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ABSTRACT

Rabies is an infectious viral disease. It is usually fatal if a victim reaches the rabid
stage, which starts after the appearance of disease symptoms. The disease virus
attacks the central nervous system, and then it migrates from peripheral nerves to
the spinal cord and brain. At the time when the rabies virus reaches the brain, the
incubation period is over and the symptoms of clinical disease appear on the victim.
From the brain, the virus travels via nerves to the salivary glands and saliva.

A mathematical model is developed for the spread of rabies in a spatially dis-
tributed fox population to model the spread of the rabies epizootic through middle
Europe that occurred in the second half of the 20th century. The model considers both
territorial and wandering rabid foxes and includes a latent period for the infection.
Since the model assumes these two kinds of rabid foxes, it is a system of both par-
tial differential and integral equations (with integration over space and, occasionally,
also over time). To study the spreading speeds of the rabies epidemic, the model is
reduced to a scalar Volterra-Hammerstein integral equation, and space-time Laplace
transform of the integral equation is used to derive implicit formulas for the spreading
speed. The spreading speeds are discussed and implicit formulas are given for latent
periods of fixed length, exponentially distributed length, Gamma distributed length,
and log-normally distributed length. A number of analytic and numerical results are
shown pertaining to the spreading speeds.

Further, a numerical algorithm is described for the simulation of the spread of
rabies in a spatially distributed fox population on a bounded domain with Dirichlet
boundary conditions. I propose the following methods for the numerical approxima-
tion of solutions. The partial differential and integral equations are discretized in the
space variable by central differences of second order and by the composite trapezoidal

rule. Next, the ordinary or delay differential equations that are obtained this way are



discretized in time by explicit continuous Runge-Kutta methods of fourth order for
ordinary and delay differential systems. My particular interest is in how the parti-
tion of rabid foxes into territorial and diffusing rabid foxes influences the spreading
speed, a question that can be answered by purely analytic means only for small basic
reproduction numbers. I will restrict the numerical analysis to latent periods of fixed
length and to exponentially distributed latent periods.

The results of the numerical calculations are compared for latent periods of fixed
and exponentially distributed length and for various proportions of territorial and
wandering rabid foxes. The speeds of spread observed in the simulations are compared
to spreading speeds obtained by numerically solving the analytic formulas and to
observed speeds of epizootic frontlines in the European rabies outbreak 1940 to 1980.
For instance, when I assume that all rabid foxes are territorial and the latent period
has fixed length, the spreading speed ¢* is found to be about 28.3 [km /year|, but when
all rabid foxes diffuse with exponentially distributed length of the latent period, the
spreading speed ¢* is about 105.2 [km/year|. These spreading speeds compare quite
well with those found in nature and in the literature. In addition, the spreading speeds
show that the epidemic model on a bounded domain §2 with Dirichlet boundary
conditions shows a less severe epidemic outbreak than the epidemic model on R",
and the spread of the disease modeled on (2 is not as fast as the spread of the disease
modeled on R”. Furthermore, the numerical results for ¢* confirm that the latent
period with fixed length always gives the smallest spreading speeds among the latent

periods with arbitrary length distribution and same mean length.
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Chapter 1

INTRODUCTION AND BACKGROUND

1.1 Introduction

Rabies was reported in all continents excluding Antarctica (see, e.g., Beyer et al.
(2011); Childs and Real (2007); Leslie et al. (2006); Ruan (2017); Sparkes et al.
(2016); Vial et al. (2006); World Health Organization (WHO), What is rabies (2015);
Zhang et al. (2012)). In the United States, bats, skunks, foxes, and raccoons are the
main wildlife sources of rabies (see (Childs and Real, 2007, Fig.4.2); (Rees et al., 2011,
Fig.1)). Bats, skunks, and foxes are the most common infected species in Arizona (see
(Arizona Department of Health Services, AZ Rabies Control and Bite Management
Manual, 2018, Table 1); Arizona Department of Health Services, Rabies in AZ (2018);
Borchering et al. (2012); Childs and Real (2007); Hass and Dragoo (2005); Leslie et al.
(2006)), while raccoons and bats are the most popular reservoirs of rabies in Florida
(Florida Department of Health, Rabies (2018)). In Asia and Africa, domestic dogs
are consider to be the most common reservoir of rabies (Beyer et al. (2011); Ruan
(2017); Vial et al. (2006); World Health Organization (WHO), What is rabies (2015);
Zhang et al. (2012)).

In the last century, a rabies epizootic also expanded over parts of Europe. A
number of scholars have investigated the epizootic of rabies in the past (Anderson
et al. (1981); Andral et al. (1982); Artois et al. (1991); Bogel et al. (1976); Bourhy
et al. (1999); David et al. (1982); Kéllén et al. (1985); Lloyd (1980); Macdonald (1980);
Moegle et al. (1974); Murray et al. (1986); Murray (1989); Murray and Seward (1992);
Thieme (1980); Toma and Andral (1977); White et al. (1995)) and recently (Alanazi



et al. (2018a, 2019, 2018b); Holmala and Kauhala (2006); Liu (2013); Ou and Wu
(2006); Smith and Wilkinson (2003)). Rabies was mainly carried by foxes (Anderson
et al. (1981); Murray et al. (1986)), started in Poland in 1939 or 1940 and moved
westward reaching Denmark in 1964, Belgium, Luxembourg, and Austria in 1966,
Switzerland in 1967, France in 1968, and Holland in 1974 (Toma and Andral (1977)).
It also moved to the east, to Hungary, the former Czechoslovakia and the former
Soviet Union (Toma and Andral (1977)). Its speed ranged from 30 to 60 [km/year]
according to (Toma and Andral (1977); van den Bosch et al. (1990)) and from 20 to
60 [km/year] according to (Lloyd (1980)). There were important variations where the
epidemic front retreated at times in certain areas and moved up to 100 [km] in a given
direction in other areas in a single year (Toma and Andral (1977)). A study performed
in three areas in the state of Baden-Wiirttemberg (Germany) from January 1963 to
March 31, 1971, found that the center of the frontwave moved at about 27 [km/year]
(Bogel et al. (1976)) while the mean distance of new cases ahead of the frontline within
a month was approximately 4.8 [km] (Bogel et al. (1976); Moegle et al. (1974)).
Rabies is an infectious viral disease. It is usually fatal if a victim reaches the rabid
stage, which starts after the appearance of disease symptoms (Arizona Department
of Health Services, AZ Rabies Control and Bite Management Manual (2018); Centers
for Disease Control and Prevention (CDC), Rabies (2015); World Health Organiza-
tion (WHO), Rabies (2015)). The disease virus attacks the central nervous system,
and then it migrates from peripheral nerves to the spinal cord and brain (Arizona
Department of Health Services, AZ Rabies Control and Bite Management Manual
(2018); Centers for Disease Control and Prevention (CDC), Rabies (2015)). At the
time when the rabies virus reaches the brain, the incubation period is over and the
symptoms of clinical disease appear on the victim (Arizona Department of Health

Services, AZ Rabies Control and Bite Management Manual (2018); World Health



Organization (WHO), What is rabies (2015)). From the brain, the virus travels via
nerves to the salivary glands and saliva (Arizona Department of Health Services, AZ
Rabies Control and Bite Management Manual (2018)).

The disease virus is transmitted from an infectious fox to a susceptible fox by
bite. Then, the susceptible fox becomes infected and the latent period starts. Since
the rabies virus appears in the saliva one or two days before symptoms are evident
in the infected fox (Lloyd, 1980, p.247), the latent period is slightly shorter than the
incubation period. Fox rabies has a relatively long latent period with highly variable
duration (from 12 to 110 days (Anderson et al. (1981))) and a relatively short infection
period (from 3 to 10 days (Anderson et al. (1981))). While the literature seems to
agree on the mean length of the infectious period (which is ended by the death of the
fox), 5 days, there seems to be disagreement on the mean length of the latent period:
35 days ((van den Bosch et al. (1990)) and the references therein) and 28 days Moegle
et al. (1974) and 28 to 30 days (Anderson et al. (1981)), and 25 and 26.5 days and
one month according to various sources cited in (Toma and Andral (1977)).

The above-mentioned fox epizootic has motivated quite a few mathematical stud-
ies (Liu (2013); Murray (1989); Ou and Wu (2006); Thieme (1980); van den Bosch
et al. (1990)). Like this one, they all assume that foxes that are susceptible or are in
the latent period have home-ranges (unless they are migrating juveniles looking for
new home-ranges (Ou and Wu (2006))). Differently from previous studies, our model
assumes that some of the rabid foxes essentially behave like susceptible and exposed
foxes and keep their home-ranges, while the other rabid foxes loose the attachment
to their home-range and disperse by diffusion. We call the first ones territorial ra-
bid foxes and the second ones diffusing (wandering (Toma and Andral (1977))) rabid

foxes. Since our model assumes these two kinds of rabid foxes, it is a system of both



partial differential and integral equations (with integration over space and, occasion-
ally, also over time) (Section 2.2).

Mathematical models have so far assumed that either all rabid foxes are territorial
(van den Bosch et al. (1990)) or all rabid foxes diffuse (Kéllén et al. (1985); Liu (2013);
Murray et al. (1986); Murray (1989); Murray and Seward (1992); Ou and Wu (2006)).
The radio-tracking in (Andral et al. (1982)) supports the existence of territorial rabid
foxes, while the distances of new rabies cases in (Bogel et al., 1976, Table 2) seem to
support the existence of diffusing foxes.

To study the spreading speeds of the rabies epidemic, we reduce the model to a
scalar Volterra Hammerstein integral equation (Section 2.3) and apply the concept of
asymptotic speeds of spread (Thieme (1979a); Thieme and Zhao (2003)) (Section 2.5,
Section 2.6). This concept had been originally developed by (Aronson (1977); Aronson
and Weinberger (1975, 1978)) for partial differential equations in population dynamics
and then used by (Aronson and Weinberger (1975)) for certain epidemic models and
extended to larger classes of population and epidemic models by (Diekmann (1978,
1979)), (Thieme (1977, 1979a)), and by (Thieme and Zhao (2003)). The spreading
speeds are discussed and calculated for latent periods of fixed length, exponentially
distributed length, Gamma distributed length, and log-normally distributed length
(Chapter 4). For further developments and some applications, see (Beaumont et al.
(2012); Garnier (2011); Gourley and Kuang (2004); Jones et al. (2012, 2013, 2016);
Kot (2001); Liang and Zhao (2007); Metz et al. (2000); Rass and Radcliffe (2003);
Ruan (2007); Smith and Thieme (2011); Thieme (2006); Weinberger et al. (2007);
Thieme and Zhao (2003); van den Bosch et al. (1990); Wang (2011); Wang and Wu
(2010); Zhao and Xiao (2006)) and the references therein. For recent progress, we
refer the reader to (Fang et al. (2017); Garnier and Lewis (2016); Shu et al. (2018);
Shigesada et al. (2015); Tian and Yuan (2017); Wu and Zhao (2018); Xu (2016)).



