable, we need the local
controllability condition Definition 3.4.1. From here on, we will consider r to be fixed

as per Definition 3.4.1.
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Let po € P(£2) be such that ¢ < m. Further, if f, is the derivative of p with
respect to m, we assume that f, € L'(Q). For an arbitrary f € L'(Q), define a

function ay on €2 as

—f(x)f_(g)d(r) for m-a.e. x if f(z) — fé(z) > 0;

a(z) = (4.7)

0 otherwise.

We note that ay € L>°(2) with norm 1.
Define k : Q x U — [0,1] to be a bounded function that satisfies the following
properties:
> 0 for m-a.e. x € Q,u € U st. F(x,u) €
k(x,u) (4.8)
= 0 otherwise;

/ k(xz,u)du = 1 for m-a.e. x € Q. (4.9)
U

Before we proceed, we must determine whether we can construct a measurable k €
L>(Q x U;m x m) that satisfies these properties. We note that due to the first
condition (4.8), the integral in the second condition (4.9) is computed over the set
U, := F;'(Q). This integral can therefore be expressed as [, k(z, u)Xy, (u)du = 1.
Since F, is continuous, the set U, is measurable for each x. The following lemma

proves that k is measurable.
Lemma 4.3.1. For Vx € ), we have the following results:

1. There exists an € > 0 such that m(U,) > e.
2. The map x — m(U,) is measurable.

3. The characteristic function Xy, (u) is jointly measurable in x and u.

Proof. Result (1) is proved in Theorem 3.4.2. The idea of the proof is as follows.

To prove results (1) and (3), let G = {(z,u) € Q@ x U : F(z,u) € Q}. G is Borel
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measurable because F' is continuous in both variables. Since X is a Borel measurable
function, the Tonelli theorem Folland (2013) implies that (X¢). is Borel measurable
for each © € Q. Since, (X¢).(u) = Xy, (u), we have that Xy, (u) is a measurable
function in both variables, proving result (2). Then, by the Tonelli theorem, we have
that © — [;(Xg).du is Borel measurable. Since (X¢).(u) = Xg(z,u), we have that

xT

Jo(Xa)edu = m(F;71(Q)) = m(U,). That is, x — m(U,) is Borel measurable. O

The existence of a measurable function k& then trivially follows from the fact that

one can set k to be the uniform kernel, k(z,u) =

m(Uz) "
Next, we define a transition kernel K : Q x B(U) — [0,1]. For W € B(U),

K(z,W)=K(z,WnNU,) = K, + Ky, where (4.10)
K, = afu(x)/ k(x,u)du,
w

Ky = (1 —ag,(x))0o(W).

Recall that we have assumed that F(z,0) = z. Since this kernel is a function of
ay,, it depends on the density f,. The kernel is defined such that the corresponding
Markov chain stays at control 0 with probability 1 — ay,(x) and moves to a control
in the set U, with probability ay,(z), and when it moves, the distribution is given

by the density k(z,du). The integral term K; is regular because its kernel function

k(xz,u) is in L>(2 x U).

Remark 4.3.2. We note that the local controllability assumption, Definition 3.4.1,
implies that there exists a measurable control V(x) € U such that F(z,V(x)) = x
(see Proposition 3.4.14 in Chapter 3. Therefore, the condition F(x,0) = x is not
restrictive. However, we impose this condition here for the sake of simplicity and
note that we can extend our results even when this condition is not satisfied following

the steps in Chapter 3.
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Lemma 4.3.3. The kernel K is well-defined. That is, K(-,W) is a measurable func-
tion on S for each fited W € B(U) and K (z,-) is a probability measure on U for each

fized x € ).

Using K, we define a closed-loop kernel @ : ©Q x B(Q2) — [0,1]. For E € B(f2),

Q(z,F) = / Xp(F(z,u))K(z,du) (4.11)
U
= afu(x)/ Xp(F(x,u)k(z,u)du + (1 — afu(a:))/ Xp(F(x,u))ddy
U U
= Q1 + ()2, where (4.12)
Q= af#(x)/ Xp(F(z,u))k(z,u)du,
U

Q2 = (1 — ay, ()6 (E).

Lemma 4.3.4. The kernel Q) is well-defined; that is, Q(-, E) is a measurable function

on Q for each E € B(Q) and Q(z,-) is a probability measure on ) for each x € €.

Further, if F' satisfies Lusin’s property, then Q1 is reqular.

Proof. The proof that @) is well-defined is similar to the proof that K is well-defined
(Lemma 4.3.3). To prove that @) is regular, we first require that Qi(x,-) < m for
every x. Indeed, if E € B(Q) is such that m(E) = 0, then due to the non-singularity
of F with respect to both variables x and u, we have that (m x m)(F~Y(E)) = 0.
Therefore, for x € Q,u € U, we have that Xg(F(z,u)) = Xp-1(g) (2, u) = 0 in the
integral that defines )7 . Hence, Q(x, E) = 0.

The full proof that @1 has a kernel function ¢ € L>(Q x ) is given in 3.3.4. Here,

we provide a brief idea of the proof. If ¢ exists, then for F € B(2) and z € €,

Qu(x, E) = /E a(a,y)dy = / Xp(F (2, u)) K (2, du)

= /UXE(F(:c,u))k(:c,u)du <cm(E),
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where ¢ > 0 is a constant that is independent of x and E. The proof of Proposition
3.3.4 shows the existence of the uniformly bound c¢. That is, the measure Q;(z,-)

has a uniform upper bound, and hence, we must have that its kernel function ¢ is in

L>*(Q x Q) (Lemma 3.3.3). O

Next, we define an operator P : P(Q2) — P(2) in terms of @) as follows:

(P)(E) = [ Qe E)dn(e) i
= /Q /U Xp(F(z,u) K (z, du)du(z)
= [ [ e i vy o)+ [ (1 - 0y 05 B
- /Q /U as, (2)Xp(F(z, u))k(z,u)du du(z) + /E (1—ay, (2))dp(z).  (4.14)

Using expression for @) in (4.12), it is straightforward to show that ((z, E') can also

be expressed as
Q(z,E) = (Pd,)(E). (4.15)

Due to the properties of @) (Lemma 4.3.4), we immediately have the following lemma.

Lemma 4.3.5. Operator P preserves P(2), and furthermore, it preserves absolutely

continuous measures.

By restricting P to those measures that are absolutely continuous w.r.t m, that
is, measures that have L! densities, we can define P : L'(Q) — L'(€). The next
few steps will be toward this effort. Lemma 4.3.5 implies that Pu < m ; let P fu be
the density, that is, for £ € B(Q2), (Pu)(E) = fE(ﬁfu)(y) We note that since @)y is
regular, there must exist a function ¢ € L*(2 x ). Therefore, from (4.12), we have

that
@mmzéme:memwm@my
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Using this expression, (4.14) can be rewritten as follows. For F € B(£2),

wmmz//wmwmwwmmm+ﬂmwﬂmnmm=é@mww.

E

Applying Fubini’s theorem Folland (2013) to the equation above, we obtain an ex-

pression for an operator P defined on L'(2) as follows. For f € L!(Q),

P=P + ﬁg, where (4.16)
<Emw=/wmevmm,

(Pf)(y) = (1= ap(9) f(y)-

Since (); was proven to be regular in Lemma 4.3.4, we have that P preserves

LY(2), as we state in the proposition below.
Proposition 4.3.6. We have the following two results.

1. P: LYQ) — LYQ) is well-defined. Moreover, P preserves probability densities;

in other words, it is a Markov operator Lasota and Mackey (2013).
2. In fact, P : L2(Q) — L2(Q) is well-defined.

The second result above is a consequence of Proposition 11.4.7 of Conway (2013),
detailed in 3.3.4. We will require this result in Section 4.4.

When we need to emphasize the fact that P and P are nonlinear operators which
depend on p and f, respectively, we will write these operators as P(u) and ﬁ( f).
Note that for each fixed f, P(f) is a linear operator. In the following result, B(L2((2))

stands for the set of bounded linear operators on L?((2).

Lemma 4.3.7. The map from L*(Q) — B(L2(Q2)), defined as f — P(f), is uniformly
bounded; that is, for every f € LA(Q), ||P(f)|| < C for some C > 0. Moreover, this

result also holds true for P as an operator on LY(9).
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Proof. This follows from the fact that P depends on f through the a function, which
is in L™ for any f € L'(Q2) or L?(Q). An application of Theorem 6.18 in Folland
(2013) then proves the result for P,. The result holds true trivially for P,, since it is

a multiplication operator O

We will use this result in Section 4.4.

Clearly, the operator P satisfies P f¢ = f¢. Further, note that P is constructed to
satisfy ﬁ( f4) = I, in order to ensure that all agents stop transitioning between states
when the target density f¢ is reached.

Next, we will show that ¢ is a globally asymptotically stable equilibrium of system
(4.6).

Theorem 4.3.8. For the system (4.6), f¢ is globally asymptotically stable in the

LY(Q,m) norm; that is,
I fo = flL =0 as n — oo.

Before presenting the proof of this theorem, we make the following observation.
Consider the case when for some y € Q, f,.(y) > f%(y). Then, it follows that ay, (y) >

0. Expression (4.16) then becomes:

Pra(y) = / ag, (2)k(z,y) fule)dr + F2(y),

Q

The first term in the equation above is non-negative. Therefore, one of the following

conditions must be true:

for1 (W) = fuly) > [ y);
fay) > furi(y) > fUy).

(4.17)

Consequently, it is not possible that f,1(y) < f%(y) for any value of n. Next, consider

the case when y € Q2 is such that f,(y) < f%(y). In this case, a;, (y) = 0. Expression
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(4.16) then reduces to:

Bra(y) = / ag (@) k() ful@)de + Fuly). (4.18)

Q

Similar to the previous case, given that the first term in the equation above is non-

negative, one of the following conditions must be true:

Jar1(y) = f4UY) > fuly):
FUY) > fari(y) = fa(y).

(4.19)

Therefore, in this case, we observe that f,.1(y) monotonically increases with n.

Define the sets
Ey={yeQ: f.(y) < [y},

Er={y€Q: fuly) = [y}
By ={ye€Q: fuly) > [y}
We note that Q = E! U E? U E3, where U denotes a disjoint union.

We can now state the proof of Theorem 4.3.8. To summarize, the proof employs
an argument by contradiction that if the density f, converges to a function other
than f?, then the measure j, is pushed from sets where its density f, is greater than
f¢ to sets where f, < f? This is straightforward to conclude from the definitions
of the transition kernels K and ; however, to prove the convergence of f, to f4, it
is necessary to precisely quantify the measure that is pushed during each time step,
which is computed in the proof.

Proof of Theorem 4.3.8. To prove this result, it is sufficient to show that on the
set EY |1 fn — f4l1 — 0 as m — oo. This follows from the fact that each f, is a
probability density on ©. On E! by (4.19), we have that f,.1 > f,, and hence
that f — f, > f%— foy1. Set F, = (f? — f.)*, where for an arbitrary function
h:R? — R, h* denotes the positive part of h. Then F}, is monotonically decreasing

on . The sequence (F,), is bounded, and monotonically decreasing, which implies
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that F, converges pointwise to a function, say g. By the monotone convergence
theorem (Folland, 2013), we then have that [, F,, — [, g. If g = 0, then we have our
result. If g # 0, then since f, is a probability density on Q, [, F, = [, ¢ implies
that [,(fn — f%)T # 0. We will next prove by contradiction that g is in fact 0.

We suppose that g # 0. Let [, g >+, where 4 > 0. Define S = {z € Q: g(z) >
0}. We note that the definition of S is independent of time. Given the conditions in
(4.17) and (4.19), it follows that E} D E! , for all n. Due to the convergence of F,
to g, we must have that for all n, S C E.. Moreover, lim,_,o, m(E}) — m(S). Note

that,

/ Fi(@) = fula)de > / g(x)dz > . (4.20)
S

S

Since €2 is compact, €2 can be covered by a finite number M of balls of radius e, where
4e < r. That is, Q C UM, B.(z;) for some z; € Q. We will denote B.(x;) N by

B(z;). Choose a ball B(z;) from this cover that intersects both E} and (E})¢. Then,

m(B(x;)) = m(B(x;) N S) +m(B(x;) N (B, \ ) +m(B(x;) N (E,)).  (4.21)

n

Let m(B(x;) N S) > €, for some €y > 0. If m(B(z;) N (E})°) = 0 at the current time
n, then we look for a large enough time T € Z, such that m(E} \ S)) < € << €.
At times n > T, (4.21) shows that m(B(x;) N (E})¢) > 0, ensuring the existence of
at least one ball from the cover that has intersections of positive measure with both
S and (E})e.
Next, let J = {1,..., M} and define the following sets:
M= |J B,

ieJ
m(B(xz;)NS)>0

=
I

U B@)\New, k>1
i€J
m(B(x;)NNk-1)>0
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Let n > T. If me(El)c fn — f¢is not tending to 0 with increasing n, then we must
have that me(El)c fn — f%> 4 infinitely often (i.0), for some § > 0. Moreover, each
time the integral exceeds §, the measure that is pushed from N; N (E})¢ to S can be

quantified as

[y @l S

/Nm Elye /af" q(x,y)dy fr(x)da
:/Nm(E;l)c(f”(I) _fd(x))/sq(%y)dydx
— /Nlﬂ(ETlL)C ful(x) = f(@)dx

where the constant C; in the last expression is [ g q(z,y)dy. Therefore, the measure
that gets pushed onto S from NyN(E?)¢is C1§ at every time n when me(El)c fo—f3>

J. Let {t,}n be a sequence in Z, of all such times n, with ¢, > 7. When the integral

/S Foor(z)dz = /S Fulz)dz + C10.