Numerically, we describe a numerical algorithm for the simulation of the spread of
rabies in a spatially distributed fox population on a bounded domain with Dirichlet
boundary conditions. We propose the following methods for the numerical approx-
imation of solutions. The partial differential and integral equations are discretized
in the space variable by central differences of second order and by the composite
trapezoidal rule (Section 5.3 and Section 6.3). Next, the delay or ordinary differential
equations that are obtained this way are discretized in time by explicit continuous
Runge-Kutta methods of fourth order for delay and ordinary differential systems
(Section 5.4 and Section 6.4). The continuous Runge-Kutta method was derived by
Owren and Zennaro (Owren and Zennaro (1991, 1992b,a)), and it is discussed in
(Bellen and Zennaro (2003)). The continuous Runge-Kutta method was recently ap-
plied by (Alanazi et al. (2018a, 2019); Bartoszewski et al. (2015); Jackiewicz et al.
(2014)). Our particular interest is in how the partition of rabid foxes into territorial
and diffusing rabid foxes influences the spreading speed, a question we cannot answer
by purely analytic means. We will restrict the numerical analysis to latent periods
of fixed length (Chapter 5) and to exponentially distributed latent periods (Chapter
6). The models in Chapter 5 and Chapter 6 are derived and discussed in Chapter
3. For numerical methods of solving and studying differential equations, we refer the
reader to the work by (Bartoszewski and Jackiewicz (2002, 2007, 2008)), (D’Ambrosio
and Jackiewicz (2010, 2011)), (Jackiewicz and Zennaro (1992); Jackiewicz and Zubik-
Kowal (2006, 2009)), (Recktenwald (2000)), (Schiesser (2013); Schiesser and Griffiths
(2009)), (Shampine et al. (2003)), and by (Stanoyevitch (2005)).



1.2 Thesis Plan

A mathematical model is developed for the spread of rabies in a spatially dis-
tributed fox population to model the spread of the rabies epizootic through middle
Europe that occurred in the second half of the 20th century. The model considers both
territorial and wandering rabid foxes and includes a latent period for the infection.
Since the model assumes these two kinds of rabid foxes, it is a system of both par-
tial differential and integral equations (with integration over space and, occasionally,
also over time). To study the spreading speeds of the rabies epidemic, the model is
reduced to a scalar Volterra-Hammerstein integral equation, and space-time Laplace
transform of the integral equation is used to derive implicit formulas for the spreading
speed. The spreading speeds are discussed and implicit formulas are given for latent
periods of fixed length, exponentially distributed length, Gamma distributed length,
and log-normally distributed length. A number of analytic and numerical results are
shown pertaining to the spreading speeds. Our particular interest is in how the par-
tition of rabid foxes into territorial and diffusing rabid foxes influences the spreading
speed.

The dissertation is organized as follows. In Chapter 2, a rabies model is derived
with both territorial and diffusing rabid foxes. The model is reduced to a scalar
Volterra-Hammerstein integral equation, and space-time Laplace transform of the
integral equation is used. In Chapter 3, two sub-models are formulated. The first
model includes a latent period with fixed length, and the second model includes a
latent period with exponentially distributed length. Chapter 4 discusses analytic
results and numerical estimations of the asymptotic speeds of spread ¢* of fox rabies.
Numerical simulations of spread of rabies when the latent period has fixed length and

when the latent period has exponentially distributed length with a bounded domain



of R are discussed in Chapter 5 and Chapter 6, respectively. The work in Chapter
3, Chapter 5, and Chapter 6 was published in Alanazi et al. (2018a). The work in
Chapter 2 and Chapter 4 has submitted to a journal for publication (Alanazi et al.
(2018b)).

If someone is interested in numerical simulations of the spread of rabies in two-

dimensional space, we refer the reader to the pubished paper in Alanazi et al. (2019).



Chapter 2

A RABIES MODEL WITH DISTRIBUTED LATENT PERIOD AND
TERRITORIAL AND DIFFUSING RABID FOXES

2.1 Abstract

We build a model that helps to study analytically the spatial spread of rabies on
R"™. The model assumes that some of the rabid foxes essentially behave like healthy
and susceptible foxes and keep their territories, while the other rabid foxes change
their behavior and wander. Since we consider these two kinds of rabid foxes, the model
consists of partial and integral equations. In addition, the model considers continuous
latent periods with arbitrary length distributions for the infection. We reduce our
model to a single scalar Hammerstein Volterra integral equation and use the Laplace
transform to find a candidate for the spreading speeds ¢*. We use theorems developed
by (Thieme (1977, 1979a)), and by (Thieme and Zhao (2003)) to say that ¢* is indeed
the spreading speed of our solutions. Next, we show a number of analytic results

pertaining to the spreading speeds c*.
2.2 The Model

To study the spread of rabies in a spatially distributed fox population, we consider
R™ which represents the habitat of the foxes.

We consider an epidemic outbreak and assume that it is short enough that the
natural turnover of the fox population can be ignored: No foxes are born, and the

only deaths are those of rabid foxes dying from rabies.



We assume that susceptible and exposed foxes have home-ranges. Home ranges
of settled foxes may partly or largely overlap those of other foxes though parts of
them may be defended from encroachment by other foxes ((Lloyd, 1980, p.149)).
Therefore, it seems to be not only a convenient but also justifiable approximation of
reality to model the locations of susceptible and incubating foxes by the centers of
their home-ranges in a spatial continuum.

Further, we assume that some of the rabid foxes essentially behave like susceptible
and exposed foxes and keep their home-ranges, while the other rabid foxes loose the
attachment to their home-range and disperse by diffusion. We call the first territorial
rabid foxes and the second diffusing rabid foxes.

Mathematical models have so far assumed that either all rabid foxes are territorial
(van den Bosch et al. (1990)) or all rabid foxes diffuse (Kéllén et al. (1985); Liu (2013);
Murray et al. (1986); Murray (1989); Murray and Seward (1992); Ou and Wu (2006)).
The radio-tracking in (Andral et al. (1982)) supports the existence of territorial rabid
foxes, while the distances of new rabies cases in ((Bogel et al., 1976, Table 2)) seems
to support the existence of diffusing foxes.

Let S(z,t) denote the density of susceptible foxes (which are all territorial) at time
t whose home-ranges center at location € R". Further R;(z,t) are the diffusing
rabid foxes at location z and time t and Ra(x,t) the territorial rabid foxes at time ¢
whose home-ranges center at location x. Finally, E(x,t, a) is the density of infected
foxes in the incubation period (which are also all territorial) at time ¢ that have
infection age a and whose home-ranges center at x.

Let ki(x,z) denote the rate at which a fox with home-range center x visits the
location z € R, where x; is assumed to be continuous and [, x1(x,y)dy = 1. The

rate at which a susceptible fox with home-range center x meets a territorial rabid fox



with home-range center z is given by

Ka(x, 2) = / ri(z,y)k1(z,y)dy, (2.2.1)
which means that it is the rate at which they both visit some common point y € R"

(Compare equation (5.1) in (van den Bosch et al. (1990))). The model takes the form,

(

9,S(x,t) = —BS(x,t) [pulrk1(z, 2)Ri(2,t) + Ka(z, 2)Ro(2, t)]d=

=: —B(x,t),
(2.2.2)
O Ry (x,t) = DARy +p1 [,° 0(a)E(z,t,a)da — v Ry (x, t),
O Ro(,t) = p2 [ 0(a)E(x,t,a)da — o Ry(x, 1),
with given initial conditions
S(x,0) = So(z), Ri(x,0) = Ri(z), Re(z,0) = R3(x), v € R". (2.2.3)

Here, A, is the Laplace operator such that ARy = Y ", 82};17(;”. D is the fixed
diffusion rate. 6(a) is the rate at which infected foxes with infection age a exit
the latent period, and v; and v, are the per capita rabies death rate of diffusing
and territorial rabid foxes, respectively. p; is the chance of a rabid fox to diffuse,
and py the chance to be territorial so that p; + po = 1. [ is the chance that a
meeting of a susceptible and a rabid fox leads to the infection of the susceptible fox.
B(x,t) is the incidence of the disease, i.e., the number of new cases per unit of time.
The nonnegative continuous functions Sy, R} and RS are the initial densities of the

susceptible and diffusing and territorial rabid foxes.

The infected foxes in the latent period are described by the system

(

(Or + 04)E(2,t,a) = — 0(a)E(x, t, a),
E(x,t,0) =B(x,t), (2.2.4)

E(z,0,a) =FEy(x,a).

10



Here E(z,t,a), and B(x,t) are as above.

Remark 2.2.1. We have modeled the duration of the rabid, infectious, stage in
the simplest possible way, namely as exponentially distributed, i.e., by a constant
per capita rate of dying from the disease. The duration of the latent period will be
modeled by an arbitrary distribution because this will provide very interesting insights
(Chapter 4). We could have done something similar for the rabid stage and let the
disease-death rate and even the diffusion rate of diffusing rabid foxes depend on the
time since becoming infectious (Liu (2013)). We do not do so because this would add
a layer of complexity that may obscure the interplay of diffusing and territorial rabid
foxes. Instead of separating the latent and the rabid period, we could have looked
only at the class of infected foxes and their infection age (Ducrot and Magal (2009);
Liu (2013)). We did not do this in order to use the information about the length of

the latent period and the rabid period that is available.

Remark 2.2.2. Alternatively to the diffusion equation, the wandering rabid foxes

could be modeled by a differential-integral equation

(

O Ry (z,t) = [on ks(x,2)Ri(2,t)dz — Ry(z,t) [o rs(z, 2)dz

] + J5 - 0(a)E(x,t,a)da — n Ry(x,t), (2:2.5)

/{3(1‘7 y) = ’{3(ya {L‘)

\

This would make it possible to include studying the effects of fat-tailed kernels 3
which should lead to accelerating solutions as in (Bouin et al. (2018); Garnier (2011)).
While in a few areas rabies has spread with considerable higher speed than in most
others (Toma and Andral (1977)), it is not clear whether this is caused by fat kernels
(the main example for this seems to be rapid plant migration) or rather by spatial

heterogeneities which are not considered in this work. Yet another cause of anomalous
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high spreading speeds is the interaction of different species (Weinberger et al. (2007)).
A mathematical reason for not venturing into the area of fat-tailed kernels is that
they do not appear to lead to formulas for the spreading speed that are amenable to
a qualitative analysis of how the spreading speed depends on rabies-relevant model

parameters.
2.3 Transformation to a Single Volterra Hammerstein Integral Equation

In this section, we are working to reduce the model (2.2.2) to a single nonlinear
Volterra-Hammerstein integral equation. We begin by integrating along the charac-
teristics to reduce the system in (2.2.4) to one equation (see, e.g., (Smith and Thieme

(1991); Thieme and Zhao (2001, 2003))). Let
v(x,r,a) = E(x,r + a,a) (2.3.1)

be the foxes in the incubation period that were infected at time r > 0 with infection

age a > 0. It follows that

Ov(z,r,a) = [0 E(x,t,a) + O, E(x,t,a)|i=r1a
= —0(a)E(z,r + a,a) = —6(a)v(x,r, a), (2.3.2)
v(x,r,0) = E(z,r,0) = B(z,1).