Consequently, for each t,, we have,

/ftn(x)dx :/fn(x)dx—l—Clné,
s s
which implies that

/Sfd( — [ (z dx—/fd x)dx — Cind.

exceeds 0, we have that

As n — oo, the integral on the right-hand side of the equation above tends to —oo,
contradicting the fact that this integral is an upper bound on the integral of g over
S, as per (4.20). Thus, we must have that me(E}l)c fo—f¢—0asn— oo.

We will now use an induction argument to show that f( E1)e fn— f%— 0. We have

just shown that this was true for the neighborhood of S given by N; N (E})°. We
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assume that | Ne(EL)e fn— f¢— 0 for some k > 1. We will prove that this also holds
true for Ny N (EL)¢. Suppose that it is not true; then, kaHﬂ(E%V fo— f4 >0
i.0 for some 9; > 0. Again, denote the sequence of times when this happens by
{t.}n. By construction, Nj,; does not intersect S; however, Ny ; may intersect E}
(possibly a subset of Ni), to which it can push measure. We now demonstrate that
Ni11 pushes most of its measure to N N (E!)°. We have established that for any
n>T, m(NyNE!)) <m(E!\S) < e, which is arbitrarily small. Hence, m(N, N E})
must be arbitrarily small, and therefore m(Ny N (E})¢) must have positive measure.

Consequently, we have that

/ Q1 (2, Ne 1 (BL))djin ()
Npp1n(EL)e

= (x) — [z x,y)dydz
[ @t [ g

NiN(Eg)°
G [ ()= S
Niy10(Ep)e
where C), = kam(E%)cq(x,y)dy. That is, the measure pushed from Nj.; N (E})°
to Ny N (E})¢ is Cid; for every t,. Using similar arguments, we can conclude that
fNHm(E}L)C fo— f* — 0as n — oo. Since € is compact, this process of induction
must stop at a finite k. Therefore, we have that f( By fo—f¢— 0, and consequently,
g = 0, proving that f¢ is globally attractive. Since, f? — f, is strictly decreasing
on the set E} and [ f,, = 1 for all n, we can conclude that, in fact, the equilibrium

distribution f¢ is stable in the sense of Lyapunov. This concludes the proof. [
4.4 The N-Agent System

In this section, we will define the microscopic description of the system, i.e., the
model of individual agents’ state transitions, and study how it relates to the macro-
scopic or mean-field model (4.3). The following mathematical definitions are adapted

from Del Moral et al. (1998). Consider a population of N agents evolving on the state

78



space €). Let the state of each agent k at time n be given by the random variable
e Q, k={1,...,N}. Each agent transitions between states on ) according to the
transition kernel @) defined in (3.11). The N-agent system can therefore be described
as a Markov chain &, = (&}, ...,&Y) with state space Q. To a measure v € P(Q),

n’ n

we associate a measure V¥V = v x ... x v € P(QY). The empirical measure m” ()
associated with the point x = (z1,..., 2"V) € OV, where each entry 2* is the state of

agent k, is given by a normalized sum of Dirac measures associated with each agent,

N
1
N —
m" (z) = N Zéxk. (4.22)
k=1
The corresponding Markov process (&), on (QV, F,, P) is defined by

P (& € dx) = pdN (dz), (4.23)

P(&, € dzlé, 1 = 2) = (PmY (2))*N (dx), (4.24)

where dz = dz' x ... xdz", and P is as defined in (4.14). At time n = 0, the N-agent
system can be modeled as N independent random variables &}, ..., &Y with common

distribution p. At time n > 1, define pf := m™(&,). Then, p2,, is evaluated as
pins = Pm™(&,). (4.25)

Thus, from the equation above, at time n the N-agent system is modeled as N
random variables £} ... &V that are conditional on &, ; and distributed according
to Pm” (&,-1). The agents’ states are therefore not independent of one another; their
distribution is dependent on the system configuration at time n — 1. Although the
evolution of each agent’s state is not Markovian, the distribution of the N-agent
system evolves according to an interacting Markov chain. At time n = 0, )" — o as
N — o0o. At times n > 1, due to the aforementioned interaction between agents, the

law of large numbers does not apply. Thus, another method must be used to establish
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the limit gl Noge ln, Where p, evolves according to (4.3). This limit is called the
mean-field limit. The work Del Moral et al. (1998) proved this limit for systems of
the form (4.3) in which the right-hand side is continuous. In Kolokoltsov (2010),
this limit is referred to as the dynamic law of large numbers; it is proven for Markov
processes whose evolution is governed by a partial differential equation (PDE).
Since the empirical measure m” is a sum of Dirac measures, it is not absolutely
continuous with respect to the Lebesgue measure. We will “mollify” the Dirac mea-
sures in order to be able to use results from the previous section and to apply the
operators P and P defined in (4.14) and (4.16), respectively, to absolutely continu-

N is convolved with a

ous measures. Mathematically, this means that the measure m
smooth function ¢ : R — R, a mollifier, to obtain a smooth function (density). The

convolution of m”" and ¢ is carried out as

N — me:iN T — x;
pem’ = [ ooy = 53 oo ) (4.26)

The result of this convolution is a sum of smooth functions, which is smooth. Loosely
speaking, this convolution replaces each Dirac measure by a measure with smooth
density ¢. We can now apply P and P to the right-hand side of this equation. In
our simulations, we have defined ¢ as the standard bump function with a compact

support:

() pe 1),
4o — (4.27)

0, otherwise.

To change the support of ¢, we define a function ¢, on R? for some h > 0 as follows

Folland (2013):
x
() = h™¢ <E> . (4.28)
Note that [ ¢, = 1, which is independent of h. Moreover, the “mass” of ¢;, becomes

concentrated at the origin as h — 0; that is, ¢ tends to a Dirac measure as h — 0.
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Figure 4.1: Visualization of two bump functions ¢, with ~ = 0.1 and one bump
function with A = 0.05.

Figure 4.1 shows a visualization of two bump functions with A~ = 0.1 and one with
h = 0.05. Since the integral of all bump functions is 1, to compensate for the decrease
in h, the peak of the bump function with A = 0.05 is significantly higher than the
peaks of the functions with h = 0.1.

The introduction of the mollifier also has implications for the implementation of
the N-agent system in practice. For an agent with state x, given a distribution f, the
transition kernel K in (4.10) is defined such that it requires pointwise evaluation of
the function f(z) in the term a; = (f — f%)/f from (4.7). However, to evaluate the
density ¢ at its state x using (4.26), the agent must know the states z; of all other
agents whose states are within a distance h of its own. For example, if the agents’
states are their positions in space, mollification of the empirical measure implies that
each agent must estimate the density ¢ in (4.26) based on its relative distance to
all agents that are located within a neighborhood whose size is determined by the
parameter h. As h — 0, this neighborhood shrinks, and the density tends to the
Dirac measure, which is singular.

In order to derive the macroscopic (mean-field) model from the microscopic de-
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scription of the system, i.e. the dynamics of N individual agents, one typically needs
to take the mean-field limit, as described earlier in this section. Since we have intro-
duced the mollifier, a second limit needs to be proven as well. Both limits are defined

below.

1. N — oo: We now introduce a measure p that evolves according to the deter-

ministic difference equation

fimer = P(n* )i, pg € P(Q). (4.29)

Due to the introduction of the mollifier, we expect the N-agent system (4.25)

to converge to the system above, which is different from (4.3). That is,
p — ot as N — oo.

This limit is usually proven in the weak topology and can be established for
discrete-time systems using results from Del Moral et al. (1998). Applying
these results requires proving that the right-hand side of (4.3) is continuous in
the weak topology, which is significantly challenging for our system. Thus, we

will reserve this investigation for future work.

2. h — 0: The second limit proves that the solution of (4.29) converges to the

solution of (4.3); that is, for all n € Z,
=, as h— 0. (4.30)
We shall prove this convergence in the L'(-) norm in the next subsection.

4.4.1 The limit as h — 0

We prove the limit (4.30) for a dense subset of L'(Q); specifically, we consider

distributions p € P() that have L?(Q) densities. Moreover, we require f? to be
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bounded from below a.e. on (2.
Let po < m with density fo € L?(Q2). In Proposition 4.3.6, we proved that P
preserves L*(Q); that is, f,, = P"fo € L*(Q) for n € Z, Therefore, system (4.29) can

be rewritten on L?(Q2) as
m = Plons f)fn fi € 1), (431)

Since m(Q) < oo, L*(Q)) C LY(9), and therefore we will consider system (4.6) to be a
system on L*(Q) instead of L'(2). We will show that solutions of the above system

converge to those of (4.6) in the L'(€) norm.

Theorem 4.4.1. Suppose the initial conditions f and fo are in L*(Q). Let f* and
fn be solutions of (4.31) and (4.6), respectively. If f¢ is bounded from below a.e. on
Q, then

1f3 = falli =0

for anyn € Z, .
To prove this result, we need the following proposition,

Proposition 4.4.2. Let g € L*(Q). If f% is bounded from below a.e. on Q, then we

have the following convergence results:

1. For f € L*(Q),

1P(¢n+ f)g — P(f)glli =50
2. If f; =3 f in the LY(Q) norm, then
1P(f:)g — P(f)glh =F 0

Proof. (1) Let f € L*(2). Then, ¢y, * f € L*(2). By Theorem 8.14 of Folland (2013),

on* f e f in the L? norm. To prove convergence of ﬁ(gzﬁh x f) to ﬁ(f) as operators
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on L'(Q), choose g € L*(R2) (since 2 has finite measure, g € L'(Q2)), and compute

the following:

1P(6n % £)g = P(f)glls
/ P61+ Pow) ~ P(1)o(w)]| du. (4.32)
Recall that according to (4.16), P = P+ P;. We will now evaluate the integral (4.32)

in terms of the two operators ﬁl and ]52.

In (4.32), the component of the integrand that depends on P is given by:

Pu(on Nos) = Pi(7atw) = [ Alw.p)do. where
Az, y) = ag,p(@)a(@,y)9(x) — ag(@)e(z,y)g(x).
We now define the following sets:
={zeQidn* f(2)> fU2)}, Ba={z€Q:onxf(z) < fU2)},
Ey={z€Q: f(z) > f4(a)}, Bx={z € Q: f(z) < f4(a)}.
We will split the integral [, A over four sets constructed from these sets, namely,

Sl = {El N Eg},SQ = {EQ N Eg},Sg = {El N E4}, and S4 = {EQ N E4} Note that

S U Sy LSz U Sy = €. Consider the integral of A over Sy:

/ A< quloo/ Agpfg — Qfg (4.33)
FE1NE3
FE1NE3
= |lql / gbh*f_fdg—f_fdg
* EiNE3 on* f /

- onx S~ f
= llallo /E e e

II-ll2

Note that on Fy N Es, ¢, * f — f > f¢ > 0 and HdeH < 1. Since f¢ is bounded

from below a.e. on €2, we must have that H m H < 00. Continuing the computation
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from above,

poed
lalloe /E N onxf— S

onxf 7
1 d
<l |52 |5 [ onsto
h °° CEINEs
1 d
< ||q||oonH ‘fT 160 % £ — Fllallgllo

The second inequality above follows from Hélder’s inequality. Since we have estab-
lished that ||¢p * f — f|l2 — 0 as h — 0, the integral of A over S; must converge to

0. Next, we consider the integral of A over Sy:

d
A < gl / ! ff g (4.34)
E>NEs FEoNEsg
_d
< Ylalle % lgll m(Es N Es).

The second inequality follows from Holder’s inequality. In this case, we will establish
that m(Ey N E3) — 0 as h — 0, which would imply that the integral of A over S,

converges to 0. We can compute m(FE, N E3) as:

m(Ey NV Es) =m({én* f — fE <0} {f — f*>0})

=m({(¢nxf—f)+(f=f) <0pn{f—f">0})
Note that,

{(gnxf =)+ (f =) <0} C{(dn*f—f) <0}
Continuing the computation from above,

m(Ey N Es) <m({¢n f — f <0}n{f—f">0})

=m({¢n* f—f<0}n{f—f'>0})

By Proposition 2.29 of Folland (2013), since ¢y, * f — f — f in the L? norm as h — 0,

then ¢p, * f — f — f in measure; that is, m({¢p * f — f < J}) — 0 as h — 0 for every
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d > 0. Therefore, we must have that m(Ey; N E3) — 0 as h — 0, and consequently,

the integral of A over Fy N E3 must converge to 0. Now, consider the integral of A

over Ss:
onxf—f
A 0 —_— 4.35
E/E <l [P (4.39
1
< lalle |55 |t w7 = 1m0

The second inequality follows from Holder’s inequality. Since we have that ||¢, * f —
fll2 = 0 as h — 0, the integral of A over £y N E, converges to 0. Finally, the integral

of A over Sy is trivially zero:

/ A= / Ay rfg — ayg = 0. (4.36)
E2NEy EaNEy

Thus, we have shown that [, A — 0 as h — 0.
Returning to the integral (4.32), the component of the integrand that depends on
P is given by:
Pyl * Ng(y) — Pa(Hg(y) = (1= ag,5 (1) 9(y) — (1 = as(y)) 9(y)
= a5(¥)9(y) — ass(y)9(y) := B(y). (4.37)
This term is equal to the integrand of each of the four integrals considered in (4.33)-
(4.36). Since we showed that each of these integrands tends to 0 as h — 0, we must

have that B(y) — 0 as well.

We can now evaluate (4.32) as

P60 Ng - Pall = [ \ / A(x,y>dx+B<y>\dy

),

Since we have shown that both [, A — 0 and B(y) — 0 as h — 0, the outer integral

/ A, y)de + B<y>' dy.
S1USoLS3LIS,

converges to 0 as well, and we have our result.