Then, we obtain

(z,r,a) = B(z,7) exp (— /O a@(s)ds) . (2.3.3)

Let

w(z, t,r) = E(x,t,t+71), (2.3.4)

12



which is the individuals at time t that had been infected before time 0 and had

infection age r at time 0. Then

atw(x7 t? 7“) = [atE(xa ta CL) + 8aE(a:, t? a)]a:t+r

= 0t +r)E(x,t,t+71) = —0(t + r)w(x,t,r),

W(flf, 07 ’l“) = E(ZL‘, 07 T) = EO(:Ev T)'
So, we obtain
t
w(x,t,r) = Eo(x,r) exp —/ O(s+r)ds | .
0
Let t > a > 0, then

E(z,t,a) =v(z,t —a,a) = B(z,t —a)Y(a),

T(a) = exp (- /an(s)ds> ,

(2.3.5)

(2.3.6)

(2.3.7)

where Y(a) is the probability that infected foxes with infection age a are still in the

latent period. Then T : R, — [0, 1] is decreasing and Y(0) = 1. We assume that 0:

[0,00) — [0,00) is a continuous function, and there exist numbers oy > o1 > 0 such

that for a € (o1, 03),
o) >0, [ bla)da =
0

For a >t > 0, we have

E(z,t,a) =w(z,t,a —t) = Ey(x,a — t)F(a,t),

Fl(a,t) =exp (—/Ot0(5+a—t)ds> :

We do a change of variables, we have

Fla.t) = exp (- / ite(r)dr> — T(a)/T(a—1).
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Then we have

Eo(x,a—t)%, a>t>0,
E(z,t,a) = ey (2.3.11)
B(z,t —a)Y(a), t>a>0,

where Ey(z,a — t) is the number of infected foxes that already were in the latent

period and not yet become rabid at time ¢ that have infections age a and whose home

T(a)
T(a—t)

ranges center at x. is the conditional probability that the infected foxes at
infection age a are still in the latent period with the condition of having been in the
latent period already at age a — t.

Now, we want now to solve for R;(x,t), which is the diffusing rabid foxes at location

x and time t. From (2.2.2), the density of diffusing rabid foxes satisfies

O Ry (z,t) =DO?Ry(z,t) + p / 0(a)E(x,t,a)da — v Ry(z, 1),
0

(2.3.12)
Rl (.T, 0) :R(f(‘T)
Set
flz,t) = /000 O(a)E(z,t,a)da = fi(x,t) + fo(z,t), (2.3.13)
where
fi(z,t) :/0 O(a)E(z,t,a)da :/0 0(a)B(z,t —a)Y(a)da, (2.3.14)
and

fo(z, 1) —/ 0(a)E(z,t,a)da —/ 0(a)Eo(z,a —t)F(a,t)da. (2.3.15)
t t
Now, the model (2.3.12) shall be
OR(z,t) + 1Ry (2,t) =DO*Ry(x,t) + pif(z,1), (2.3.16)
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So, the solution for the non-homogeneous PDE is

(x,t) =p1 / / L —y)e ) £ (s, y)dyds
/ T,(Dt,x — y) RS (y)e—"dy.
By doing a change of variable s — t — s, we have
Ry(x,t) =py /Ot/ I(Ds,x —y)e " f(t — s,y)dyds
+ /n (Dt —y) RS (y)e " dy.

(2.3.17)

(2.3.18)

Here, I',, is the fundamental solutions associated with the differential operator 0, — A,

for n space dimensions, and it is given by

1 —|z|?

I(z,t) = ———e % | x e R",
(@:1) (VAart)n
where | - | is the Euclidean norm on R™, and it is given by

Substituting (2.3.13) into (2.3.18), we have

Rl(xa t) =P1 A /" Fn(st T — y)e—ms (fl(t - S7y) + fO(t -5, y)) dde
+ /n (Dt z —y) RS (y)e " dy.

That is
t
Ry(z,t) =Rgy(x,t) + p; / / I'(Ds,x —y)e " f1(t — s, y)dyds,
0 n
where
t
Ri(wt) =p1 [ [ Tu(Dsca = g)e ™ foe — s,)dyds
O n
+/ (Dt —y) RS (y)e " dy.
Rn
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(2.3.21)
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(2.3.23)



Similarly, we work to find a formula for Ry(z,t), so someone can easily find

¢
Ro(z,t) =R3(,t) +p2/ fi(t — s, x)e "**ds, (2.3.24)
0
where
t
R3(z,t) =po / fo(t — s,z)e "*ds + Ry(x)e " (2.3.25)
0
Solving for S(z,t), that is in (2.2.2), gives us

S(x,t) =So(x)e @), (2.3.26)

where

u(z,t) = ﬂ/o /n[/ﬁ(x, 2)R1(z, 8) + ka(x, 2)Ra(z, s)|dzds (2.3.27)

is the cumulative rate of rabid foxes meet the susceptible foxes. Let us first divide

(2.3.27) into two parts Uy (z,t) and Us(x,t) such that

u(z,t) = Uy(x,t) + Us(a, 1), (2.3.28)

where
t
Ul<x>t) = 5/ / I{l(l’,Z)Rl(Z, S)dZdS>
0 n
and
t
Us(x,t) = ﬁ/ / Ko(x, 2)Ra(z, s)dzds.
0 n
Also, for the foxes that already were infected at the beginning, we set

ug(x, t) =Uso(z, 1) 4 Uso(, 1), (2.3.29)

where

Upo(z,t) = B/Ot /n rk1(z, 2) Ry (2, 8)dzds,
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and
t
Uso(z,t) :ﬂ/ / Ko, 2)R5(2, 8)dzds.
0 n

The following result will be used a couple of times.

Lemma 2.3.1. Let ¢5 : Ry — R be continuous and
t
o(t) = / k() balt — r)dr,
0
fort >0, and ®;( fo ¢j(s)ds the anti-derivative of ¢;. Then
t
Dy (t) = / k(s)Do(t — s)ds,
0
fort >0

Proof. We substitute the formula for ¢, into @1, so we get

O,(t) = /Ot (/Otﬁ(r)@(s - r)dr) ds, t>0.

By changing the order of integration, we obtain

By (1) = /Ot/i(r) (/t bols — r)ds) dr

That is

Let r — s, then

From (2.3.23), Ujp(x,t) shall be

Uso(z, 1) ﬁ/ /nmazz pl//n (Ds, 2 =y)e™ fols = m,y) (2.3.30)

dydr+/ To(Ds, 2 — y) R (y)e ”lsdy)dzds
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We interchange the order of integration and use Lemma 2.3.1,

Usol, 1) = /Ot / 1 (3, 2) (pl/nFn(Ds,z e (/OH folr, y)dr) dy

+/ [, (Ds,z — y)RT(y)e’”lsdy> dzds.

That is

(2.3.31)

Unole,t) =Bp1 / [ [ st arams.z - pee ( / i, y)dr> dydzds

t
+ 5/ / / k1(x, 2)Th(Ds, z — y) Ry (y)e " dydzds.
0 n n
From (2.3.15), we have

/Ot foly, 8) = /Ot /OOO 0(a +5)Eo(y, a)F(a + s, 5)dads.

We substitute (2.3.33) into (2.3.32)

Uo(z, 1) Bpl////ﬁxz n(Ds,z —y)e ®
(/ / O(a+1)Eo(y,a)F(a+r, r)dadr) dydzds
o Jo

t
w8 [ ][ e oraDs s - R dydads.
0 n n

From (2.3.25), Uy(z,t) shall be

Ugoxt—p2ﬁ//n/<a2:vz (/ fo(r, 2)d )dzds
+ 5/0 /n Ko(z, 2)Ry(2)e "**dzds.
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(2.3.34)
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We substitute (2.3.33) into (2.3.35)

Ugoxt—pQB//Faga:z Tves

(/ / O(a+1)Eo(z,a)F(a+r, r)dadr) dzds (2.3.36)

+ﬁ/t/n Koz, 2)Ry(2)e " dzds.

From (2.3.34) and (2.3.36), ug(x,t) shall be

oz, t) ﬂpl///mxz n(Ds,z —y)e *
(/ / O(a+1)Eo(y,a)F(a+r, r)dadr) dydzds
o Jo
t
w8 [ [ ] s an s s - g i) dydzds
O n n
t
+p25/ / Ko (T, 2)e "2*
0 n
t—s 00
(/ / O(a+1)Eo(z,a)F(a+r, r)dadr) dzds
—l—ﬂ/ / Ko(z, 2) e **dzds.

Now, from (2.3.22), we have

(2.3.37)

Ri(z,t) — Ry(z,1) / /n (Ds,z —y)e " f1(t — s, y)dyds. (2.3.38)

Also, we have

t
Ui(z,t) — Upp(z,t) = ﬁ/ / k1(z,2) (Ri(z,8) — Ry(z,5)) dzds. (2.3.39)
0 n
So, after changing the order of integration and use Lemma 2.3.1, we obtain

Ul(l' t Ulo(x t)

5/ / ki (2, 2) pl/nf‘ (Ds, z — y)e* (/OH i, y)dr) dy)dzds (2.3.40)
:plg/o / / k1 (2, 2)T(Ds, = — y)e1* (/Ot_s fl(r,y)dr) dydzds.
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By (2.3.14),

[ st

/ B(y,s — a)dads
0(a)Y(a B

-
—/0 /a (y,s — a)dsda
)

)T(a)
- H(a)T(a)/O_aB(y,s)dsda

= /Ot 0(a)Y(a) /Ota B(y, r)drda.

From the fundamental theorem of calculus and (2.2.2), we have

t—a t—a
/ B(y,r)dr = — .S (y, r)dr
0

0

—[S(y,t —a) = S(y,0)] = So(y) — S(y,t — a).
From (2.3.26),

/o " Blyr)dr = Syl — e ] = Sy(y) Flu(y, t — a)),

where
Fluy=1—e¢", u > 0.
Substituting (2.3.43) into (2.3.41), we have

/0 fily, s)ds = /0 0(a)Y (a)So(y)F(u(y,t — a))da.

Substituting (2.3.45) into (2.3.40), we have

Uy(z,t) — Ur(x, t) plﬂ////ﬂlxz n(Ds,z —y)e *

(/0 T 0(0)Y (@) So(y) F (u (y,t—s—a))da) dydzds.

(2.3.41)

(2.3.42)

(2.3.43)

(2.3.44)

(2.3.45)

(2.3.46)

We change the order of integration and use the substitution a = r — s in the interior

integral, so we obtain

Ui(z,t) — Uo(z, t) =p13 /Ot e”"ds /: // Olr = s)X(r = 5)50(y) (2.3.47)

F(u(y,t —r))ki(z, 2)['(Ds, z — y)dydzdr.
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After another change of variables, we have

ey~ Unte.t) = [ [ [ [ o=t =180

Fu(y,t —r))e " ry(x, 2)I'(Ds, z — y)dydzdsdr,

which can be written as

Ul(x;t> - U10<£L',t) :/ " fl(l’,y7T)F<U(y,t - T))dydra
0 n

where
Gepr) = [ mrzyae ),
and
mir ) =B [ 0= )Xl = )Salw)e To(Ds. 2~ )is
We also have that
Uy(z, ) — Uno(z, ) = 5/; / o (2, 2)[Ra(z, 8) — R2(2, )] dzds.

Substituting (2.3.24) into (2.3.52) and using Lemma 2.3.1, we have

Us(z,t) — Uso(z, t) pQB//nkagxz (/ flrzdr>dzds.

Substituting (2.3.45) into (2.3.53), we have
¢
Ua(z,t) — Uso(,t) = p25/ / Koz, z)e”"
0 n
t—s
(/ 0(a)Y(a)So(z)F(u(z,t —s — a))da) dzds.
0

(2.3.48)

(2.3.49)

(2.3.50)

(2.3.51)

(2.3.52)

(2.3.53)

(2.3.54)

We change the order of integration and use the substitution a = r — s in the interior

integral,

Us(z,t) — Uso(z,1) p2ﬁ/ e
/ Rn O0(r — s)Y(r — s)So(2)F(u(z,t — 1))k (z, 2)dzdrds.
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After another change of variables, we have

UQ()(I t)
pQB/ / O(r — s)Y(r — s)So(2)F(u(z,t —r))e " ro(x, z)dzdsdr,
Rn
which can be written as
t
Us(z,t) — Usg(x,t) = / &z, z,m)F(u(z, t —r))dzdr,
0 Rn

where

52(]7, Z, T) = HQ(T, Z)Hg(ilf, 2)7
and
na(r, 2) = paf /T O(r — s)Y(r — s)So(z)e "*ds.
0

We have from (2.3.28) and (2.3.29) that

U(l’,t) — Ug(.??,t) = (U1<l’,t) — Ulo(flj,t)) + (UQ([IZ’,t) — UQQ(Z’,t)) .
Substituting (2.3.49) and (2.3.57) into (2.3.60), we obtain
u(z,t) — up(z,t)

/o /Rn [51 z,z, ) F(u(z,t — 1)) + &z, z,r)F(u(z, t — r))] dzdr

/0/n§xzr u(z,t —r))dzdr,

=

where

E(x,z,r) =& (x, 2, 1) + &z, 2, 7).

(2.3.56)

(2.3.57)

(2.3.58)

(2.3.59)

(2.3.60)

(2.3.61)

(2.3.62)

We need to assume that S is a constant and x4 (x, z) must be replaced by xi(x — z).

So, from (2.2.1), we have
o 2) = [ il = il = )y = Rale - 2)
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with
ae) = [ waly+ 2 )y
Therefore, (2.3.50) and (2.3.51) shall be

51(% 7“) = /n 771(7“, Yy — Z)/il(z)dz,

and

m(r,y) =p1 5 /07“ O(r — s)Y(r — s)Soe "**T'(Ds,y — z))ds.

After we drop the tilde, (2.3.58) and (2.3.59) shall be

Ea(y, 1) = m2(r)r2(y),

and

(r) =2 [ 60— 50 = )5,
Also, we rewrite (2.3.61) as
w(w, 1) —uo(x, ) + /Ot /R Ela — =) F(u(z, t — r))dzdr,
o, 1) + /Ot /R €(o ) F(u(e — 2, t — r))dzdr.

Thus, u(x,t) satisfies

(s t) —uo(o, ) + /Ot / Glulz — 2.t — 1), 2, v)dzdr,

where

(2.3.64)

(2.3.65)

(2.3.66)

(2.3.67)

(2.3.68)

(2.3.69)

(2.3.70)

(2.3.71)



5($’ ’I“) = fl(l‘,T’) + 52(1‘,7“),
& (z,r) = /n m(x,r)k1(2)dz,
m(x,r) = plﬂ/or O(r — s)Y(r — s)See "**T'n(Ds, x))ds,

&z, 1) = n2(r)ra(),
PQ/B/ r—s)Y(r — s)Spe "**ds.

The Volterra-Hammerstein integral equation (2.3.70) describes the development of
the population (Thieme (1979b)). So, u is the cumulative rate of rabid foxes meet
the susceptible foxes. 7; and 7y are the densities of diffusing and territorial rabid
foxes, respectively. & and & are the contribution of diffusing and territorial rabid
foxes, respectively, to the infection rate. ug combines the various initial conditions,

and it is given in (2.3.37).
2.4 Properties of k1 and ko
We assume k1(x, z) = k1 (z — z) > 0. By (2.2.1)

Ko(z,2) = /n Ri(z —y)ki(z — y)dy = Ro(z — 2). (2.4.1)
After a substitution
e = [ aly+ (o). (2.4.2)

For simplicity, we are dropping the tildes from x; and k. We also assume k; is

isotropic and

/ k1(y)dy = 1, / e Mk (y)dy < 0o, A > 0. (2.4.3)

Definition 2.4.1. (Thieme and Zhao, 2003, p.434) A function ¢ : R" — R is said to

be isotropic if ¢(x) = ¥ (y) whenever |z| = |y|.
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Definition 2.4.2. (Thieme and Zhao, 2003, p.434) A function ¢ : [0,00) x R" — R

is said to be isotropic if £(s, -) is isotropic for almost all s > 0.

Lemma 2.4.3. Assume Ky is isotropic, and ||z|| = 1. Let ko(x) be defined as ko(x) =

Jan 51 (y + 2) K1 (y)dy, then ks is isotropic.

Proof. Assume ||z|| = ||u|| = ||e1]|, where e; is the first column of the standard basis
for R™. Then, there exists an orthogonal matrix A such that x;1 = x = Ae;, and there
exists an orthogonal matrix B such that u; = uw = Be;. The orthogonal matrices A
and B can be constructed using Gram-Schmidt process. Since B is an orthogonal
matrix, BT = B7!. So, we have that e; = BTu, and then # = ABTu, where ABT is

an orthogonal matrix. Thus,

Ko(x) = ke (AB ) = / k1 (y + ABTw)ky (y)dy.

n

We make a substitution y = ABTz, then
Ko (1) = ko(ABTu) = / k1 (ABY 2 + ABTu)k, (AB” 2)|det AB” |dz.

n

Since ABT is an orthogonal matrix,
Ko(x) = / k1 (ABY (2 + )k (ABT 2)dz.

Since k; is isotropic,

Ko(T) = / k1(z + u)k1(2)dz = Ko(u). (2.4.4)
So, whenever ||z|| = ||u||, we have ko(z) = ka(u). Therefore, ks is isotropic. O
Lemma 2.4.4. Assume r is isotropic, and |lu| = 1. Then, [, k(2)e*®)dz =

Jan (2)e**1dz.
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Proof. Assume ||u|| = ||e1||, where e; is the first column of the standard basis for R™.
Then, there exists an orthogonal matrix A such that u; = u = Ae;. After we make a

substitution z = Ay, then we get
/n k(2)eMNHdy = /n K (Ay)e M) | det Al dy.
Since A is an orthogonal matrix,
/n r(2)eN ) dy = /n r(Ay)eMVdy.
Since k is isotropic,
/n r(2)eM A dz = /n k(y)ereV dy = /n r(y)etdy = /n K(z)erdz.
[

Proposition 2.4.5. Assume £, is isotropic. Let ko(x) be defined as ka(x) = [5. k1(y+

‘r)/{l (y)dy7 then

1. fon b2(@)dz = ([gn k1 (y)dy)2.

2. [on e Ro(2)da = ([fn 6_)‘yllil(y)dy)2.

/n Ko(z)dr = / (/ ki (y + iU)Hl(y)dy) dr.

We change the order of integration,

/n o () — / 1 (1) (/ k(g + x)dx) dy.

The result follows after a change of variables in the interior integral. Therefore,

/n o (2)da = (/ ml(y)dy>2.

26

Proof. 1.



2. For this part we have,

/ e_)‘”“lig(x)dx = / e AT (/ k(Y + a;)/ﬁ(y)dy) dz.
That is,
/ e Mgy (z)dr = / e M@aty) </ M (y + x)m(y)dy) da.

We change the order of integration,

/ e M ky(x)dr = / Mk (y) (/ e M@t g (y 4 x)dx) dy.

By a change of variables z — u — y,

/ e My(a)de = / a(y) ( / ) e-mml(u)du) dy.

The claim now follows Since k; is isotropic. So,

/ e Mo = ( / 6‘*%@)@)2_

]

2.5 Spreading Speeds
A number ¢* > 0 is called the asymptotic speed of spread for a function u :
Ry x R" — Ry if Imy o0 jzzet u(t,x) = 0 for every ¢ > ¢*, and if there exists

some € > 0 such that liminf, ,o ;)< u(t,z) > € for every ¢ € (0,c*) (Aronson and
Weinberger (1975, 1978); Diekmann (1978); Thieme and Zhao (2003)). With that
being said, if we move in any direction with speed ¢ that is not exceeding ¢*, then we
will not be able to out run the spreading virus. In the other hand, if we travel with
speed ¢ > ¢*, then we are going to escape from the spreading virus. In this section,
we are going to analyze (2.3.70) for spreading speeds based on theories developed on

(Thieme (1979a); Thieme and Zhao (2003)).
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2.5.1 Space-Time Laplace Transform

We use the space-time Laplace transform =(c, \) to study of the asymptotic behav-
ior of solutions of Eq. (2.3.70) (see, e.g., (Thieme and Zhao (2003); Thieme (1979a))).
=(c, \) is defined as

=(c, \) :/ / e~ N+ (y 1) dydr (2.5.1)
0 n
where y; is the first coordinate of y (Thieme and Zhao (2003)). We have

Z(e, N) / / Aler+y) e (y r)dydr

e NI (&4 (y. ) + Ealy, 7)) dydr
8 (2.5.2)

L
= / / e NTTIE (y, r)dydr
0 R

+/ / e N e (y rYdydr = Z1(c, \) 4 Za(c, N,
0 R™

where
E1(c, A) :/OO/ e Nty e (y r)dydr, (2.5.3)
0 n
and
Sa(c,\) = /000 /n e Nty e (y, r)dydr. (2.5.4)
For =;(c, \), we have
=i, \) = /0 N / ) e Ny e (y r)dydr. (2.5.5)

Substituting (2.3.65) and (2.3.66) into (2.5.5), we obtain

o= [ [ e
(plﬂ /n /0 O(r — s)Y(r — s)Spe "*T',(Ds,y — z))m(z)dsdz) dydr.

(2.5.6)
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We change the order of integration,

=1(e, A) =p18So / eer

/Rn /Oroe(r —35)Y(r —s)e "* (/n e T, (Ds,y — z))dy) (2.5.7)

k1(z)dsdzdr.

We change the order of integration another time,

=1(e, A) =p18S, / e er
0

/07« O(r — s)Y(r —s)e ? /n (/n e T, (Ds,y — z))dy) (2.5.8)

k1(z)dzdsdr.