(2) The proof of this result is similar to the proof of result (1). O
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Remark 4.4.3. Proving convergence of the operators ﬁ(gbh x f) and ﬁ(fz) (as op-
erators on L') in the standard topologies, such as the operator morm or the strong
operator, would have required us to prove both results in the above proposition for
any g € LY(Q), which is quite challenging for our system. Since we have established
that f, = P"fy is restricted to L2(Y) for any initial density fo € L%(Q), choosing

g € L*(Q) is sufficient to prove Theorem 4.4.1.

We can now prove Theorem 4.4.1.
Proof of Theorem 4.4.1. To prove this result, we will use an induction argument.

For n = 1, we have that

flh = ﬁ(% * fo)fo;
fi = P(fo) fo-

Then, by statement (1) of Proposition 4.4.2, || f7— fill, = [|P(¢n* fo) fo—P(fo) foll. —
0 as h — 0. Assume that this is true for some n > 1; i.e., ||f? — full1 — 0 as h — 0.

We will show that this limit holds true for n + 1 using the following computation:

£y = foall = || Plon 5 12015 = POt ]|

= |[(P(on* fV 1= P + (P(fa) £h = P(f2) fa)
= |[(P(¢n % £2) = P(f))fh + P2 = fa)
(P(¢n+ ) = P(fa)) S

1

1

[P = 1)

IN

1
The bracket (f" — f,) in the second term converges to 0 as h — 0 due to our

assumption. Considering the first term, we observe that:

lim lim ﬁ(qﬁh x ) = lg(fn)

F1 5 fn B0
This follows from the fact that the inner limit tends to P(f) by statement (1) of

Proposition 4.4.2, and the outer limit lim_,, P(f") tends to P(f,) by statement
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(2) of Proposition 4.4.2. Therefore, the bracket P(¢y, * f*) — P(f,) in the first term

tends to 0 as h — 0, and hence we have our result. [
4.5 Simulations

In this section, we present numerical solutions of the mean-field model (4.3) and
simulations of the corresponding N-agent system. We provide verification via these
simulations that as N — oo, the simulations of the N-agent system (stochastic sim-
ulations) approach the solution of the deterministic system (4.3).

In the example below, we define the agent state space 2 C R? as the unit square
[0,1] x [0, 1], representing a physical domain in which the agents move. The target
distribution, shown in Fig. 4.2, is set to f¢ = sin®*(2ra!)+sin?(27z?), where [2! 22T €
2. The initial distribution is set to the Dirac measure at (0,0). We consider a

nonlinear vector field F' in system (4.1) that represents a unicycle model:

11 1 2
T, = T, + u, cos(uy),

22 = 22 4 up sin(ul). (4.38)

Here, z,, = [z}, 22]7 € Q and u,, = [u}, u2]" € U. The set of control inputs is defined
as U = [0,0.1] x [0,27]. This map F' satisfies all the required conditions stated in
Section 4.3.

To simulate the mean-field model (4.6), we use Ulam’s method that was introduced
in Chapter 3. We need to discretize both 2 and U. The set 2 is partitioned into
Ny € Z, sets, Q= {Q1,...,9Q,,}, where Q = U=, Q; and the sets €; have intersections
of zero Lebesgue measure. The set of control inputs U is approximated as a set of
n, € Z, discrete elements, U= {v1,...,0n,}, where v; € U for each i.

We now define the discretization of the mean-field model (4.3). Let pu € P(Q)

and j € Z, and let p? be the discretization of f¢ on Q. Let P € R™*™ be the
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Figure 4.2: Target distribution f¢

discretization of the operator P defined in (4.14). Then the discretization of system

(4.3) is given by:

Pnt1 = P, (4.39)
Pu(j) =Y au(i) > ka plyn(i) + (1 — a,(i)nlj),
i€ leJg

where a,, (i) = (u(i) — p?(i))/u(i) if p(i) — pd(i) > 0, and a,(i) = 0 otherwise. Figure
4.3 shows snapshots of the simulation of this system at several times n.

Algorithm 1 presents the program that simulates the evolution of agents over a
domain €2 with a control set U, until a specified final time 7;. An agent considers
another agent to be its neighbor if their relative distance is less than h, the parame-
ter of the bump function ¢, described in the previous section. We denote the set of
neighbors of agent & at any given time by A/ (k). At every time step, each agent com-
putes the value of the bump function based on the relative distances of its neighbors.
Computation of the bump function is provided in Algorithm 2. Note that C' in Line
4 is a normalizing constant which is chosen to ensure that ® is a probability density.
Figures 4.4-4.7 show snapshots of the N-agent simulation for agent population sizes
of N =100, 500, and 1000, with A = 0.1 in the first three figures and 0.05 in the last
figure.

We first investigate the effect of increasing N while keeping h fixed on the time
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Algorithm 1 Simulation of N agents
1: Input: Q, U, k, F, N, f% h, T}

2: Initialize n = 0,a* = 0,2f € Qforall k=1,..., N
3: while n <7 do

4: for k=1:N do

5: s=0,y=ak > y denotes current location of agent k
6: for all j € N(k) do > N (k) := {agents within distance h of k}
T: z=ua)

8: s =s+ PHI(y, z, h)

9: end for

10: ) = xS

11: if f.(y) > f%(y) then

13: end if

14: if a* > 0 then

15: Draw v uniformly from (0, 1)

16: if v < a* then

17: Draw u ~ k(y,-) from U

18: y = F(y,u)

19: end if

20: end if

21 Tyl =Y

22: end for

23: n=n+1

24: end while
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Algorithm 2 Evaluation of the local bump function
1: function PHI(y, 2, h)

2 = [ly — =ll2

3: if % < 1 then

4: = %% exp (ﬁ) > C' := Normalizing constant
5 end if
6: return ¢

7. end function
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Figure 4.3: Snapshots of the simulation of system (4.39) at several times n.
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Figure 4.4: Snapshots of a stochastic simulation of N = 100 agents, with h = 0.1,
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Figure 4.5: Snapshots of a stochastic simulation of N = 500 agents, with h = 0.1,
at several times n.

91



(a) n =50 (b) n =200 (c) Density at time n = (d) n = 2000

500

Figure 4.6: Snapshots of a stochastic simulation of N = 1000 agents, with h = 0.1,
at several times n.

(a) n =50 (b) n =200 (c) n =500 (d) n = 2000
Figure 4.7: Snapshots of a stochastic simulation of N = 1000 agents, with h = 0.05,
at several times n.
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Figure 4.8: Time evolution of the 2-norm of five randomly selected agents’ states in
each of the N-agent simulations.
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Figure 4.9: First and second sub-figures show the time evolution of the 2-norm of
five randomly selected agents’ states in two N-agent simulations with different values
of N and h (snapshots of corresponding stochastic simulations not shown); Third
and fourth sub-figures show snapshots at time n = 2000 of stochastic simulations of
N = 1000 agents with different values of h.
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evolution of the simulated N-agent system. Figure 4.3 shows that as time n increases,
the mean-field model indeed converges asymptotically to the target distribution in
Fig. 4.2. We observe that the convergence slows down significantly after time n = 500.
Following our discussion in Section 4.4, we expect the stochastic simulations of the N-
agent system to converge to the discretization of system (4.29) in the limit N — oc.
Although system (4.29) is different from the system (4.3), note that the solutions
of the two systems (4.3) and (4.29) converge in the limit A — 0. The snapshots in
Figs. 4.4-4.6 show that as the population size N is increased with a fixed value of h,
the agent distribution in the N-agent simulation approaches the solution of system
(4.39), plotted in Fig. 4.3. In all three figures, the agent distribution converges to a
discrete approximation of the continuous target distribution.

Next, we study the effect of N on the frequency of agent state transitions. For
each of the N-agent simulations shown in Figs. 4.4-4.7, Figs. 4.8a-4.8d plot the
time evolution of the 2-norm of five randomly selected agents’ states. The plots
in Figs. 4.8a-4.8c show that the agents’ frequency of state transitions significantly
decreases with increasing N; the agents eventually stop transitioning between states
(i.e., stop moving) for both N = 500 and N = 1000. This trend can be attributed to
our approximation of a continuous distribution by a discrete function representing the
state of the N-agent system. For low values of IV, the resulting coarse discretization of
f¢ might yield an operator P (¢p* ) that is not a sufficiently accurate approximation
of ﬁ( f%) = I, the condition that stops agent state transitions. Higher values of N
produce a finer discretization of f¢, which improves the accuracy of the approximation
of 15( f%) = I. This validates our claim that control policies designed for the mean-
field model can be implemented on a population of individual agents to achieve a
target distribution, as long as this population is sufficiently large.

Finally, we investigate the effect of reducing h while keeping /V fixed. Similar to the
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agent distribution in Fig. 4.6 (h = 0.1), the agent distribution in Fig. 4.7 (h = 0.05)
approaches the solution of (4.39) shown in Fig. 4.3 as N increases. However, the
relative closeness of the distributions in Figs. 4.6 and 4.7 to the distribution in Fig.
4.3 is not apparent from the figures. This can be explained by noting that in this
case, we are holding N constant and decreasing h, thereby reversing the order of limits
that we considered in Section 4.4. There is no mathematical guarantee that the limits
commute, and hence, we do not necessarily expect that with reduced h, the N-agent
simulations will more closely approach the solution of (4.39). Moreover, a lower value
of h for a fixed N yields a smaller neighborhood in which each agent evaluates the local
density, which can produce a less accurate approximation of ]5( f4) = 1. As explained
previously, this can result in persistent agent state transitions, which are evident in
the simulation of N = 1000 agents when h is reduced from 0.1 (Fig. 4.8¢) to 0.05 (Fig.
4.8d). Increasing h, on the other hand, can result in the eventual cessation of agent
transitions in smaller agent populations N. This is demonstrated in Figs. 4.9a-4.9b,
which show that when h is increased from 0.2 to 0.25, the population of N agents
stops transitioning for a lower value of N. The snapshots of stochastic simulations
for N = 1000 at time n = 2000 in Figs. 4.6d, 4.7d, 4.9¢, and 4.9d demonstrate that
the agent distribution becomes smoother as h is increased, due to the smoothening
effect of the mollification.

The results presented within this chapter are part of Biswal et al. (2020c,a).

94



Chapter 5

DISCRETE-TIME MARKOV CHAIN MODELS ON COMPACT MANIFOLDS

In this chapter, we consider discrete-time Markov chains (DTMC) that evolve on
compact, smooth, connected manifolds without boundary. We focus on stabilizing
and optimizing the convergence rate of a DTMC to target probability measures that
are positive almost everywhere on the manifold and that are absolutely continuous
with respect to the Riemannian volume, with L Radon-Nikodym derivatives. Our
primary motivation stems from applications in multi-agent control systems; specif-
ically, the problem of distributing an ensemble of identity-independent agents on a
state space of choice.

A standard assumption in the literature on multi-agent control is that the state
space of the agents is Euclidean. However, the state spaces of many mechanical sys-
tems are naturally represented as manifolds (Marsden and Ratiu, 2013). Some works
have extended multi-agent control approaches on FEuclidean spaces to manifolds; for
example, consensus strategies on manifolds are presented in (Sarlette and Sepulchre,
2009), respectively.

From here on, therefore, we consider the problems addressed in the Chapter 3,
wherein the state space was a compact subset of a Euclidean space, for state spaces
that are manifolds. As we will see, most of our results in Chapter 3 carry straight-
forwardly to the results here.

5.1 Notation

Here, we introduce notation that is specific to the case when the state space is

a manifold. We denote the state space by M, a d-dimensional smooth, compact,
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connected manifold without boundary. Let T, M denote the tangent space of the
manifold at x € M. We assume that M is equipped with a bi-invariant Riemannian
metric of g : TM x TM — R, where TM = UgerT,M denotes the tangent
bundle of the manifold M. In particular, the natural measure associated with the
Riemannian manifold, known as the Riemannian volume, will be denoted by m,. Let
dy : M x M — R, denote the Riemannian distance on M x M. For x € M and
h >0, let By(x,h) ={y € M; dy(z,y) < h} denote the ball of radius h centered at
x. We denote the space of probability measures on M by P(M).

Consider the Hilbert space of real-valued square integrable functions L*(X,m).
The dual space of this space is itself. For z,y € L*(X,m), (z,y) = [ zydm defines
an inner product on L*(X,m). The weak topology on L*(X,m), denoted as w, is the
topology defined by the family of seminorms {p,~ : z* € L?(X,m)}, where p,-(z) =
|(z, z*}|. The weak* topology, denoted as w*, is defined on the dual space L*(X,m)
by the family of seminorms {p, : € L*(X,m)}, where p,(z*) = |(x,z*)|. The weak
operator topology (WOT) on B(L?(X,m)), the space of linear bounded operators that
map L*(X,m) to L*(X,m), is defined by seminorms {p,, : x,y € L*(X,m)}, where

Pey(T) = [{(Tx,y)| for T € B(L*(X,m)). Convergence in this topology is as follows:

(1) “BT = (Tz,y) — (Tx,y), Y,y € L*(X,m).

5.2  Problem Formulation

We begin by stating our assumptions. We consider measures in P(M) that have
square integrable Radon-Nikodym derivatives with respect to m,; this assumption
gives us the advantage of working on a Hilbert space, L*(M, m,), which significantly

simplifies the analysis. Consider the following discrete-time flow on the space of
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probability densities L*(M, m,):

fox1=Pfn, n=0,1,2, ...

fo € L*(M,m,), (5.1)

where P : L*(M,m,) — L*(M,m,) is the induced forward operator. To define P, let
K : MxB(M) — [0,1] be a transition kernel. To ensure that P preserves probability

densities, we impose the following property on K:
/ K(x, M)dm,(z) =1, for mg-a.e. x € M. (5.2)
M

Using system (5.1), we define a discrete-time Markov chain (DTMC) & =
{®, P1,...} on M that describes an agent’s dynamics on the state space. The
Markov chain induces a probability measure P on M, defined as follows: P(E) is
the probability of the event {® € E}, where E € \/;2,B(M;) (the product sigma
algebra) with M; = M for each i € Z,. For every n € Z,, we say that the ran-
dom variable ®,, is distributed according to p,, the measure corresponding to f,, if
P(®,, € E) = pu,(E). Suppose that ®,, is the current agent state and is distributed
according to u,. Then the Markov property implies that @, is distributed according
to ptna1, where the density f,y1 corresponding to p,41 is given by (5.1).