Now, we make a change of variables y — 2 + v,

E1(c, ) :P1550/ e A
0

/Or O(r —s)Y(r —s)e "? /n (/n e~ A=+ (Ds, y)dy) (2.5.9)

k1(z)dzdsdr.
That is,

Z1(e, A) :plﬁSo/ / O(r —s)Y(r — s)e_”lse_’\” (/ e_’\yan(Ds,y)dy)
o Jo R

dsdr/ e My (2)dz.
(2.5.10)
Proposition 2.5.1. (Proposition 4.2 in Thieme and Zhao(2003)). Let I'(t,x) be the

fundamental solution associated with the partial differential operator 0, — A,. Then
/ MD(z, t)de = X, ¢ > 0.
By Proposition (2.5.1), (2.5.10) shall be

DY :plﬁSO/ (/ O(r —s)Y(r — S)e”lse’\cre)‘wsds) dr
0 0

/ (2.5.11)
e M (2)dz.
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We change the order of integration and do another change of variables, so we get

Zi(e, A) :plﬁso/ 6(’\2D_’\C_”1)Sds/ 0(r)Y (r)e " dr
0

0 (2.5.12)
/ e Mk (2)dz.
Since T(r) = exp (— [y 0(s)ds),Y'(r) = —=6(r)Y(r). So, (2.5.12) shall be
Z1(c, M) :plﬁso/ e D=Ae=r)s g </ —T/(T)e_’\”dr>
0 0 (2.5.13)
/ e My (2)dz.
Evaluating the integral, we obtain
— S e —ACT —AZ
Z1(e, N) = +p;f_0>\2D (/0 —Y(r)e dr> /n e Mk (2)dz. (2.5.14)

if 1 + Ac — A2D > 0, and Z;(c, \) = oo otherwise.

For Z5(c, \), we have

Ea(c, A) :/ / e~ N ey (y, r)dydr. (2.5.15)
0 n

Form (2.3.67) and (2.3.68), we have

C )\ / / —)\(cr+y1 (p25/ r — S T — S)SQG vas dSKQ( )) dyd’l“.

(2.5.16)

We change the order of integration,

Es(c, N) :pQﬁSO/ e (/ O(r —s)Y(r — 3)6”25d5> dr/ e ky(y)dy.
0 0 n

(2.5.17)
That is
Ea(c, \) =p28Sy /OOO (/OT O(r —s)Y(r — s)e_”?Se_A”ds) dr /n e o (y)dy.
(2.5.18)
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By changing the order of integration and doing a change of variables, we shall have

Zs(c, M) ZPQ/BSO/ e(_’jg_)‘c)sds/ Q(T)T(T)e_’\crdr/ e_’\yllig(y)dy
0 0 Rn

ZPQBSO/ e(mv2=A)s g (/ —T'(r)e’\CTdr)/ e ky(y)dy.
0 0 n

Evaluating the integral, we get

(e, \) = 2B (/000 —T'(r)e_)‘”dr> /n e kg (y)dy. (2.5.20)

l/2+)\C

(2.5.19)

By Proposition (2.4.5), we have

0o 2
Ea(c,\) = Vigf_s)’?c (/0 —T'(r)e"\”dr) </n e_)‘zllﬁ(z)dz> : (2.5.21)

) = [ e,

then from (2.5.14) and (2.5.21) we conclude that

Z(e,\) = ( pri(A) n p2(/%1(>\))2>630 (/OOO _T’(T)e_’\CTdT> (2.5.22)

Let

vy + Ae — \2D Vo + Ae

if 1 + Ac — A2D > 0, otherwise Z(c, \) = co.
2.5.2  Generalization of Space-Time Laplace Transform

Since T is decreasing, it is of bounded variation (Thieme, 2003, Sec.B.1). So,
we use the Stieltjes integral to generalize space-time Laplace transform such that

Y'(r) = dY(r). Therefore,

(O ()’ o0
=(c, \) = (— ” f_’fcl(_ )/\2 = pij(:i( A)C) )/350 /0 e dY (1) (2.5.23)

if 1 + Ac — A2D > 0, otherwise Z(c, \) = oo, where

/%1()\) = / 67>\Z1/£1(Z)d2.
]Rn
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2.5.3 The Basic Reproduction Number of Rabies R

The basic reproduction number of rabies is given by

Ro = 2(0,0) = (2 + £2) s, (2.5.24)

151 Vo

Here, 1/v; is the average time a rabid fox has available for infecting others before
disease-inflicted death if it is territorial or diffusing, respectively. The weighted aver-
age of these, <p1 /v + pa/ 1/2> is the time available for a typical rabid fox. Sy is the

density of susceptible foxes available to be infected, and S is the transmission rate.
2.5.4 Assumptions on G, &, and F

We start by stating the assumptions that (Thieme and Zhao (2003)) have imposed

on G, &, and F. These function are given in (2.3.70).

(A) There exists a function £ : R, x R™ — R, such that
(A1) & = fooo Jan &y, ) dydr < oo.
(A2) 0 < G(u,z,r) <ué(x,r),Vur>0zeR"

(A3) For every compact interval I in (0, 00), there exists some € > 0 such that

G(u,z,r) > e(z,r),Yuel, r=0 zecR"

(A4) for every € > 0, there exists some § > 0 such that

G(u,z,r) = (1 —e)ué(z,r), Yu €[0,d], r >0, z € R,

(A5) for every w > 0, there exists some A > 0 such that

|G(u,x,r) o G(U,.ﬁl},?’)‘ < Alu - 'U‘f(ﬂ?,?‘), Voue [07w]7 rz0,z¢ R™.
The assumptions on £ are:
(B) The function £ : R, x R® — R, is borel measurable such that
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(B1) & = J;" Jan §(y,m)dydr € (1,00).

(B2) There exists some Ay > 0 such that
I Jan €% (y, r)dydr < oo

(B3) There exist numbers dy > d; > 0, p > 0 such that
E(y,r) >0,V r € (01,62), [y| € [0,p).

(B4) ¢ is isotropic.
The following assumptions are about F'(u) ,
(C) The function F': R, — R, is a Lipschitz continuous function such that
(C1) F(0)=0and F(u) >0,V u>0.
(C2) F is differentiable at v = 0, F'(0) =1 and F(u) < u,Yu > 0.
(C3) lim, 0 7 = 0.
(C4) There exists a positive solution u* of u = £*F(u) such that &*F(u) > wu,

Vu € (0,u*), and £ F(u) < u, Yu > u*.

We start by verifying the assumptions (A).

(A1) See (B1).

(A2) From (2.3.43), we have that F(u) = 1 — e ", and so F(0) = 0. So, F(u) is
differentiable, and thus it is continuous. Since F' : [0,00) — R, is differenetiable
and continuous on [0, 00), we can use the mean value theorem. So, there exists some

w € [0,00), such that
F(u) — F(0) = F'(w)(u — 0) = uF"(w) < w.

Therefore, 0 < G(u,z,r) = F(u)é(z,r) <u€(y,r), ¥V u,r >0, z € R".

(A3) For every compact interval I € (0,00), F(u) has a minimum. That is there
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exists some € > 0, such that F'(u) > e. Therefore, G(u, x,r) = F(u)é(x,r) > e(z, 1),
Yuel r>0zeR"
(A4) From (A2), we have F(u) = uF'(w), where w,u € [0,6], and F'(w) = e . We

can choose ¢ > 0 such that § < —In(1 — ¢€) such that
Fllw)y=¢e"> e 0> enll=e) — 1 ¢

Hence, for every € > 0, there exists some > 0 such that
G(u,z,r) = F(u)é(z,r) = uF'(w)¢(z,r) > (1 —€e)u(z,r), Vu € [0,0], r >0,z €R™
(A5) By the mean value theorem, there exists p € [0,w], where w > 0, such that

|F(u) = F(v)| = [F'(p)(u —v)].

But F'(p) =e? <1=A, hence

|F(u) = F(v)| = [F'(p)(u—v)| < AJu—v].

From that we get,

<A[(u —v)[€(x, 7).
Therefore, for every w > 0, there exists some A > 0 such that
|G(u, z,7) — G(v,z,7)| < AMu—v|&(z,r), Vue[0,w], r>0,zeR"
In the following lines, we verify the assumptions on (B).

(B1) We assume vy, 15 > 0, then from (2.5.23)

& =2(0,0)= (2 +2)85, < o0 (2.5.25)

151 1)
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Choosing 1, = vy = 8 and Sy > 1, we can achieve that £* > 1.

(B2) Assume v; — A*D > 0. Notice that

/ / Ve (y, r)dydr = Z(0, \).
0 n

Then by (2.5.23), we have

(0,)) = (lﬁlfl)(\i\;) n Pz(/%;i)\))2>550 (/000 —T’(r)dr) : (2.5.26)

[1]

where
R1(A) = / e MKy (2)dz.
YT(a) is the probability that an infected fox is still in the latent stage a time units

after infection. Then T is decreasing and Y(0) = 1. Also, as a — oo, we assume

T(a) — 0. So, we have

By (2.4.3), we have

- - 2
2(0,)\) = (V]jlfli% n pQ(";EA)) ),BSO < 0. (2.5.27)

(B3) Let 05 > 6, > 0,p >0, r € (01,02), and > s > 0. From (2.3.65), (2.3.66),
(2.3.67), and (2.3.68), we have
E(y,r) Zplﬁ/ /07“ Sob(r — )Y (r — s)e "*T'h(Ds,y — z)k1(z)dsdz
+ P25y /OT O(r — s)Y(r — s)e”"?*dska(y).
Assume there is some p € (0, 00) such that x(r) > 0 for all » € [0, p). Then, by (2.3.8)
and (2.4.3), we conclude that £(y,r) > 0, V r € (41, d2), and |y| € [0, p).

(B4) Assume £ is isotropic, then ks is isotropic by Lemma 2.4.3. Since T',, is isotropic,

we conclude that £ is isotropic.
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In the following lines, we verify the assumptions on (C).
(C1) We have F(u) = 1—e™™, and clearly e " < 1, for all u > 0. Therefore, F'(0) =0,
and F(u) >0,V u> 0.
(C2) See (A2) for details.

l—e
u

(C4) From (B1), we have £* € (1,00). Set, F(u) = £*(1 — e ™) — u. Then, clearly,

(C3) Clearly, we have lim,, ., =0.

if u* = In(£*), then e — 1 = 0. That is, for Vu € (0,u*), £*¢7 > 1 and E(u)
is increasing on (0, u*). Therefore, £*F(u) > u, Vu € (0,u*). In the other hand,

Vu > u*, &e ™ < 1, and E(u) is decreasing V u > u*. Therefore, £*F(u) < u, V

*

u > ur.
2.6 Results

Since we have verified the assumptions on A, B, C, and D, Theorem 2.2 and
Lemma 2.1 in (Thieme and Zhao (2003)) hold and so Proposition 2.3 in (Thieme and
Zhao (2003)) holds. We can say that the spreading speed (aka asymptotic speed of

spread) is defined by
¢ :=inf{c>0; IA>0: =Z(c,\) <1}, (2.6.1)

(Diekmann (1978, 1979); Thieme (1979a)), where Z(c, \) is given by (2.5.1).
2.6.1 General Results

Lemma 2.6.1. Let Y(r) be defined as in (2.5.7), which is the probability that infected
foxes with infection age r are still in the latent period. Then fooo —Y'(r)e " dr is

non-negative.

Proof. Since T(0) =1 > T(t) for sufficiently large ¢ > 0, then we have
[eS) t
/ ~Y'(r)e " dr > / —Y'(r)dre " = (T(0) — T(t)) e > 0. (2.6.2)
0 0

36



]

Lemma 2.6.2. Given that ¢, A > 0, with Z1(c,\) < 1 and Z5(¢, \) < 1, then we have

the following holds:

—A\z1 V1+)\C—)\2D 1
1. [ k1(z)e M dz < PBS) T T (e erdr

with v1 + e — 2D > 0.

—Az1 vo+Ac 1
2. fR" Ko(z)e Mdz < ngso =T e edr
Proof. 1. For all ¢, A > 0, we have that
EI(C, )\) <1
where Z; (¢, A) is defined in (2.5.5), so by (2.5.14),

S © N
21 +p>1\cﬁ—0)\2D (/0 —T(r)e md?“) /n e Mk (2)dz < 1.

Therefore,

v+ AC — )\QD 1
13S0 fooo =Y/ (r)e=erdr

/ k1 (2)e M dz <

with 11 + Ae — A\2D > 0.
2. For all ¢, A > 0, we have that
EQ(C, )\) <1

where Zs(c, A) is defined in (2.5.15). So, by (2.5.20),
P2P% (/ —T/(T)e’\crdr>/ e My (y)dy < 1.
0 n

Vs + Ae

Therefore,
Vo + Ac 1
p2BSo [0 ="' (r)e rerdr

/ re(2)e ™ dz <
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2.6.2 Admissible ug

We have found that

ug(,t) = oy (2, t) + uoa(, 1) 4 ues(z, t) + uos(x, 1), (2.6.3)
where

i (2,8) = Bp1 Jo Jgo Jon (@ = 2)0a(Ds, 2 = y)e

( " T 0(a+7)Eo(y,a)Fla+r, r)dadr) dydzds,

uoa(, 1) ﬁfo Jen Jgn 51 (2 = 2)T0(Ds, 2 — y) RS (y)e™ " dydzds
up3(x,t) = poff fot fRn Ko — 2)e v28

( * [ 0a+1)Ey(z,a)F(a+r, r)dadr) dzds,

ups(,t) Bfo Jon B2(x — 2)R3(2)e "> dzds.
\
Definition 2.6.3. (Thieme and Zhao, 2003, p.436) We say that ug is admissible if
for every ¢, A > 0 with Z(c, \) < 1, there is some v > 0 such that ug(t, z) < e e=lzD,

Vt>0,zeR"
In the next theorem, we want to show ug is admissible.

Theorem 2.6.4. Let (B), and (C) hold, and ry is isotropic. Assume that Ey :
R, x R* — Ry s a continuous function with the property that for every A > 0,
there exists some v > 0 such that fooo Eo(y,a)da < ve™ W ¥V ¢y € R™. Also, for any
A > 0, we assume RS, R5 : R" — R, are continuous functions with the property that

R3(y) < ve W and RS(y) < ve= W V y € R™. Then the following holds:

1. ug 1s admissible.

2. The unique solution u(t, ) of (2.8.70) satisfies limy_,o0 |z u(t, ) = 0 for every

*

c>cC.
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Proof. 1. we have

up1 (z,t) =Bp1 /Ot/n / ki(z — 2)I(Ds, z — y)e **

t—s poo (2.6.4)
(/ / e(a‘f‘r)Eo(y,a)]:(a+7’,7")dad7“) dydzds.
From (2.3.10), we have F(a,t) = T(a)/Y(a —t). Then,
uor(, 1) 5}?1////1196—7: (Ds, z —y)e "**
. Y(a+7) (2.6.5)
</ / O(a+1)Eo(y, a)—x—~— T(a) dadr) dydzds.
Note that
/ / (a+1)Eo(y,a )T( )d dr
T ()
_ a r Eo(y,a) a
- (/ datr)Va+ >d> B,
_ [ t_s— "(a + r)dr Foly, a) a (2.6.6)
_/0 (/0 Tlat >d> T(a) °
— = a) — a s Eo(y,a) 4
_/0 (Y(a) = Tla+ 1~ ) =52
S/o T(G)E,Or(é/c;))d —/0 Ey(y,a)da.
Thus, (2.6.5) shall be
uOl(x>t) <Bp t /‘61<33 — Z)FH(DS,Z — y)e_l’ls
/0 / / (2.6.7)

(/ Eo(y, a)da,) dydzds.
0

By the assumption on Ey(y, a), there exists some v > 0 such that
/ Eo(y,a)da < ve ¥ for all @ > 0,y € R™.
0
Then, it follows that
t
uo1(, t) §7ﬁp1/ / / k1 (z — 2)T(Ds, z — y)e e Wdydzds.  (2.6.8)
0 n n
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Note that for every v € R" with | u |= 1, there holds — |y [< u-y <| y |
(Thieme and Zhao (2003)). So,

4
uo1(, t) gfyﬁpl/ / / ki(x — 2)[n(Ds, z — y)e e Ydydzds.  (2.6.9)
0 n n
We change the order of integration, then let z — x — 2,

w1 (, t) <’)/ﬂp1/ / / k1(2)Tn(Ds, x — 2z — y)e e Ydydzds. (2.6.10)

We change the order of integration another time, and do another change of

variables,

ugi (z,t) <yBpre™ // / k1 (2)Tn(Ds, y)e eV dydzds. (2.6.11)

By Lemma(2.4.4), we have that

t
uor(z, t) SVﬁPle_)‘u'x/ e "’ (/ Fn(DS,y)e)‘yldy> ds
0 n

/ r1(2)e M dz.

Multiply both sides by e ¢, we have

(2.6.12)

t
6_/\CtU01($at) SYﬁpleﬂ\u’ze—’\Ct/ e ® (/ Fn(D&y)@/\yldy) ds
0 n

//il(z)e)‘zldz
t

< yBpre M / elTvimAas ( / Fn(Ds,y)ekyldy> ds
O n

/ k1 (2)etdz (2.6.13)
t

:75p16_m'x/ 6(_V1_)‘C+>‘2D)sds/ /11(2)6>‘Z1dz
0 R™

< ’)/5]91@_/\1”/ 6(—V1—/\c+)\2D)st/ K1 (z)e)\zldz
0

n

’Yﬁpl —Au-x Az
= y1+)\c—)\2De /n k1(z)etdz.

40



That is

'-Yﬂpl Act—u-z) Az
w1 (z, 1) §V1 e — D" ) K1(2)edz.

By using Lemma(2.6.2), we obtain

< i 1 Aect—u-z) )

t L
uon (@, 8) < So [,° —T’(T)e—’\c”dre

z
||

Letting u = then we obtain

1
upr (z,t) < 7 M=l for all ¢ > 0,2 € R™.

- ggfooo —Y'(r)ererdr

Now, we work on wgy(z,t),

o, 1) =B / [ [ mate = 20a0s 2 - g Rg)e dydzas

By the assumption on RS(y), there exists some v > 0 such that
RS (y) < ve MW for all y € R™.

Then, it follows that

t
up2(x, t) Sfyﬁ/ / / k1 (z — 2)Dp(Ds, z — y)e NWle ™3 dydzds.
0 n n

That is

t
up2(x, t) gfyﬁ/ / / ki(x — 2)[n(Ds, z — y)e Ve " dydzds.
0 n n

(2.6.14)

(2.6.15)

(2.6.16)

(2.6.17)

(2.6.18)

(2.6.19)

We change the order of integration, then do a change of variables z — = — z,

then

t
up2(z, t) Sfyﬁ/ / / k1(2)Tn(Ds, x — 2z — y)e Ve " dzdyds.
0 n n
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We change the order of integration, then do another change of variables

up2(x, t) <fyﬂ/ / / k1(2)Tn(Ds, y)e™™ 2=y e V5 dydzds

_756 /(/ Fn(Ds,y)e_A“'ydy) e "%ds
0 n
/lﬁ(z)e’\“'zdz.

By Lemma( 2.4.4),

t
on(, 1) BN / ( / TW(Ds, y)e—kyldy) e 13ds
0 n

/ k1(2)eMdz

t
=7 Be / e D) / ra(2)e* dz.
0 n

Multiply both sides by e~
e Mugy(, 1) <yBeMTem M /t e(AQD”l)Sds/ K1(2)eMdz
0 n
S,yﬁe—Auq;/te()\QD—Vl—/\c)sds/ H1(2>6Azldz
0 n
<~ Be e /oo e(AQD—ul—)\c)st/ ka(2)eM1dz
0 n
il e_’\“'x/ k1 (2)erdz.

:l/l + e — A\2D
That is
76 Aet—u-z Az1
upa(, 1) < B 2p¢ )/n K1(2)e*dz.

Using Lemma(2.6.2), we have

g 1 Act—u-x)
ugz(z,t) < o e .
02(2,1) ~p1So fo —Y'(r)e=Aerdr

Letting u = then we get

\I’

1
upz(z,t) < i Ml for all ¢ > 0,2 € R™.

pSo [y =T (r)ererdr
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(2.6.21)

(2.6.22)

(2.6.23)

(2.6.24)

(2.6.25)

(2.6.26)



For wos(z,t), we have

t
u03($7t) :pQﬁ/ / KJQ(J} . Z)e—llgs
0 n

</0ts /OOO Ola+r)Eo(2,a)F(a+r, T)dadr> dzds.

By (2.3.10), we have
t
u03<l’,t) ZPQ/B/ / KJQ(LU - Z)e—llgs
0 n

(/0 —s /Ooo 0(61/ + T>EO(Z, a)%dadr) dzds.

By (2.6.6), we have
t 00
up3(z, t) :pQﬁ/ / Ko(z — 2)e™"%* (/ Eo(z,a)da> dzds.
o Jrn 0
By the assumption on Fy(z,a), there exists some v > 0 such that
/ Eo(z,a)da < ve M for all a >0,z € R™.
0
Then, we obtain
t
wos(z, t) §7p25/ / ko(z — 2)e%e N dzds.
0 n
That is
t
uos(, 1) SVPﬁ/ / Ko(x — 2)e 2 M *dzds.
0 n
We do a change of variables, we then have
t
uos(z, 1) < 7]725/ / Ko(2)e 25 @2 d 2 ds
° t
- 7p2ﬂe’\“'r/ e‘”QSds/ Ko(2)e M2 dz.
0 n

By Lemmal(2.4.4),

t
Uog(ﬂf, t) < fyp2ﬁ€)\u-x/ el/2sds/ KJQ(Z)@i)\Zle.
0

n
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(2.6.28)

(2.6.29)

(2.6.30)

(2.6.31)

(2.6.32)

(2.6.33)



Multiply both sides by e *“,
¢
e_’\Ctuog(x,t) < 7p2b’e’\“'me_’\6t/ e‘”sds/ KQ(Z)e—)\Zle
0 n

t
§7p266’\“'x/ e(”“C)SdS/ Ko(2)e M dz
0 n

N (2.6.34)
< /yp266)\u~w/ 6—(u2+)\c)sds/ K/Q(Z)e_Azle
0 n
- VZTiceA“'x /n Ko(2)e 1 dz.
That is
ups(z,t) < l/szzﬁ)\ce/\(Ct_uw) /n Ko(2)e 1 dz. (2.6.35)

—Z
||

Using Lemma(2.6.2) and letting u = then we obtain

1
u03($7t> < ]

- Met=lzl) for all + > 0 R".
=S —T’('r’)e—mdre , forallt >0,z € (2.6.36)

Lastly, we want to verify uos(z,t) is admissible, so we have
t
ups(x,t) :5/ / Ro(x — 2)R5(2)e "**dzds. (2.6.37)
0 n
By the assumption on R3(z), there exists some v > 0 such that
R3(z) < ve M for all z € R™.
Then, it follows that

¢
uos(z, 1) §76/ / Koz — 2)e Mle ™50z ds
0 n

t (2.6.38)
S’yﬁ/ / Ko(x — 2)eM e 2 dzds.
0 n

Let z —» o — z,
t
uoa(z,t) <vB / / ko (2)eM (2252 s, (2.6.39)
O n

44



By Lemma(2.4.4),

t
ups(z, t) gfyﬁe’\“'x// Ko(2)e e 2 dzds. (2.6.40)
0 n
Multiply both sides by e *“,
t
e gy (2, t) gfyﬁe’\“'ze’\d/ e”2sds/ Ko(2)e M dz
0 Rn

t
S,YﬂeAum/ 6—(V2+)\c)sd8/ Hg(z)e_kzldz
0 n

N (2.6.41)
S,yﬁeAum/ e—(ug—i—)\c)sds/ Ii2<z)€_>‘z1dz
0 n
:V21ﬁ)\ce’\“'x /n Ko(2)e 1 dz.
That is
uos(z, t) <£e’\(6t+“m) / Ko(2)e M dz. (2.6.42)
T+ Ae n
Using Lemma(2.6.2) and letting u = 7 in the last inequality, we obtain
1
wo(, t) <—L Al for all t > 0,2 € R™. (2.6.43)

p2So Jy~ =Y/ (r)e=Aerdr
By (2.6.16), (2.6.26), (2.6.39) and (2.6.43), it follows that (¢, z) is admissible.