The action of P on a function f € L?*(M,m,) can be represented as follows: for

E € B(M),

/E(Pf ©)dmy (@ / K (2, B)f(x)dm,(x). (5.3)

If K is regular, then we can obtain an explicit expression for P, rather than defining
P through (5.3). Defining k : M x M — R, as the kernel function of K, we have
that k € L®(M x M, m, x m,). From (5.3), we obtain the following: for y € M and
f e L*(M,m,),

PIw) = [ ) f(a)dmgo) (5.4
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Operators of this form are called integral operators (Conway, 2013). The function k
is called the kernel of the integral operator.

We will first consider the problem of stabilizing system (5.1) to a target density.

Problem 5.2.1. Given a target density fq € L>®(M,my), determine whether there

exists a transition kernel K : M xB(M) — [0, 1] such that (5.1) satisfies lim P"fy =
n—oo

fa for all initial densities fo € L*(M,my), where the forward operator P is defined

in (5.3).

This problem will be addressed in Section 5.3. When the state space M is a Lie
group, we can in fact show the existence of a regular transition kernel K, in which
case P is defined in (5.4).

Given that there exists such a transition kernel, we then address the problem
of choosing the transition kernel that optimizes the convergence rate (mixing rate)
of system (5.1) to the target density. As in the Euclidean state space case, the
convergence rate is characterized by the L? spectral gap. Toward this goal, we will
prove the existence of a spectral gap for P. Further, we will prove in the next section
that 1 is the unique largest eigenvalue of P, which implies that P is stochastic, as in
the case of DTMCs that evolve on a discrete state space. Let A\o(P) be the eigenvalue

of P with the second-largest modulus.

Problem 5.2.2. (Optimization of convergence rate) Let K be the set of all
Markov kernels defined on M x B(M) — [0, 1] that each correspond to a well-defined
bounded operator on L*(M,m,). Given a target density fq € L>(M,m,), determine

whether the following optimization problem admits a solution:
in |\ (P
wmin o P)]

subject to the constraint Pfy = fy, where P is the forward operator (5.3).
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5.3 Existence of a Solution to Problem III.1

We closely follow the steps that are laid out in Section 3.4 for the case of a
Euclidean state space. Let a target density f; be given that is strictly positive almost
everywhere on M and satisfies fy, i € L>®(M,my,). In this section, we will prove
the existence of an operator P that has f; as its fixed point, i.e., Pf; = f4.

We will first address the problem for the case where the state space is M, a
compact manifold. We define a regular kernel K associated with a kernel function &

as
XBy(z,h)

K, dmy(y)) = Ko y)dmg(y) = Z=t C50s

dmy(y) (5.5)

for all z,y € M, where X is the characteristic function. This transition kernel
induces the Markov chain known as the “ball walk” (Lebeau et al., 2010). Let S :
L*(M,m,) — L*(M,m,) be the operator defined by this transition kernel as per
(5.4),

S5) = | ko) f@ydmy(@). | € 2M.m,)

The resulting Markov chain has the invariant measure my(By(x, h))dmy(y), i.e., Sfr =
fr with fr(z) = my(By(x, h)) for all z € M. Note that in the case when M is a Lie
group, S is a self-adjoint operator.

Recall the definitions of irreducibility and primitivity of an operator from Section
3.4. We will now establish some fundamental spectral properties of the operator S.
For small h > 0, these results were demonstrated in Lebeau et al. (2010) using the
theory of pseudodifferential operators, along with precise quantitative estimates of
Ao(.S). Here we sketch an alternative proof, using basic functional analytic principles,
that S has a spectral gap for arbitrary h > 0. We again invoke the Jentzsch-Perron
theorem, Theorem 3.4.8, to establish the simplicity of the eigenvalue 1.

We can now state the following theorem.
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Theorem 5.3.1. The operator S is compact and S fr = fr, where fr € L>(M,m,)
s given by

fx(x) = Cmy(By(z, h)) (5.6)

for all v € M. Here, C is a normalizing constant such that [, fr(x)dmg(z) = 1.

Moreover, r(S) =1 is a simple eigenvalue of the operator S, and |Ao(S)| < 1.

Proof. The operator S is compact since it is an integral operator with an essentially
bounded integral kernel k (Proposition 11.4.7, Conway (2013)). Let 7 denote a mea-
sure that is absolutely continuous with respect to m, with density f,. In addition, let
My, : L*(M,m,) — L*(M,7) be a multiplication operator, defined as My, g = frg.
Since fr € L>®(M,m,), My, is bounded and well-defined (Theorem II.1.5, Conway
(2013)). Consider the operator S : L*(M,m,) — L*(M, ) that is given by

S =M;'SMy. . (5.7)

The operator S is an integral operator with integral kernel ¢, defined as

. k(z,y) fx(2)
qg= —fﬂ(y) ) (5.8)

Then it follows from the proof of Proposition 3.3.5 that Sisa contraction, and hence

A

r(S)=r(S) =1

To establish that |[A2(S)| < 1, we consider the set Uj = {z} for each z € M
and inductively define the sets U;, = Uycy=_ By(y, h) for each m € Z,. Since the
manifold M is compact, there exists n € Z,, independent of x € M, such that
M = UZE. From this, it follows that if f € L*(M,m,) is a non-zero non-negative
function, then S™f is positive almost everywhere on M. Hence, from Theorem 6.1
of Grobler (1995), it follows that the operator S is primitive, and the only eigenvalue
of S with modulus 1 is r(S). This last observation can also be concluded from the

fact that S is self-adjoint. Using the fact that S™f is positive almost everywhere on
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M if f € L*(M,m,) is a non-zero non-negative function, we can conclude that S is
irreducible. We can now invoke 3.4.8 to conclude that the eigenvalue 1 is simple, and

hence that |Ay(S5)| < 1. O

In the case that M is a Lie Group (Lee, 2001; Kirillov, 2008), the invariant measure
characterized by f. can be described explicitly under a particular condition on the
metric g. Let z -y denote the right-translation of x € M by y. Similarly, y-x denotes
the left-translation of x by y. If the metric g is bi-invariant, then the distance d,
is invariant under translations, i.e., dy(z - y,y - 2) = dy(z,y) = dy(z - z,z - y) for all
x,y,z € M. In this case, the invariant measure coincides with the Riemannian volume
mg, or more specifically, the Haar volume. Due to the bi-invariance of the metric, it
follows that for each z,y € M, By(x -y, h) = By(z,h) -y := {2 -y, z € By(x,h)}.
Similarly, for each z,y € M, By(y-x,h) = y-By(z,h) :={y-2, 2 € By(x, h)}. Hence,
we have that my(By(z,h)) = my(B,(e,h)) = 271 - my(By(z,h)) = my(B,(x,h)) - 7
for all z € M, where e € M is the unique identity element of M. Therefore, Theorem

5.3.1 can be rewritten for Lie groups as follows.

Theorem 5.3.2. Let M be a Lie Group such that the metric g is bi-invariant. Then
S LA (M,mgy) — L*(M,my) is a compact operator, and S1 = 1. Moreover, S has a

spectral gap, and hence [\2(S)] < 1.

Our goal is to construct an operator P that has f; as its fixed point. Toward this

end, we define a multiplication operator D : L*(M,m,) — L*(M,m,) as D(g) = %.

Since ]}—Z € L>*(M,m,) (note that f, is bounded from below), D is well-defined and

bounded. We define P as
P=(S—-1DNeD+1I, 0<e<<1, (5.9)

where I is the identity operator on L?(M,m,).
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Remark 5.3.3. For ¢ small enough, P is a positive operator.

We note that since the identity operator I is not compact, P is not compact, and
therefore it cannot be represented as an integral operator (5.4) with an L? kernel.
Instead, we will show that P can be represented as (5.3) with a Markov kernel @ :
M x B(M) — [0,1]. Unlike the kernel K in (5.5), @ is not regular. From (5.9), we

can write this kernel as follows:

Qz,E) = /Ek(a:, y)a(x)dy + (1 — a(z))d.(E),z € M, (5.10)

where £ € B(M), a(z) = %, and 9. is the Dirac measure. This can be easily
confirmed to be a Markov transition kernel. Next, we establish properties of the
spectrum of the new operator P. The proof of the result closely follows the proofs of

Theorems 3.4.12 and 3.4.13, and hence we will omit the proof here.

Proposition 5.3.4. The operator P defined in (5.9) satisfies P*1 = 1, Pfqy = f4.
The eigenvalue 1 is algebraically simple, isolated (i.e., is not a limit point), and
coincides with the spectral radius of P. Furthermore, for ¢ small enough, and with

frs fa bounded from below, P is primitive.

The construction of P concludes our discussion on the existence of an operator
that has a unique fixed point at f;. We note that such an operator P is not necessarily
unique. Next, we move on to optimizing over all such operators in order to maximize

the convergence rate of system (5.1) to fjy.
5.4  Formulation of the Optimization Problem

As we did for the case of a Euclidean state space, in this section, we present a
solution to a relaxed version of Problem 5.2.2. Recall our assumptions that f; is in
L>(M,my,) and is a.e. strictly positive on M. Let p14 be a measure that is absolutely

continuous with respect to m, with density f;.
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Instead of constructing P, we will pose this optimization problem for P =
M, 'PM;,, defined as in (5.7), which has the same spectrum as P. The advantage here
is that P is doubly stochastic, which simplifies the formulation of the optimization
problem. Recall that we are bounding from above the modulus of the second-largest
eigenvalue, as is expressed in (3.36).

We now formulate the optimization problem. The optimization variable is the
transition kernel function K in the definition (5.3) of P. The relationship between P

and P is enforced as constraint (5.12) in the optimization problem, defined below.

m}én Hp(K) o Proj;1 (5.11)
subject to

P = M;'PMy,, (5.12)
K(z,E) >0 VYreM, E e B(M), (5.13)
Kz, M)de=1 VYre M, (5.14)

M
/ Fa)K (2, dy) = falz) Ve M, (5.15)

M
K(z, M\By(z,r)) =0, VYxe M. (5.16)

The constraints (5.13), (5.14) ensure that K is indeed a transition kernel. Constraint
(5.15) ensures that f; is the stationary distribution of P. Equation (5.16) imposes
a localization constraint on the corresponding Markov chain; that is, starting from
any point x € M, the probability of choosing a point lying outside a ball of specified
radius r is zero. This constraint captures physical limitations on an agent’s motion
as it traverses the state space, which restrict the agent to moving a distance bounded
by r in a single time step.

We will discuss the convexity of the optimization problem in the next section.
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5.5 Optimal Solution

In this section, we show that an optimal solution to the optimization problem
(5.11)-(5.16) exists. In order to show this, we must prove that the set of decision
variables, which will be defined shortly, is compact in some topology and that the
objective function (5.11) is continuous on this set with respect to the chosen topology.

We begin with a definition. Operators that are described by expression (3.2),
where the kernel is not necessarily regular, are called pseudo-integral operators
(Sourour, 1979); integral operators form a subset. Suppose that (X, N, u) is a fi-

nite Borel measure space.

Definition 5.5.1. A bounded linear operator T : L*(X, u) — L*(X, ), where j is a

kernel, is called a pseudo-integral operator if T is given by the expression

T9)@) = [ Fwnle.dy), m-ae (5.17)
for every f € L*(X, ).

Remark 5.5.2. In fact, the kernel is uniquely determined by the operator in the sense

that if v(x,dy) satisfies (5.17), then u(x,-) = v(z,-) for m-almost every x.

The following result (Theorem 3.1, Sourour (1979)) will be used in our upcoming

discussion.

Theorem 5.5.3. Let T be defined as in (5.17). Then T is a pseudo-integral operator

with a positive kernel if and only if T is a positive operator.

The decision variable in the optimization problem is the transition kernel K.
However, in view of the remark and theorem above, we shall instead define a set of

operators that satisfy the optimization constraints and identify the transition kernels
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with these operators. This formulation will significantly simplify our analysis. To

begin, we define the following set.

P = {P : L*(M,m,) — L*(M,m,) is a pseudo-integral operator with a kernel
K:MxBM)—10,1], PL=1, P*f;= f; for fs € L*(M,m,),

Pf(x) = /B ( )f(y)K(:p,dmg(y)) for x € /\/l} (5.18)

Here, the constraint Pf(-) = [ B I (-,dmy) is equivalent to the condition
K(z, M\By(z,r)) = 01in (5.16). For sufficiency, we obtain this condition by choosing
f to be the constant function 1. The necessary direction is straightforward to prove.
Note that the set & is defined in terms of operators that are of the form (3.2) due

to the statement of Theorem 5.5.3, which involves operators of the form (5.17).
Proposition 5.5.4. The set & is closed in the WOT topology.

Proof. Let (P;); be a sequence in &, and suppose that (P;); converges to P in WOT.
We will show that P € &. WOT convergence implies that (P;f, g) mE (Pf,g) for
all f,g € L*(M,m,). In particular, take f = 1. Since P;1 = 1 for all i, we have
that (P1,g) = (1, g) for all g # 0, which implies that P1 = 1. Similarly, P*f; = f,.
We now show that P is a positive operator. Suppose that f,g € L*(M,m,) are
positive functions. Then, P, f is non-negative for every 1. Since R, is closed, the limit
(Pf,g) must be non-negative, which implies that P must be a positive operator.
From Theorem 5.5.3 and the condition P1 = 1, we conclude that P must be a
pseudo-integral operator with a kernel K taking values in [0, 1]. We now consider the
last constraint in the set (5.18). Let f,g € L*(M,m,) be positive functions. Again,
from the definition of the WOT topology, we have that lim;((P, — P)f, g) = 0; that is,
lim, fM(B- — P)fgdmg, = 0. Since P;, P are positive operators, this implies that (P, —

P)fg — 0in L'. Therefore, there exists a subsequence such that lim;((P;);—P)fg = 0
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a.e. (Folland, 2013). Since g is positive, this implies that lim;((F;); — P)f = 0 a.e.
Finally, for all ¢ and fixed x € M, (P, f)x is non-zero over the set By(x,r), and since

f is positive, we conclude that the limit P f(z) must be zero everywhere outside the

ball By(x,r). Hence, P € Z. O

Remark 5.5.5. We note that & is a set of operators of the form (3.2), whereas
we are interested in the adjoints of these operators, which are of the form (3.1).
Therefore, we require that 27* := {T*,T € P} be closed in the WOT topology, which

follows from the fact that the map P — P* is WOT continuous.

Since the optimization problem is a minimization problem, it is sufficient for us to
prove that the objective function is only lower-semicontinuous, rather than continu-

ous. We prove this in the following proposition.

Proposition 5.5.6. The map P — ||M]7leMfd o Projqy1 || is lower-semicontinuous

on & and convez.

Proof. 1t is clear that the map P — M]alPMfd o Proj,. is continuous. Further, by
Problem 109 in Halmos (2012), the operator norm is weak* lower-semicontinuous on
the dual space L*(M,m,). We observe that the objective function is a composition of
a lower-semicontinuous function and a continuous function, and is therefore a lower-
semicontinuous function on &. Convexity follows from the fact that the objective

function is defined as a norm function. O]

We can now state the following result, which proves the existence of an optimal

solution.
Theorem 5.5.7. The optimization problem (5.11)-(5.16) has an optimal solution.

Proof. We know that the unit ball in B(#) is compact in WOT (Theorem 5.1.3, Kadi-

son and Ringrose (1997)). In addition, Theorem 5.3.1 guarantees the existence of an
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operator P that satisfies the constraints of the optimization problem, and is therefore
an element of & and is bounded. The optimization algorithm will hence generate
bounded operators with norms that do not exceed the norm of P. Accordingly, these
operators will form a bounded subset of &, which we will refer to as &?’. Since &
is closed in WOT by Proposition 5.5.4, we conclude that &2’ is closed and bounded
in WOT, and is therefore compact in WOT. By Theorem 5.5.3, we can identify a
positive kernel K with each pseudo-integral operator P. Therefore, the set of kernels
K that satisfy the constraints of the optimization problem is compact in the topology
induced by this bijective identification. We denote this set by K'.

Finally, in view of Proposition 5.5.6, the infimum of the map K
||M£1P(K)Mfd o Projy1 || over the set K’ can indeed be achieved; that is, there exists

an optimal (minimal) solution. O
5.6 Special Case

In the case where M is a Lie group and f; corresponds to 1, the uniform dis-
tribution, we know that there exists a regular transition kernel K, defined in (5.5).
Then, the optimization problem (5.11)-(5.16) can be posed in terms of the kernel
function k. In this case, i.e. when M is a Lie group and f; = 1, we can expect an
exact minimization of the second largest eigenvalue modulus of P. This is because
the inequality in (3.36) is in fact an equality when the operator Pis self-adjoint, and
we have shown that there exists at least one solution to the optimization problem,
the operator S constructed in Section 5.3, that is self-adjoint. In this subsection, we
outline a proof of the existence of the optimal solution in this case.

Let ¢ be a positive constant and r be the radius in constraint (5.16). In contrast to
our approach for the general case, in which we identified the kernels K (the decision

variables) with a set of operators P, here we can directly define a set of L> kernel
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functions, denoted by I, that satisfy the constraints of the optimization problem:

K= {k € LM x M,my; xmy) : 0 <|k|lw <ec, / k(z,z)dmgy(z) =1,
M

/ k(z,y)dmgy(z) =1,k(z,y) = 0if dy(x,y) >r Va,y € ./\/l} (5.19)
M

Now, K is the set of decision variables.

Proposition 5.6.1. K is compact in the weak™ topology and is convew.

Proof. Since M has finite measure, we have that X C L®(M x M,m x m) C
L*(M x M,m x m). First, we will show that K is closed and bounded in the
topology induced by the || - |2 norm. Let (k;); € K be such that k; Wz 7 That is,
[ |ki—k|*> — 0. We will show that k € K. It is straightforward to show that the limit &
must satisfy 0 < ||k||e < c. Next, we observe that | [(k; — k)| < [ [k;—k| < ||k — k||
(by Holder’s inequality). Therefore, we have that | [(k; — k)| — 1, which implies that
[k =1. We now consider the last constraint in (5.19). Note that k;(z,y) = 0 for all
z,y € M such that d,(x,y) > r. Since k; — k in || - ||2, there exists a subsequence
(ki;); that converges to k mg-a.e. It then follows that k(z,y) = 0. Hence, K is
closed in the || - || norm. The boundedness of K follows trivially from the condition
1ECs ) oo < e

The convexity of K follows from brief algebraic computations which show that the
constraints in (5.19) are convex. An application of Mazur’s theorem (Proposition 12.2,
DiBenedetto (2002)) proves that K is closed in the weak topology. On the real-valued
function space L?, this implies that K is in fact closed in the weak* topology. Finally,
we obtain our result by applying Alaoglu’s theorem (Corollary 3.15, Clarke (2013)),

which states that a set that is weak® closed and bounded is also weak* compact. [J

In the proposition below, we will prove lower-semicontinuity of the map considered

in Proposition 5.5.6.
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Proposition 5.6.2. The map k — ||Mf_le(k)Mfd o Projq1 || is weakly lower-

semicontinuous on IC and convez.

Proof. Let (k;); € K be such that (k;); — k € K in the weak® topology. Let

P, P € B(L*(M,m,)) be the corresponding operators defined by k; and k, respec-

tively. Consider the WOT topology on B(L*(M,m,)). We will show that P, — P
1—>00

in WOT. Convergence in WOT entails showing that (P, f,g) — (Pf,g) for all

f,g € L*(M,m,), which implies that:

/ / i) f(@)g )y (z)dmy(y) =3 / / Kz, ) F(2)g(y)dmy (x)dm, (1),
MJIM MJIM

The tensor product for functions f,h € L*(M,m,) is denoted by f @ h: M x M —
R, which is defined as f ® h(z,y) := f(x)h(y). By exercise 1.4.25 of Tao (2010),

f®@h e L*(M x M,m, x my). Therefore, the equation above can also be written as

/ EEOF @S [ k(@ g)(=)de
MxM MxM

This is exactly the definition of convergence of (k;); to k in weak*. Therefore, we have
that (P;); — P in WOT. The rest of the proof is similar to the proof of Proposition

5.5.6. O

In conclusion, the objective function is weak* lower-semicontinuous on the com-

pact set IC, and therefore the infimum of the objective function can indeed be achieved.
5.7 Numerical Optimization

In this section, we present a numerical approach to solving the optimization prob-
lem (5.11)-(5.16). As stated previously, we assume that the state space M is a
compact smooth connected manifold, without boundary, of dimension d. The subset
M is partitioned into N € Z., sets, M = {AM,... , My}, where M = UY | #; and

the sets .#; have intersections of zero Riemannian volume. We define an equivalent
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of the transition kernel K for this discretized state space. Let l;:ij be the probability

of jumping to .Z;, given that the system state is in .#;. This probability is given by,

We define K as the matrix [kij]; jez, where T = {1,..., N}. We use K to construct
an approximating Markov chain on the finite state space Z. Let G = (Z,&) be a
graph defined on Z with edge set & = {(4,J) : i,j € Z, /;:Z-j > 0}, which specifies the
transitions of the Markov chain. An edge (i,7) is in the edge set £ if the distance
between the centers of .#; and .#; does not exceed r, as per the constraint (5.16).

Let u € P(M) and P € M(RY), the space of real-valued matrices. Then P

defined below is equivalent to the operator defined in (5.3):

(Pu)(j) =Y ki), jeT. (5.20)

i€T
Let pq € 73(//\/7 ) be a desired distribution that is positive on M , and define a diagonal
matrix My = diag(ua).
We can now formulate a finite-dimensional quadratic program that is equivalent

to optimization problem (5.11)-(5.16) as follows:

- 117
subject to
P = M;'PM,, (5.22)
(Pu)(§) = Y k(i) ¥j €L, ¥u € P(M), (5.23)
€L
k;y >0 Vi,jeT, (5.24)
Kl1=1, (5.25)
pal = puq, (5.26)
k=0 Y(i,j) ¢E. (5.27)
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(a) n= (b) n=10 (¢) n=235 (d) Target measure fiq
Figure 5.1: Simulation of the system (5.28) at different times n.
Note that 1 in (5.21) is a vector in RY. The constraint in (5.22) ensures that the
matrix P is bistochastic. The constraint (5.27) is equivalent to (5.16). Observe that
this optimization problem is convex and is similar to the optimization problem solved

in Boyd et al. (2004).
5.8 Simulation Results

In this section, we apply our numerical optimization procedure to an example
system evolving on a torus in R®. The numerical optimization problem is solved with
the MATLAB package CVX (Grant and Boyd, 2014). Recall that, as described in
Section 3.5, we are solving a relaxation of the optimization problem in Problem 5.2.2.

The state space M in our example is the torus in R? embedded in R3. This state
space is discretized into a 15 x 15 grid (N = 225). We define the initial and target
measures on the discretized space as shown in Figs. 5.1a and 5.1d, respectively. The
value of r in constraint (5.16) is chosen to be 0.2, a number greater than the partition
size 1/15. We solve the optimization problem (5.21)-(5.27) to obtain a transition
probability matrix K. Defining P from the resulting K, we simulate the following

version of system (5.1):

fni1 = Ppiy,. (5.28)

Figures 5.1a-5.1c¢ show snapshots of the simulation of system (5.28) at three dif-

ferent times. It is evident from the time evolution of the snapshots that the simulated
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measure [, converges asymptotically to the target measure py. To quantify this de-
gree of convergence, we computed the 2-norm error metric 7, = ||, — pall2 at the
times of the snapshots. The corresponding values of v, for n = 0, 10, and 35 are
0.7611, 0.0824, and 6.7382x 1074, which clearly shows that pu, is tending toward ji4.

The results presented within this chapter are part of Biswal et al. (2019a).
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Chapter 6

CONTINUOUS-TIME MARKOV CHAIN MODELS ON CONTINUOUS STATE
SPACES

In Chapters 3 and 5, we constructed operators that stabilize a given target distri-
bution for a discrete-time Markov process and also optimize the convergence rate to
this distribution. However, except for a special case of the state space (see Section
5.6), the optimization problem posed in both chapters was not exact, meaning that
we were able to minimize only an upper bound on the eigenvalues of the operator
rather than the modulus of the second largest eigenvalue.

As a next step, in this chapter we consider swarms of agents whose dynamics evolve
over a continuous state space in continuous time; in particular, the dynamics of each
agent can be modeled as a stochastic differential equation (SDE). The Kolmogorov
forward equation in this case is a partial differential equation (PDE) that is commonly
known as the Fokker-Planck equation. We construct a partial differential operator that
stabilizes target swarm distributions that are bounded and positive almost everywhere
on the domain. In particular, the operator that we construct has a structure similar
to the divergence form operator, which is known to be self-adjoint. The advantage
in this case is that we can invoke the min-max principle to characterize the modulus
of the second largest eigenvalue of the operator, which characterizes the asymptotic
convergence rate of the swarm to the target distribution. Hence, unlike in our previous
works, the optimization problem is exact. However, not all divergence form operators
are Fokker-Planck equations; that is, they do not all give rise to SDEs. Instead
of working with a restricted class of divergence form operators that do give rise to

SDEs, we will work with general divergence form operators, and consider the SDE
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description of agent dynamics only formally. See Stroock (1988) for a discussion on
divergence type operators that correspond to diffusion semigroups.

We begin by briefly reviewing literature on the topic of using PDE models to
control the distribution of a swarm of agents. In the field of multi-robot systems,
a number of works utilize PDEs to model and control the collective behaviors of
robotic swarms. A PDE model with a constant velocity field to simulate a swarm of
small robots performing an inspection task is investigated in in Prorok et al. (2011).
In Kingston and Egerstedt (2011), the authors design swarm control strategies that
mimic fluid flow behavior by constructing state-feedback laws that are piecewise con-
stant with respect to space. PDEs with feedback laws that are functions of population
densities are used in Hamann and Wérn (2008) to model collective migration and
collective perception in swarms. To simulate the phenomenon of emergent taxis, the
authors construct mean-field feedback laws in the sense that the velocity fields and
diffusion coefficients are functions of the population densities, as in biological mod-
els of chemotaxis. The work Elamvazhuthi et al. (2018b) applies optimal control of
PDEs and PDE-constrained optimization to design time-dependent robot controllers
for problems of stochastic spatial coverage and feature mapping by robotic swarms.

With regard to characterizing the spectral gap of Fokker-Planck equations or in
general, diffusion equations, the Bakry-Emery method allows one to establish convex
Sobolev inequalities and to compute exponential decay rates toward equilibrium for
solutions of diffusion equations (Bakry et al., 2013). In Arnold et al. (2001), the
authors quantify convergence rates of Fokker-Planck equations using convex Sobolev
inequalities. In Jafarizadeh (2018), the author poses the spectral optimization prob-
lem for a Fokker-Planck equation in R! using the min-max principle. In contrast
to our work, the domain is restricted to R! and the constraint is posed in terms of

minimizing the variance of the corresponding Markov process.
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6.1 Notation

We denote the state space by 2 C RY, an open, bounded connected set. The
boundary of 2 is denoted by 0f2, which is assumed to be Lipschitz continuous (Gris-
vard, 2011).