2. By ((Thieme and Zhao, 2003, Theorem. 2.1)), the statement holds.

2.6.3 Results for Spreading Speeds

Let Z; be = with p; = 1 and p, = 0 and = be = with p; = 0 and p, = 1 and
c; be the spreading speed associated with Z; by (2.6.1) with Z; replacing =. Then

= =p1=1 + p2=s. So, we have the following theorem.

Theorem 2.6.5. ¢* > min{c}, c}}.
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Proof. We can assume that cj > 0 for j = 1,2. Set ¢, = min{cj, c;}. Let ¢ € (0,c,).
By (2.6.1) Z(¢,A\) > 1 for all A > 0. So ZE(¢, A\) > 1 for all A > 0. By (2.6.1), ¢* > c.

Since ¢ € (0, ¢,) has been arbitrary, ¢* > c,. O
Remark 2.6.6. It is an open problem whether ¢* < max{cj, c¢3}.

Theorem 2.6.7. Let £,& :— Ry X R — Ry be integral kernels, and =; be the
associated space-time Laplace transforms and c; the associated spreading speeds. If

E1(c, A) > Za(c, A) for allc >0 and A > 0, then ¢ > c;.

Proof. Let Z1(c, ) > Ea(c, A). Let’s define Zf and Z5 to be Zf = {¢ > 0: Zi(c, ) <
1 for some A > 0} and =5 = {¢ > 0 : Z3(c, \) < 1 for some A > 0}. Let’s choose
¢ > 0 and A\; > 0 such that Z1(¢1, A1) < 1. Since Zi(¢, A) > Zs(c, A) holds for all
¢ > 0and A > 0, we have Z5(¢1, A1) < Z1(¢1, M) < 1. So, clearly we conclude that
=7 C =5. It follows that

inf(Z7]) > inf(Z3). (2.6.44)
Therefore, ¢ > ¢ for all ¢ > 0 and A > 0. O

Theorem 2.6.8. The spreading speed c* is monotone increasing function of 3, Sy,

b, and D.

Proof. Clearly if we increase (3, Sy, b, or D, then Z(c, A) in (2.5.23) will increase. By
Theorem (2.6.7), the spreading speed ¢* is a monotone increasing function of 3, Sy,

b, and D. O

Theorem 2.6.9. The spreading speed c* is monotone decreasing function of vy, and

Vs.

Proof. Clearly if we increase vy or vo, then Z(c, A) in (2.5.23) will decrease. By
Theorem (2.6.7), the spreading speed ¢* is a monotone decreasing function of v, and

Vsy. ]
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Theorem 2.6.10. The spreading speed c* is monotone decreasing function of Y.

Proof. After integration by parts, (2.5.23) shall be

- . pll%l(/\) pQ(’%l(A))Q > —\er
E(c,\) = <V1 T e— XD + o T e >BSO (1 — )\c/o Y(r)e dr) , (2.6.45)

/%1(/\):/ e Mk (2)dz.
So, clearly if we increase Y, then =Z(c, ) will decrease. By Theorem (2.6.7), the

spreading speed ¢* is a monotone decreasing function of T. O]
2.7 Discussion and Conclusions

We reduce (2.2.2) to a scalar Volterra-Hammerstein integral equation

u(z,t) (x,t) / Rng |z — z|)F(u(z,t — s))dzdr. (2.7.1)

The integral kernel £ essentially consists of convolutions of k; and of the fundamental
solution of the partial differential operator 9, — DA, and of T, and F(u) =1 —e™™.

ug combines the various initial conditions such that
uo(z,t) = upr(z, t) + uga(x, t) + uog(z, t) + wps(zx, t),
where
uo1 (z,t) = Bp fot fRn fRn k1(z — 2)0n(Ds, z — y)e™*
< C [ 0(a+ 1) Eo(y, a)F(a+, r)dadr) dydzds,
uge (T, 1) Bfo Jan Jon B1(x — 2)T0(Ds, z — y) Ry (y)e " dydzds
uos(w, 1) = paf [y Jou ol — 2)e

< * [ 0(a+1)Ey(z,a)F(a+r, r)dadr) dzds,

uoa(z,t) Bfo Jan K2(@ — 2)R5(2)e™ " dzds.
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Here, u is the cumulative rate of rabid foxes meet the susceptible foxes. & is the
contribution of diffusion and territorial rabid foxes to the infection rate. The space-

time Laplace transform is found to be

—_ P1/%1(>\) p2</%1(>‘))2 /OO Y
= = — _ AT
CRY ( vy + e — A\2D Uy + Ac )ﬁSO 0 e dY(r)

if 1 + Ac — A\2D > 0, otherwise Z(c, \) = oo, where

I%l(A) = / €_A21H1(Z)d2.
The basic reproduction number of rabies is given by

Ry = =(0,0) = (@ v %)550'

151

We show that ug is admissible if Ey and R7 for j = 1,2 are continuous on R", and
if there exists some v > 0 such that [;* Eo(y,a)da < ve W R{(y) < e 2, and

R3(y) < ve ¥ for every A > 0 and y € R™. Also, we show that for every ¢ > c*,

lim  w(z,t) =0,

t—o00, |z|>ct
and for every ¢ € (0, c¢*),

lim inf w(z,t) > u”,
t—oo |z|<ct

where u* > 0 is the unique solution of Ro(1 — e™*") = u*. Therefore, ¢* is the
spreading speed of our solution u. With that being said, if we move in any direction
with speed ¢ that is not exceeding ¢*, then we will not be able to out run the spreading
virus. In the other hand, if we travel with speed ¢ > ¢*, then we are going to escape
from the spreading virus.

If Ry > 1, the spreading speed ¢* > 0 is uniquely determined as the solution of the

system
d

=\ = 1
(A =1 o

=(c,\) =0.
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Otherwise, if Ry < 1, we define ¢* := 0.

In addition, we have proved analytically that the spreading speed of rabies ¢* is a
monotone increasing function of 3, Sy, b, and D, and c¢* is a monotone decreasing
function of T, 14, and vy. At this moment, we are not able to confirm whether ¢* is
a monotone decreasing or increasing function of the proportion of wandering rabid

foxes py.
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Chapter 3

DERIVATION OF MODELS WITH LATENT PERIODS OF FIXED AND
EXPONENTIALLY DISTRIBUTED LENGTH

3.1 Abstract

We derive two different sub-models based on two different choices of the latent
period. For the first model, we assume the latent period has a fixed length. For the
second model, we assume the latent period has exponentially distributed length. We
show that the latent period with arbitrary distributed length can be used to derive

these two models. Existence and uniqueness of solutions are also discussed.
3.2 The Model

In order to include and study more cases especially when the latent period has
fixed duration and when the latent period is exponentially distributed, the model
in (2.2.2) must reformulate. We consider an open subset €2 of R™ to represent the
habitat of the foxes. We also consider an epidemic outbreak and assume that it is
short enough that the natural turnover of the fox population can be ignored: No foxes
are born, and the only deaths are those of rabid foxes dying from rabies.

Let S(x,t) denote the density of susceptible foxes (which are all territorial) at
time ¢ whose home-ranges center at location x € ). Further R;(x,t) are the diffusing
rabid foxes at location = and time ¢ and Ry(x,t) the territorial rabid foxes at time
t whose home-ranges center at location x. Finally, L(x,t) are the foxes with home-
range center at x at time ¢ that are in the latent period (they are all territorial), and

I(x,t) is the transition rate at which foxes in the latent period become infectious.

20



Let ki(x,z) denote the rate at which a fox with home-range center x visits the
location z € €). The rate at which a susceptible fox with home-range center x meets

a territorial rabid fox with home-range center z is given by

@(:c,z):/Qm(:z:,y)m(z,y)dy, (3.2.1)

which means that it is the rate at which they both visit some common point y € €2

(Compare equation (5.1) in (van den Bosch et al. (1990))). The model takes the form,

98 (x, 1) = —BS(x,1) / (12, 2) Ru(z, £) + o, 2) Ro(2, )] d2

Q
=: —B(x,t),
(3.2.2)
atRl(:U7 t) = DViRl(.’ﬂ, t) + plf(.ilj, t) - VlRl(xa t)a
8tR2<LU, t) = pQI(.Z’, t) - I/QRQ(I, t),
with given initial conditions
S(z,0) = So(z), Ri(x,0) = Rj(z), Ra(z,0) = R5(x), = € . (3.2.3)

If Q@ # R", the partial differential equation for R; is accompanied by boundary
conditions.