The space L*(92) is a Hilbert space equipped with the standard inner product
()2« L*(Q) x L*(2) — R given by (f,g)2 = [, f(z)g(x)dzx, for all f,g € L*().
The symbol || - | will be reserved for the L?(-) norm. For a given real-valued function

h € Lo(Q), (weighted)

1@) = {7+ [ @i < oo}

In this case, L2(Q) is a Hilbert space with respect to the weighted inner product
(0 L2(Q) x L2(Q2) — R given by

(g = / £(@)g(2)h()dz

We let || - | stand for the weighted L% norm. Let f, denote the first-order weak
partial derivative of the function f with respect to coordinate x;. We define the
Sobolev space H(2) C L?*(2) functions whose partial derivatives, in the weak sense,

are also in L*(Q). This is a Hilbert space with the norm:

d 1/2
1l = ([ £II5 -+ (Z IIfxiH%) for f € H'(Q).

Correspondingly, for h € L*(Q2) we define the space
={f€Ly(Q): (fh), € L*(Q) for 1 <i < d},
equipped with the norm

d /2
17y = (1712 + D e l)
i=1
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Let X be a Hilbert space. Let A be a closed linear operator that is densely defined
on a subset D(A) C X, the domain of the operator. If A is a bounded operator, then
| Allop will denote the operator norm induced by the norm defined on X'. The spectrum
o(A) of A is the non-void compact set of complex numbers A for which A — A\l does
not have a continuous inverse on X. The operator A is said to be positive, denoted

by A > 0, if for z € X, x > 0 implies that Az > 0.
6.2 Problem Formulation

We begin by setting up the problem that we address in this section. Let F' €
L>(§2) such that F'(z) > 0 a.e. be the target steady-state probability density function
for a swarm of robots. Then F must satisfy the condition [, F(z)dz = 1. Define Qr, =
Q% (0, Ty) for some fixed final time 7. Let p : Qr, — R™ denote a probability density
function. The forward Kolmogorov equation, also called the Fokker-Planck equation,
gives the evolution of probability densities on the state space (2. In continuous time
and continuous space, this equation is a partial differential equation (PDE) of the

form:

s

(x,t)p(x,t)]. (6.1)

8
Z &Uzaxj

3,j=1 =1

Here, the coefficients D;; and a,; represent diffusion and advection parameters, respec-
tively. In this paper, however, we will not be working with such a general formulation.
For reasons that will be made clear later, we require the partial differential operator
associated with the PDE to be self-adjoint. This is not true for the PDE (6.1). We
will therefore introduce an operator, formally, which is self-adjoint.

Let a;; : Q@ — R? for i,j = 1,...,d, with a;; = aj;, be in L>*(Q). Further,
we assume that the coefficients satisfy the uniform ellipticity condition; that is,

there exists a constant « such that for every vector ¢ € R? and every z € Q,
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Zijzl a;j(x)&&; > al€)?. Consider the following unbounded operator,

d

Lru=" a%- (aij(x)a(gg)> . (6.2)

ij=1

We note that this operator has the advantage of being self-adjoint. Moreover, the
operator is almost in the standard divergence form (Evans, 2010); however, the in-
clusion of F' makes it non-standard. It is clear that the inclusion of F' ensures that
LrF = 0; that is, the PDE generated by this operator has F' as an equilibrium point.
Without the inclusion of F'| there are only a few special cases in which Eq. (6.2) can

be rewritten as Eq. (6.1), and vice versa.

Remark 6.2.1. We note that the operator (6.2) is not defined rigorously. This is
because the L™ condition on the coefficients a;; makes it impossible to define the oper-
ator on HY(Q) or H*(Q) (defined similarly to H*(SY), but comprised of functions that
are twice weakly differentiable and are in L?); either space is not necessarily preserved
under the multiplication of an L™ function and an H' or H* function. Therefore, in
order to proceed, we will instead define a weak formulation of the operator (6.2) via

forms.

Note that according to our notation, as per standard definitions, H1 and L% norms
entail a multiplication by F; that is, || f|lr = [, |f|?|F|. However, in this paper, the
norm entails a division by F; that is, ||f|lr = [, [f*[1/F].

We define a bilinear form Bplu,v] : H-(Q) x H-(Q) — R as follows:

Flu, v] / Z a;;(z ga/:f %:ézF) dx (6.3)

3,7=1

The space Hi(Q) is called the domain of By, D(Br). We associate with the form B
an operator Lp : D(Ly) C L3(Q) — L%(Q), defined as Lpu = f if Bplu,v] = (f,v)p
for all v € HL(Q) and u € D(Lp) = {g € H(Q) : 3h € LA(Q) s.t. Belg, o] =
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(h, ) ¥ ¢ € H:-(Q)}. The operator Ly so defined is a weak formulation of the opera-
tor (6.2). Defining £y via the bilinear form By is similar in spirit to the formulation
of weak solutions to elliptic equations. A detailed treatment of the interplay between
forms and operators is provided in Schmiidgen (2012). In the specific case where
the coefficients a;; and the function F' are uniformly Lipschitz functions, then Lp
coincides with the operator (6.2), with H?(Q) as its domain (Grisvard, 2011).

Although the bilinear form (6.3) simplifies the analysis, we lose the guarantee that
the generated PDE corresponds to a stochastic differential equation. Only in the case
where the coefficients a;; are uniformly Lipschitz continuous does the operator (6.2)
give rise to a forward equation (Friedman, 2006). However, one can make sense of
the stochastic differential equations that divergence form operators give rise to in a
non-classical way; see Lejay (2006) for this description.

We consider the following PDE generated by the operator L in (6.2). Note that

this is only a formal statement because of the explanation in the previous paragraphs.

Ip

5 = ~Lrp on Qr, (6.4)
d

Z aij%ni =0 on 00 x (0,7) (6.5)

ij=1 Ly

p(z,0) = po(z) on Q. (6.6)

Equation (6.5) represents the zero flux boundary condition, also called the Neumann
boundary condition; n; is the i*® unit normal vector to €2, pointing outward.

We now state the problem that we solve in this paper. To address this problem, in
the next section we will prove that 0 is the unique largest eigenvalue of the operator
—Lp, with all other eigenvalues located in the left half-plane. Therefore, the con-
vergence rate of the PDE (6.4) to its equilibrium is characterized by the L2 spectral

gap. First, however, we will need to prove the existence of this spectral gap for L.
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Problem 6.2.2. Given F, determine whether there exist time-independent, spatially-
dependent parameters a;; : Q0 — R", fori,j € 1...d, such that F' is an exponentially
stable equilibrium point for the PDE (6.4). Toward this end, determine whether the

following optimization problem admits a solution.

min |/\2(£A',F)|

aij
Due to the definition of the operator L, we need not impose the condition LpF =0
as a constraint. In Section 6.4, we will characterize the eigenvalues of Lp via the
min-max principle, which is only true for a self-adjoint operator. We chose to work
with divergence form operators in order to be able to characterize their eigenvalues

via this principle.
6.3 Analytical Properties of £y

We begin by proving a few properties of the operator L r; proofs for general func-
tions F' and general domains 2 are given in Elamvazhuthi et al. (2018c). Therefore,

only those parts of the proofs that are specific to our case are detailed below.

Proposition 6.3.1. The operator Lr is closed, densely defined, self-adjoint, and

positive. Moreover, the operator Lr has a purely discrete spectrum.

Proof. First we prove that the bilinear form (6.3) is closed; that is, the space D(Bp) =
HL(Q) equipped with the norm ||u||g = (||u||%+ Br[u, u])'/? for each u € D(Bp) must
be complete (Schmiidgen, 2012). To see this, we note that by the uniform ellipticity

condition on the coefficients a;;, we have that

BF[u,u]:/Q [a(géF)}A{8(gQF)]TZ/Qa‘a(giF)

where A = [a;;]. We also have that
o(u/F
lal. [ |25
Q T
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Therefore, the norm |- || 5 is equivalent to [[ul| . It has been shown in Elamvazhuthi
et al. (2018c) that H3(f2) is complete. Therefore, Br is closed.

Next, from Elamvazhuthi et al. (2018c), we can show that B is densely defined;
that is, D(Br) must be dense in L%(), which is true in this case. Furthermore, Bp is
symmetric, that is, Bp[u,v] = Br[v, u] for each u,v € D(Bp), and Bp is semibounded,
that is, Bp[u,u] > m/||u||% for some m € R, for each u € D(Br). The latter property
is true for m = 0. By Theorem 10.7 of (Schmiidgen, 2012), these properties imply that
Lp is self-adjoint, which further implies that Lr is also closed and densely defined.

Finally, we have that HL(Q2) = D(Br) equipped with the norm || - ||z is compactly
embedded in L*(Q). By Proposition 10.6 of Schmiidgen (2012), this condition is

sufficient for the operator Lr to have a discrete spectrum. O

Proposition 6.3.2. The spectrum of the operator Lp satisfies o(Lp) € (00,0]. Fur-

thermore, 0 is a unique eigenvalue of Lp.

Proof. From the definition of the bilinear form, we observe that the operator —Lp
must be negative semidefinite. Hence, o(—Ly) € (c0,0]. Consider the bilinear form
(6.3) with FF = 1. In this case, it is clear that £11 = 0; that is, 1 is an eigenvector
corresponding to the eigenvalue 0. To prove the uniqueness of 0, we use the Poincaré
inequality (Evans, 2010): there exists a constant C such that [, |u(z) — ug|dz <
C [, |1Vu(z)|?, where ug = ﬁ Jo u(z)dz, and m(€2) stands for the Lebesgue measure
of the set 2. Using the uniform ellipticity condition and assuming that o > C, we

have that

[ uta) = sl < [ vutop (6.7)

< aBplu,u] = a/Q [%1 A(z) {g_r

If u is an eigenvector other than 1, then the right-hand side of the inequality above
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evaluates to 0 while the left-hand side is positive, leading to a contradiction. There-
fore, the eigenvalue 0 must be unique. For general F' we define the multiplication
map Mp : L2(2) — L2%(2) that takes a function u € L%(Q) to u/F € L*(Q). Note
that ﬁF = ﬁlM r. From this observation we can infer that 1 is an eigenvector of ﬁl
for the eigenvalue 0 if and only if F is an eigenvector of L.

In the case where a < C, we can replace a by C'/a in equation (6.7), and the

analysis remains the same. ]

Due to the lack of smoothness of the functions a;; and F, the PDE (6.4) might
not have solutions that are continuously differentiable in the classical sense, or even
solutions that are weakly twice differentiable. Using the above properties, one can
show that the PDE (6.4) has a mild solution (Engel and Nagel, 2000), which can
be represented as a semigroup of linear operators. This follows from the Lumer-
Phillips theorem by noting that the operator Lp is self-adjoint and dissipative. See
Elamvazhuthi et al. (2018¢) for details. Since D(Ly) is a subset of H:(Q), it follows
that if the initial condition is in D(Lp), then the mild solution lies in HL(Q) for
all time ¢ > 0. One can also show that the semigroup is analytic, and hence has

regularizing properties. This implies that even if the initial condition is known to be

only in L*(9), the solution of the PDE (6.4) lies in H5(2) for all ¢ > 0.
6.4 Formulation of the Optimization Problem

Recall the conditions on F', the desired density function: it is in L*(2) and is
strictly positive almost everywhere. We have established that F' is a unique eigenvec-
tor of the operator —Lp corresponding to the largest eigenvalue 0. Furthermore, we
have showed the existence of a spectral gap of Lr. In this section, we solve Problem
6.2.2.

The Courant-Fisher min-max principle provides a way to formulate the objec-
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tive function of the optimization problem in Problem 6.2.2. Let (7,D(T)) be a
lower-semibounded, self-adjoint operator on a Hilbert space H with a purely dis-
crete spectrum. Let (A, (7)), be the increasing sequence of eigenvalues of T, counted
with multiplicities. The min-max principle gives a variational characterization for the
eigenvalues that are below the bottom of the essential spectrum (Schmiidgen, 2012).
Let Ej be a linear subspace of H of dimension k. Then the eigenvalues Ay can be
defined as:
A (T) = max min (T, v).

Er  veD(T),|jv]|=1,
’UEE}i‘

The inner product in this definition is called the Rayleigh quotient.

In our case, the operator Lr satisfies the properties listed above, and therefore
we can characterize the second largest eigenvalue of Lr by restricting Lp to the
subspace obtained after removing the eigenspace F' corresponding to the eigenvalue

0. The objective function is hence formulated as,

A

)\2(—[,}7) = )\1(—EAF @) PI'OjFJ_) = min <—ﬁFU,U>F. (68)

veD(LF), |lvllp=1 [ v=0

Here Proj(-) is the projection operator onto a subspace. We note that removing the
negative sign changes the minimization problem to a maximization problem. Further,
the outer optimization, that is, the maximization can be omitted, since Ey C D(L)
is just {0}. The integral constraint in the equation above represents the projection
onto F1. To see this, let v € F'%; then (v, F)r = 0, and this is exactly the integral

Jov=0.

The constraints of the optimization problem are listed below.

a;; < ¢, for some ¢ > 0 (6.9)

Aij = Qji (6.10)
d

Y ay(@)&& = aféf, V€ € RY (6.11)

ij=1
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Constraint (6.9) ensures that the coefficients are bounded in the L* norm. Constraint
(6.11) ensures that the coefficients satisfy the uniform ellipticity condition. Equations
(6.8)-(6.11) formulate the optimization problem that we will solve in this paper.

The set of decision variables is given by

d
d(d+1) ..
o = {(aij) c (LOO<Q)) 2+1 D Qi < C, Z aij(x)&fj > oz|£|2,V§ S Rd7 1,) € 1, ce ,n},
ij=1
where d(d+1)/2 is the number of upper triangular elements in the coefficient matrix.
In the next result we prove the continuity of eigenvalues of the operator Lp with

respect to the coefficients following the approach outlined in Henrot (2006), where

the authors consider the special case when F = 1.

Theorem 6.4.1. Let ﬁ% be the sequence of operators corresponding to a sequence
of functions af; that is bounded in L>(S2) for each i and j, such that the functions
converge almost everywhere to a function a;; for each ¢ and j. Let L be the elliptic
operator as defined in (6.2) by the functions a;;. Then each eigenvalue ofﬁ% converges

to the corresponding eigenvalue of Lp.

Proof. From Henrot (2006)[Theorem 2.3.3] it is known that under the convergence
for each fixed f € L2(Q), (£7)~'f converges to (L)' f

conditions on the function iy
in norm. To prove the result in our modified case we let My : L*(Q) — L%4(Q) be
the multiplication map that takes u € L2Q to u/F € L2(). Since L% = LMp,
we can infer that for each fixed f € L2(Q), (L)~ f converges to (£p)~'f in norm.
From this, we can conclude that the resolvents of the operators ﬁ’} strongly converge
to the resolvent of the operator £z (Theorem 2.3.2, Henrot (2006)). The operators
L2 and Ly have a compact resolvent since Hh(€2) is compactly embedded in L3 (€2).

Therefore, it follows from (Theorem 2.3.1, Henrot (2006)) that the eigenvalues of the

operators ﬁ% converge to the respective eigenvalues of the operator L F- ]
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6.5 Numerical Optimization

In this section, we numerically solve the optimization problem. Instead of dis-
cretrizing the operator ﬁp, we discretize the inner product in the objective function
(6.8). Discretizing the inner product, rather than discretizing the operator £y and
substituting it into the objective function, significantly reduces the computational
complexity of solving the optimization problem. From the bilinear form (6.3), we
have that for u € D(Lp), Br[u,u] = (Lpu,u)p. Therefore, the objective function
can be recast as the following expression:

(—Lpu,u)p = — /Q zd: <aij(x)a(“/ F) o(u/F )) dx (6.12)

i1 83:]- 6.%'1

We demonstrate our numerical optimization procedure for a domain 2 C R2. In

this case, the above equation can be simplified to:

ov(z,y,t)
—/ [‘9”(2’79@ av(z’y’t)] A(z,y) o dxdy, (6.13)
Q Ox oy v(z,y,t)
9y

where v = u/F and A = [a;;] is the coefficient matrix in R?*2,
In our example, we define Q2 = [0,1] x [0,1]. We partition €2 into an N x N grid
and define h = 1/N. Let I be the index set {1,..., N}. Then = Uide]ﬁij, where

Q= [z, ,xi+%] X [yj_%,yj+%] for i,7 € 1. Let w;j(t) = v(x;,y;,t) be evaluated

1
2

at the midpoint of each grid cell Qza Let F(i,j) = F(x;,y;). Note that we can
remove the negative sign in the objective function (6.8) and pose the optimization
problem as a maximization problem. The finite-dimensional optimization problem

that is equivalent to (6.8)-(6.11) can be stated as:

T
N—1N-1 | Wit1,j=wi; Wit 1, = Wi,
1 h . h
max — g g A(i, j) (6.14)
w N2 s v
Wi 1= Wi Wi b1 Wi

i=1 j=1
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subject to
N ~
> wiFi ) =0 (6.15)
]

lwF|% = [wVF|2 =1 (6.16)
Equations (6.9) — (6.11)

Constraint (6.15) ensures that the vector u (before discretization) is perpendicular
to F. Constraint (6.16) ensures that the weighted 2-norm of u is 1. The objec-
tive function (6.14) is nonlinear. Further, it is difficult to prove that it is convex.
Therefore, the nonlinear optimization solver KNITRO (Nocedal, 2006) was used to
solve this problem. This solver implements both interior-point and active-set methods
for solving nonlinear optimization problems. The problem was solved in AMPL (A
Mathematical Programming Language) (Fourer et al., 2003). We ran two test cases,
described below.

In the first case, I’ was defined as the uniform distribution 1. Four different grid
sizes N x N and two different values of ¢, c = 1 and ¢ = 10, were tested. The eigenvalue
— Xy was computed for each combination of grid size and ¢ value, and the results are
tabulated in Table 6.1. This table shows that as the discretization becomes finer,
the eigenvalue converges. Note that for ¢ = 1, the operator (6.2) corresponds to the
Neumann Laplacian, accordingly, the computed second-largest eigenvalue, which is
close to —12, is closer to —7m* & —9.87 (the second largetst eigenvalue of the Neumann
Laplacian).

In the second case, F' was defined as the non-uniform distribution F =
(sin(27i/N))? + (sin(27j/N))* + €, where ¢ was chosen to be 0.1 to ensure strict
positivity of F' over €2. In this case, we also investigate how the eigenvalue changes
in magnitude with respect to the L>°(£2) bound ¢ on the parameters a;;. Table 6.2

shows the eigenvalue —\y that was computed for each combination of nine different
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Table 6.1: Eigenvalue —\; for the case F' =1

N x N c=1 |c=10

20 x 20 11.9 154.604
40 x 40 11.97 | 155.65
80 x 80 11.99 | 155.9
100 x 100 | 11.995 | 155.94

Table 6.2: Eigenvalue —\, for the non-uniform F' case

N x N c=1 c=2 c=25

20 x 20 71.82 163.15 | 437.386
40 x 40 91.74 211.5 | 570.883
60 x 60 102.64 | 237.58 | 642.505
80 x 80 108.96 | 252.72 | 684.042
100 x 100 | 113.06 | 262.52 | 710.958
140 x 140 | 118.03 | 274.44 | 743.7
200 x 200 | 121.979 | 283.91 | 769.75

300 x 300 | 125.189 | 291.62 | 790.95

grid sizes N x N and three different values of ¢, and Fig. 6.1 graphs the data in this
table. We observe that the magnitude of the eigenvalue depends on the magnitude of
the parameter ¢, and that the convergence rate of the eigenvalue in this case is much
slower than in the case where F' = 1.

The results presented within this chapter are part of Biswal et al. (2020b).
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Figure 6.1: Plots of the eigenvalue —\, as a function of ¢ and N for the non-uniform
F' case.
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Chapter 7

THE SIMPLE EXCLUSION PROCESS ON FINITE CONNECTED GRAPHS

The main objective of this chapter is to initiate the study of simple exclusion
processes, defined below, on general finite connected graphs: an agent at vertex x
jumps to a vertex chosen uniformly at random among the deg(z) neighbor(s) of z. If
the chosen vertex is occupied by another agent, then the agent at  does not move.
We assume that the rate at which agents jump depends on their location, with the
agent at  jumping at rate p,. This modeling approach is motivated by applications
in multi-agent systems, such as the spatial redistribution of robotic swarms, in which
agents represent robots moving on a finite graph and avoiding each other. As a first
step, we study the invariant measures of the system and prove a monotonicity property
for the occupation times at different vertices that holds for all finite connected graphs
and all choices of the rates p,.

The simple exclusion process, introduced in Spitzer (1970), is one of the most
popular interacting particle systems, along with the voter model (Clifford and Sud-
bury, 1973; Holley and Liggett, 1975) and the contact process (Harris, 1974). These
three models can be viewed as spatial stochastic models of diffusion, competition, and
invasion, respectively. In particular, the simple exclusion process consists of a system
of symmetric random walks by agents that move independently on a connected graph
except that jumps onto already occupied vertices are suppressed (exclusion rule) so
that each vertex is occupied by at most one agent.

All three models have been studied extensively on infinite lattices, and we refer
to Liggett (1985, 1999) for a review of their main properties. The voter model and

the contact process have also been studied on the torus in Z¢ (the time to consensus
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of the voter model on the torus is studied in Cox (1989) and the time to extinction
of the contact process on the torus is studied in Durrett and Liu (1988); Durrett and
Schonmann (1988); Durrett et al. (1989)), as well as on various finite deterministic
and random graphs. In contrast, to the best of our knowledge, there is no work about
the simple exclusion process on finite graphs in the probability literature, with the
notable exception of the asymmetric nearest neighbor exclusion process on the finite
path (each agent jumps to its immediate left or right with different probabilities)
introduced in Liggett (1975) and reviewed in (Liggett, 1999, Chapter I11.3). The pri-
mary motivation in that work, however, was to study the properties of the stationary
distribution on a long path and relate them to those of an infinite path.

7.1 Main results

Here we present the theorems that constitute the main results of this section. The
proofs of these theorems are given in Section 7.2.

Letting ¥ = (¥, &) be a finite connected graph on N vertices, with vertex set ¥
and edge set &, the process is a continuous-time Markov chain whose state at time ¢

is a configuration

0 if vertex x is empty
oV —{0,1} where mn(z)=
1 if vertex x is occupied by a agent.

Motivated by potential applications in robotic swarms, we assume that agents may
jump at a rate that depends on their location, and denote by p, the rate attached to

vertex . To describe the dynamics, for all z,y € ¥, we let 7, , 7 be the configuration

(Teym)(2) = n(z) Hz =y} +n(y) Hz = 2} + n(z) 1{z # z,y}

obtained from 7 by exchanging the states at x and y. Then, for all n,& € {0,1}” the
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process jumps from configuration 7 to configuration £ at rate

q(n, &) = degz(x) 1{n(z) =1 and £ = 7, n for some (z,y) € &}.

In words, the agent at x, if there is one, chooses one of the neighbors of x uniformly
at random at rate p,, and jumps to this vertex if and only if it is empty. It will be
convenient later to identify each configuration n with the subset of vertices occupied

by an agent:
n={ze? :nkx)=1CV.
This defines a natural bijection between the set of configurations and the subsets of the
vertex set, and it will be obvious from the context whether 7 refers to a configuration
or a subset.
The main objective of this section is to study the fraction of time each vertex is
occupied in the long run. We can prove that these limits exist and only depend on

the initial configuration through its number of agents, so we will write from now on
pr(z) = tliglo P(z € n| card(mp) = K) forall 0<K < Nandze?. (7.1)
To state our results, for all 0 < K < N and B C ¥, we define
A;(By={neAx:Bnn=B} and A (B)={n€Ax:Bnn=a}

where Ay is the set of configurations with K agents. In addition, for each vertex z €

V', each subset 7 C ¥, and each collection € of subsets of ¥, we let

~ deg(2)
p-

D(2) . D) =] D) and 5(%) =3 D).

ZEN nes
Using that the sets Ax are closed communication classes as well as reversibility to
identify the stationary distribution on each Ag, we prove that the limits in (7.1) are

characterized as follows.
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Theorem 7.1.1 (Occupation time). — For all0 < K < N and z € ¥V,

_ B(Ak(2))

pr(x) = > (M) (7.2)

In particular, the limits in (7.1) are characterized by

p(@) _ E(Ag(@)
pr(y)  B(Ak(y)

Even though the right-hand side of (7.2) cannot be simplified in general, some in-

Z pr(2) = K. (7.3)

teresting properties can be deduced from this expression for arbitrary finite connected
graphs. It is intuitively clear that, the graph being fixed, the probability pg(x) in-
creases with K. It can also be proved that this probability increases with D(z) while
a more precise and challenging analysis shows that, though the occupation time at x
is smaller than the occupation time at y when D(z) < D(y), the ratio of the two

occupation times converges monotonically to one as the number of agents increases.

Theorem 7.1.2 (Monotonicity). - For all 1 < K < N —1,

D) _pile) _pule) _ prea(a) _ pu()

D(y)  pi(y)  pxy)  praa(y) pzv(y):1 when  D(z) < Dly).

It follows from (the proof of) the theorem that, when all the D(x) are equal, all
the vertices are equally likely to be occupied at equilibrium. In particular, assuming
for simplicity that the agents always jump at rate p, = 1, all the vertices are occupied
with the same probability K /N for the process on finite regular graphs. Along these
lines, the probabilities in (7.2) can be computed explicitly when p, = 1 and most of

the vertices have the same degree.
7.2 Proof of Theorem 7.1.1

Note that the simple exclusion process is not irreducible because configurations
with different numbers of agents do not communicate. However, the set of configu-

rations with K agents forms a closed communication class, so the process restricted
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to Ak is irreducible and converges to a unique stationary distribution. To find this
stationary distribution and prove the theorem, we will also use reversibility. To show
that Ak is a communication class, we first prove that any two configurations in Ag

that only differ in two vertices communicate.

Lemma 7.2.1. - For alln € {0,1}” and z,y € ¥,
Py =71pyn|no=mn)>0 foral t>0O0.

Proof. The result is obvious when n(z) = n(y) because in this case 7,, 7 = 7. The
result is also clear when x and y are not in the same state but connected by an edge

because

v Pire=maynlm=mn) _  pe
q(n, Tayn) = 1611%1 ; = Jea(@) forall (z,y)ed&. (7.4)

To deal with the nontrivial case when the vertices are neither in the same state nor
connected by an edge, we may assume without loss of generality that, in configura-
tion n, vertex x is occupied and vertex y empty. Because the graph ¢ is connected,

there exists a self-avoiding path
(z1,22,...,2) C¥ with (24,2i11) €&, z1=x and z; =y

connecting x and y. Due to the absence of cycles, we have also | < N. To remove
the agent at x and put a agent at y without changing the state of the other vertices,

we let

be the set of vertices along the self-avoiding path that are occupied in configuration 7.
It is also convenient to set i(k + 1) = [. To obtain configuration 7, ,7n from 7, the

basic idea, is to move the agent at z;) to z;k+1), then the agent at z;,—1) to zx), and
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so on. To prove that this sequence of events indeed occurs with positive probability,

note that, because the vertices )41, Zik)+2 - - - » Zi(h+1) are empty,
Teao 2t D) 1= (Taeny-nzesny © 7 © Tagornzignre © Ty zmyn) ()-
This, together with (7.4), implies that
P = Ty 2y Mmoo =mn) >0 forall > 0.
Similarly, we prove by induction that, for j =1,2,... k,

P = Teoy 2 110 = Teiy 210y 1)

(7.5)
= P(nt = Tzz‘(j)yzi(]’+1)(Tzi(j+1)azi(k+1) 77) ’ No = Tzi(]‘+1)7zi(k+1) 77) >0
for all t > 0. In addition, for j =1,2,... k,
Tz = (Tagrzigrn © 7 © e i © Tam e ) (11): (7.6)

Using (7.5) and (7.6), and that z;;) = = and 2x11) = ¥, we deduce that

k
P = Toymlno=mn) = H P(ng—j+1e = Tziyziche1y 1 | =yt = T2i(j+1) Zi(k+1) n)
j=1

k
= H P(nt = Tz Ziry 1 ‘ 0 = Tzi(41)52i(k+1) 77) >0
Jj=1

for all ¢ > 0. This completes the proof.
m

Lemma 7.2.2. — For all K = 0,1,..., N, the set Ak is a closed communication

class.

Proof. The fact that A is closed is an immediate consequence of the fact that the
number K of agents is preserved by the dynamics. To prove that this set is also a
communication class, fix two configurations 7 and ¢ with K agents, and define the

sets
S={ze¥ :n(z)=1,£2) =0} and T={z€¥ :n(z)=0,¢&z) =1}
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that we call respectively the source set and the target set. Because n and £ have the

same number of agents, these sets have the same number of vertices, and we write
S=A{xy,z9,...,x,} C¥ and T ={y1,y2,...,yx} C V.

By definition of the source and target sets,

§= (Tm,yl O Troys ©°° 0 Txk,yk)(ﬁ)-

In particular, letting o = 7, 4, © -+ 07, ,. and using Lemma 7.2.1, we get

k
P(T}melﬁo:n)ZHP (e = o3 m | ng-1e = 0j-17)

j=1

k
H = Ty, (051 1) | M0 = 051 m) > 0

for all ¢ > 0. Since this holds for any two configurations in A and since configurations

outside A cannot be reached from Ay, the result follows. O

We now use reversibility to identify the stationary distributions.

Lemma 7.2.3. — For all K =0,1,..., N, the distribution

D(n)

forall ne Ak

18 a reversible distribution concentrated on Ay .

Proof. Let n,& € Ak, n# . Then,

qn, &) =q&n) =0 when {#r7,,n foral (z,y)ed&

in which case it is clear that

Tr(n)a(n,&) = 7 (€) q(§,m) = 0. (7.7)

When & = 7., n for some (z,y) € &, with say n(z) = {(y) =1,

and q(&,n) = —

q(n, &) = deg()

Pa
deg(z)
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In this case, because n \ {z} =&\ {y},

). €) = s ol §) = 2 S (SE g g .
D(n\{z}) _ D(E\{y}) .
She) - Sk Tk (€) a(&n)-
Combining (7.7) and (7.8) gives the result. O

Proof of Theorem 7.1.1. According to Lemma 7.2.3, 7w is a reversible distribution
so this is also a stationary distribution. See e.g. (Lanchier, 2017, Sec. 10.3) for a proof.
Now, according to Lemma 7.2.2; the set Ax is a finite closed communication class
for the simple exclusion process therefore there is a unique stationary distribution
that concentrates on A, and this distribution is the limit of the process starting

from 1y € Ag. See e.g. (Lanchier, 2017, Sec. 10.4) for a proof. In particular,

. D
lm P, = = &) = mi(n) = Z(XQ) for all n,§ € Ak
from which it follows that
) S(Ag ()
pr(z) = Z E Z E AK Y(Ak)
neAg:zEN nEAK:TEN neAf (x

This shows the second part of the theorem, and

pr(x)  B(Ak(r)) B(Ak) _ E(Ak(r))
pr(y)  B(Ak) T(Ag(r))  E(Ak(y)

Finally, using that the expected value is linear, we get

ZPK( —hmz (1{z € n:}) _tlgf}oE(Z l{zEm}):E(K):K.

zEY z€Y z€Y

This completes the proof. [
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7.3 Proof of Theorem 7.1.2

In the presence of one or N agents, we have

DAY (x)) _ D(x) _ p,deg(z)

S(Af(y)) D(y)  pedeg(y) S(AN(y)

—1. (79

In all the other cases, however, the ratios above become much more complicated.
Also, the theorem cannot be proved using direct calculations. The main ingredient is

given by the next lemma whose proof relies on a somewhat sophisticated construction.
Lemma 7.3.1. — For all0 < K < N, we have X(Ag11) S(Ax_1) < (Z(Ak))?.
Proof. The key is to find partitions P of Agy1 X Ax_1 and Q of A x Ai such that

1. partition P has less elements than partition O,
2. each A; € P can be paired with a B; € Q such that card(A;) < card(B;),

3. for all (n,n) € A; and (§,¢') € B;, we have D(n) D(n) = D(&) D({').
Let x1, 29, ..., 2N denote the N vertices. To construct the partitions, let
Soxc = {(uy,ug, ..., uy) € {0, 1,2} s uy + -+ - +uy = 2K}
and ¢ : Agi1 X A1 — Sog and ¢ 1 Ag X Ag — Soi defined as

o(n,n') = u=(ur,uz,...,uy) where u; = lHaz; € n}+ 1z €n'} (7.10)
7.10
(&, &) = u=(uy,ug,...,uy) where u; = 1{x; € £} + 1{x; € {'}.

The two functions have the same expression but differ in that they are not defined

on the same sets of configurations. The two partitions are then given by
P = {¢p Y u) : u € Sex and ¢~ (u) # @}
Q = {¢Hu) : v € Sax and Y~ (u) # T}.
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The function ¢ is surjective. In contrast, ¢(n,n’) has card(n \ ') > 2 coordinates

equal to one therefore it is not surjective:
Six = {u € Saxc : 7 (u) # B} # Saxc
from which it follows that
card(P) = card(S5y) < card(Ssx) = card(Q). (7.11)
This proves the first item above. Now, let
Ky =card{i:u; =1} and Ky = card{i: u; =2},

with K7 > 2. To count the number of preimages (1,7') and (&,¢’) in (7.10), note
that the vertices that are either empty or occupied in all four configurations are
uniquely determined by u. This leaves K vertices that are occupied in two of the

four configurations, and we have that:

e the number of choices for n is the number of choices of K + 1 — Ky vertices

among K vertices to be occupied in configuration 7 but not n’,

e the number of choices for £ is the number of choices of K — K, vertices among K

vertices to be occupied in configuration £ but not &'.

Using also that Ky + 2K, = 2K < 2K + 1, we get

_ K, K, - K+ K, K,
d 1 — = _—
card(¢™" (w) <K+1—K2) (K+1—K2)(K—K2)
Ko\ »
< (K o KQ) - Ca’rd(¢ (u))7
which shows the second item above. Finally, for all (n,7') € ¢~ (u),

D Do) = T[ CAD ] 88 [y sl I (e

ZEN Pz zen’ P= zenAn' Pz zennny’ Pz

= ﬂ (deg_(:z:,))“ = D(u)

i1 Pz;

(7.12)
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is a function lA)(u) of the vector u only. The same holds for (£,&") € ¢~!(u). This
implies that the third item above is also satisfied in the sense that
D(n) D(if) = D(€) D(¢) = D(u) forall (n,7) € 67" (u), (&,) € ¥ (u). (7.13)

Combining (7.11)-(7.13), we conclude that

SArs)S(Aka) = Y. Y D) D Z Y. D)
€85, ¢

u€Ss (nm)ed~1(u) (nm")ed—1(w)
712 ~
3 Z D<u> SN D)D)
uESs (§,€)ep1 u€SS e (£,€)ey—1(u)
711)

S DEODE) = (S(Ax)

ueSak (§,8')€y 1 (u)

This completes the proof. n

With the previous technical lemma, we can now prove the theorem.

Proof of Theorem 7.1.2. To simplify the notations, we write

A = S(A({z.y}) and Bi = S(Ag_,({z.y})).
Then, we can rewrite
D(Ag(r) = B(Ak(x) N AL (y)) + (A% () \ Ak (y))

= X(Ak({z,y}) + D(2) S(Ax ,({z,y})) = Ak + D(z) B

Using some obvious symmetry, we deduce that

P (Y) E<A}L<<y)) Ax + D(y) B

Now, applying Lemma 7.3.1 to the configurations on ¥ — {z,y}, we get
AxBrw1 = S(Ag({z,9}) S(Ax({z,9}))
= D({z,y}) B(Ax»,({z,9}) E(Ak ({2, 9}))
< D({z,y}) Ak ({z,9}) B(A k. ({z,9}))

= DA ({2.9)) S(Ag_, ({2, 9})) = s B

(7.14)
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This, together with D(x) < D(y), implies that

D(z) Ak 1Bk + D(y) Ak Bx+1 < D(2) Ak Bx+1 + D(y) Ax+1Bk

which is equivalent to

(Ax + D(x) Br)(Ax 41+ D(y) Br11)

(7.15)
< (Ag+1+ D(@) Br41)(Ax + D(y) Bk).
Combining (7.14) and (7.15) gives
Px(remn) Ax+D(x)Bx  Agq+D(x)Bgyr  pryi(x) (7.16)

Px(yem) Ax+D(y)Bx  Axy+D(y)Bx  pra(y)
The theorem is then a combination of (7.9) and (7.16). O

The results presented within this chapter are part of Biswal and Lanchier (2020).
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Chapter 8

CONCLUSION AND FUTURE WORK

In this dissertation, we have used both discrete- and continuous-time mean-field
models to describe the evolution of a multi-agent system on Euclidean spaces and
manifolds. Specifically, decentralized agent control laws were designed to drive the
agents asymptotically to a target state distribution. In the case where the agents are
required to stop transitioning at the equilibrium distribution, control laws that only
require knowledge of the local agent density, for example the density of agents within
an agent’s sensing range, were designed. The mean-field model considered within this
dissertation is the forward Kolmogorov equation of a Markov process according to
which the agents’ states evolve. In the case of a continuous state space, the mean-
field models were stabilized to arbitrary distributions that have L*(-) densities with
respect to the Lebesgue measure. Moreover, in some cases, the Markov process can
be constructed such that its forward operator is the identity operator at the desired
distribution. This prevents agents from switching between states once the equilibrium
distribution is reached. In Chapter 2 and 4, although stability and convergence
results were proven for the mean-field model, simulations of the corresponding N-
agent system demonstrate that even when the number of agents is relatively small,
the agents indeed redistribute themselves to the target distribution and thereafter
cease switching between states.

8.1 Future Research

In most of the topics that are discussed within this dissertation, we have almost

exclusively concentrated on mean-field, or macroscopic, models. There are several
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reasons to work with mean-field models: usually, the mean-field model is linear or
much more amenable to analysis and control than the agent dynamics, which could be
quite complex. Second, when the number of agents is large, one is usually interested
in predicting or controlling some macroscopic quantity; for example, the agent distri-
bution. The underlying assumption one makes when designing feedback control laws
for macroscopic models is that the these control laws would produce the same pop-
ulation dynamics in the corresponding N-agent system. This assumption is justified
by taking the mean-field limit (i.e., the limit as /N tend to infinity). However, there
may not actually exist a correspondence between the mean-field model and the micro-
scopic, or agent-level, model. One such example is given in the Chapter 6, wherein we
assumed that the macroscopic dynamics are governed by a divergence-type operator,
but only under stricter conditions on the coefficients a,; does the operator correspond
to a stochastic differential equation (SDE). One possible research direction, therefore,
is to develop more physically realistic microscopic models and characterizing the re-
sulting macroscopic behavior. Here, we provide two examples of scenarios that could
be explored.

1. First, the agent-level models used in this dissertation ignore the constraints
that robots occupy a finite volume and that the paths of any two robots should be
separated by a certain distance in order to avoid inter-robot collisions. Introducing
these constraints into the microscopic model would render the i.i.d. assumption in-
valid. Searching for a closed-form expression for the corresponding mean-field model
would be extremely challenging. In this case, at best we can hope to establish bounds
on the difference between the trajectories of this microscopic model and those of an
idealized model that ignores such constraints.

2. Achieving the goal wherein the agents must stop transitioning between states

when the stationary distribution is reached leads to the construction of a nonlinear
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Markov process. In the models considered here, the transition kernels were designed to
have a decentralized structure. However, there may be scenarios in which a particular
parameter should be optimized, wherein a centralized feedback law may be preferred.
At the agent level, this would imply that each agent needs to know the distribution
of the swarm over the entire domain. Evaluation of this quantity requires a central
observer. However, one of the challenges in the control of multi-agent systems is to
develop decentralized strategies for the agents. In fact, some researchers, e.g. Musco
et al. (2016), have drawn inspiration from ant models to develop a decentralized
algorithm for density estimation. Therefore, the second question that that could be
addressed is the following: using measurements of local population densities by each
agent, can the entire swarm distribution be constructed? This question is known in
the control theory literature as the observability problem. One could also add noise
to the agents’ estimates to model more realistic scenarios.

Additionally, one could work with the SDE description of the microscopic models.
These result in forward equations that are partial differential equations (PDEs), which
offer much richer dynamics than ODEs or difference equations. The models arising
from PDEs also more accurately describe many physical multi-agent scenarios of
interest. However, the main challenge in this approach is that the resulting control
systems can have infinite degrees of freedom. Much of the control theory literature
addresses the simple case in which the control inputs of a PDE are linearly dependent
on the state. On the other hand, in many practical cases, the control parameter
could be a reaction rate, velocity field, or a diffusion parameter. In such scenarios,
the control-to-state dependence is nonlinear. Thus, there are a number of extensions
one could potentially investigate, this approach to multi-agent systems is still in its

nascency.
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