The parameters v; > 0 and v, > 0 are the per capita rabies death rates of diffusing
and territorial rabid foxes, respectively. p; is the chance of a rabid fox to diffuse, and
p2 the chance to be territorial, p; > 0 and p; +p, = 1. 8 > 0 is the rate at which
the meeting of a susceptible and rabid fox leads to the infection of the susceptible
fox. B(xz,t) is the incidence of the disease, i.e., the number of new cases per unit
of time. D > 0 is the diffusion constant and V2 = >°" | 02 the Laplace operator.
The nonnegative continuous functions Sy, 7 and RS are the initial densities of the

susceptible and diffusing and territorial rabid foxes.
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3.3 Latent Period of Fixed Length

If 7 > 0 is the fixed length of the latent period, then the individuals transiting
from the latent to the infectious state at time ¢ > 7 are exactly those that were

infected 7 time units ago, at time t — 7,
I(z,t) = B(z,t — 1) = =0,S(x,t — 1), t>T. (3.3.1)

For simplicity of exposition and numerical calculation, we assume that the epizootic

is started at time O by rabid foxes with no foxes being in the latent stage, i.e.,
I(xz,t) =0, 0<t<r. (3.3.2)

Therefore, for 0 <t < 7, we obtain a model of ordinary differential equations

(

0S(x,t) = —BS(w,t)/ [k1(z, 2)Ri(2,t) + ka(x, 2) Ro(2, 1) | dz

Q
=: —B(x, 1),
(3.3.3)
OiRy(z,t) = DV2Ry(x,t) — v1 Ry(z, 1), 0<t<r

O Ra(x,t) = —vaRa(x, ),
\
By combining (3.3.1) and (3.3.2) with (3.2.2), we obtain a model delay differential

equations for t > 7

( 0S(z,t) = —BS(m,t)/Q [k1(z, 2)Ri(2,t) + Ka(z, 2) Ro(2, 1) | d2

=: —B(x,1),
(3.3.4)
815R1(.Z',t) = DV§R1($,t> +plB(£C,t — T) — V1R1($7t), t>T

O Ro(x,t) = paB(x,t — 7) — 1aRy(x, t),
with given initial conditions
S(x,0) = So(x), Ri(z,0) = Rj(x), Ry(x,0) = R5(x),
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x € . We will use the system of ordinary differential equations in (3.3.3) and the
system of delay differential equations (3.3.3) with the given initial conditions to do

the numerical experiment in chapter 5.
3.4 Latent Period with Exponentially Distributed Length

Let 6 > 0 be the constant per capita rate at which infected foxes transit from the
latent to the rabid (infectious) stage. In this case, we formulate a submodel for the
infected foxes in the latent stage the number of which, at location x and time t, is
denoted by L(z,t). Since foxes are infected at rate B(z,t) and do not die during the

latent period, we have
Oy L(x,t) = B(z,t) — 0L(x,t) = —0,S(x,t) — OL(x,1t). (3.4.1)
As before, we assume that there are no foxes in the latent period at time 0, i.e.,
L(z,0) = 0. (3.4.2)

Since the rate of change of L(z,t) in time is the difference of the entry and exit rates

of the latent stage and B(z,t) is the entry rate, we obtain
I(xz,t) = 0L(x,t). (3.4.3)
By (3.4.1), I satisfies the differential equation,

Ol (x,t) =0B(x,t) — 0I(x,t) = —00.S(x,t) — 01(x,1), (3.4.4)
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with the initial condition /(z,0) = 0. We combine (3.4.4) and I(z,0) = 0 with (3.2.2),

which lead to the model

/

0,S(x,t) = —BS(w,t)/Q [k1(z, 2)Ri(2,t) + Ka(x, 2) Ro(2, 1) d2
=: —B(x,1),
OiRy(z,t) = DV2Ry(x,t) + prI(z,t) — vi Ry (2, 1), (3.4.5)

OrRo(x,t) = pol(z,t) — 12 Ro(x, 1),

Ol (x,t) = 0B(x,t) — 01(x,t),

\

with given initial conditions
5(x,0) = So(x), Ri(z,0) = Ri(x), Ra(x,0) = R5(x), I(x,0) = Io(x), = €.

We will use the system of ordinary differential equations in (3.4.5) with the given

initial conditions to do the numerical experiment in chapter 6.
3.5 Latent Periods with General Length Distribution

Let L(z,t) be again the number of foxes in the latent stage. Since foxes are

infected at rate B(z,t) and, by assumption, do not die during the latent period,
Oy L(x,t) = B(z,t) — I(x,t), (3.5.1)

where I(x,t) is the transition rate of foxes from the latent period to the rabid period
appearing in (3.2.2).

Let Y(a) be the probability that an infected fox is still in the latent stage a time
units after infection. Then Y is decreasing and Y (0) = 1.

We again assume that there are no foxes in the latent stage at time 0; so all foxes

in the latent stage at time ¢ > 0 have been infected at some t —a with 0 < a <, and
t

L(z.t) = / Bla,t — a)Y(a)da. (3.5.2)
0
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After a substitution,

L(z,t) = /OtB(x,s)T(t — s)ds. (3.5.3)

Assume for a moment that T is continuously differentiable. By Leibnitz differentiation

rule, L has partial derivatives with respect to time and we have
t t
O L(x,t) = B(x,1) +/ B(z,s)Y'(t — s)ds = B(x,t) + / B(z,t —a)Y'(a)da.
0 0

If T is not continuously differentiable, one can show that L(x,t) is absolutely contin-

uous with respect to ¢t and
t
O0:L(x,t) = B(z,t) +/ B(xz,t —a)dY(a),
0

for almost all t > 0, where the integral is a Stieltjes integral ((Thieme, 2003, Lem.B.29)).
By (3.5.1),
t
I(a.t) = — / Blz,t — a)dY(a). (3.5.4)
0
This formula needs to be added to (2.2.2), if a latent period with general length

distribution is considered.

If the latent period has a fixed length 7,

1, 0<ax<m,
Y(a) = (3.5.5)

0, a>r,

and Y(7) can be any number in [0, 1]. By (3.5.3),

t
L(t, z) :/ B(z,s)ds, 0<t<rm,
0

; (3.5.6)
L(t, z) :/ B(z, s)ds, t>T.
t—1
L is differentiable for 0 <t # 7, and
O L(z,t) =B(x,t), 0<t<m,
(3.5.7)

O L(x,t) =B(x,t) — Bz, t — 1), t>T.
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By (3.5.1),

I(z,t) =0, 0<t<m,
(3.5.8)
I(z,t) =B(z,t — 1), t>T,
the same equations as (3.3.1) and (3.3.2).
If the latent period has exponentially distributed length with constant exit rate
0, then

T(a) =e ", (3.5.9)

and (3.5.3) is the solution to (3.4.1).
3.6 Comparison to Spatial Spread on a Bounded Domain

If one wants to see how solutions of (3.2.2) look like, one cannot solve it on R™
but rather solves it on a bounded domain €2 of R™ with sufficiently smooth bound-
ary and Dirichlet boundary conditions. A Dirichlet condition represents a hostile
absorbing boundary, alternatively a Neumann boundary conditions would represent
a non-hostile reflecting boundary. It is not quite clear to us whether a seashore is a
hostile or reflecting boundary for foxes. We choose Dirichlet boundary conditions for
mathematical reasons because we can prove that the solutions on a bounded domain
with Dirichlet boundary condition are dominated by the solutions of the homogeneous
solutions on R™ while we have no good idea of how the solutions are related if the
Dirichlet condition is replaced by a Neumann boundary condition.

The auxiliary variable u(z,t) = In(Sy/S(z,t)) > 0 still satisfies a Volterra-

Hammerstein integral equation, but now of the form

u(z,t) = /0 /Qf(a:, y,s)F(u(y,t — s))dsdy + ug(x, t). (3.6.1)

Here £ incorporates the Green’s function associated with 9, — DA, and Dirichlet

boundary conditions (Garroni and Menaldi (1992)) rather than the fundamental so-
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lution. Again, this equation has a unique nonnegative solution u by the contraction
mapping theorem ((Thieme, 1979a, Theorem 2.2)) which implies that (3.2.2) with
Dirichlet boundary conditions has a unique solution.

By the maximum principle, the Green’s function lies below the fundamental solu-
tion on its domain of definition. This implies that the integral kernel £ associated with
the Green’s function lies below the integral kernel associated with the fundamental

“ is an increasing function of w, monotone iteration

solution. Since F(u) = 1 — e~
shows that the solution u of (3.6.1) lies below the solution u of (2.7.1). So the epi-
demic model on a bounded domain €2 with Dirichlet boundary conditions shows a less
severe epidemic outbreak than the epidemic model on R", and the spread of the dis-

ease modeled on €2 is not as fast as the spread of the disease modeled on R" (Alanazi

et al. (2018a)).
3.7 Discussion and Conclusions

We derived sub-models of delay and ordinary differential equations. When we
assume the latent period of fixed length, we have a model of delay differential equa-
tions (see (3.3.3) and (3.3.4)). When the latent period has exponentially distributed
length, we come up with a system of ordinary differential equations (see (3.4.5)).

To find the solution numerically, one does not use (3.6.1), but discretizes (3.3.3),
(3.3.4), and (3.4.5), first in space and then in time. So, the numerical simulations of
(3.3.3), (3.3.4) and (3.4.5) with Dirichlet boundary conditions are in Chapter 5 and
Chapter 6. Since we will work on bounded domains for the numerical experiments in
Chapter 5 and Chapter 6, we will have a less severe epidemic outbreak. That is the

speeds of rabies will not be as fast as the speeds we have in Chapter 4.
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Chapter 4

SPREADING SPEEDS

4.1 Abstract

This chapter is devoted to a study of spreading speeds ¢* of rabies. It also addresses

the effects of the model parameters on the spreading spreads ¢*. We show a number

of analytic and numerical results regarding the spreading spreads c*.

For numerical

computations of the spreading speeds ¢*, we assume that the movements of territorial

foxes about the center of their home-range are normally distributed. We do our

analytic and numerical analysis of ¢* to latent periods of fixed length, exponentially

distributed length, Gamma distributed length, and log-normally distributed length.

4.2 Overview

If Rg > 1, the spreading speed (aka asymptotic speed of spread) is defined by

c=inf{c>0; IAN>0: E(c,\) < 1},
(Diekmann (1978, 1979); Thieme (1979a)) where, in general,

=(c, \) / / Aestye (s, |y|)dsdy.
=(c, \) is found to be

o= (- 2 e, [

if 1 + Ac — A2D > 0, otherwise Z(c, \) = oo, where
i (\) = / e ey (2)dz
(see Section 2.5.2). If Ry < 1, we define ¢* := 0.

o8
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4.3 kq is Normally Distributed
For the numerical computation of ¢*, we assume that the movements of territorial
foxes about the center of their home-range are normally distributed, i.e.,
k1(2) = Doz, b) = (47b) 2 FH/@0) 5 e R™ (4.3.1)

where | - | is the Euclidean norm on R", b > 0, and I',, is the fundamental solutions
associated with the differential operator d; — A, for n space dimensions. Then /() =

e’ in (4.2.3), (see, Proposition 2.5.1), and

P eb)\2 Do 621;,\2 00 \
=) = ( ) / gy (), 132
(C ) v+ Ac — A\2D + Vo + Ac ﬁSO 0 ¢ <T) ( )

Notice that = does not depend on the space dimension! This observation is important
because our numerical simulations will be in one space dimension while the foxes live
in two dimensional space and the parameters b and D need to be estimated from

two-dimensional data (Alanazi et al. (2018a)).
4.4 Latent Period of Fixed Length

By assuming that the movements of territorial foxes about the center of their

home-range are normally distributed, Z(c, ) takes the form

2bA2

bA2 00
—_ b€ bae —\er
=Z(c,\) = — S dY 4.4.1

(c: ) <V1+)\c—/\2D +y2+)\c>ﬁ 0/0 ¢ () ( )

with arbitrarily distributed length of the latent stage, as discussed in Section 2.5.2

and Section 4.3. If the latent period has a fixed length 7,

1, 0<r<m,
Y(r)= (4.4.2)
0, r>r,
then
—/ e dY (r) = e . (4.4.3)
0
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Therefore,

bA2 262
— b€ b€ —Ac
S(e\) = ( ) Spe T 4.4.4
N = e—wep T o, 1) (44.4)

if 1 + Ac — A?2D > 0, otherwise Z(c, \) = co. A plot of Z(c, \) versus X for various
values of ¢ is given in Fig. 4.4.1. So, Fig. 4.4.1 depicts some of the properties of =(c, \)
such that Z(c, A) is a convex function of A\, Z(¢, A) is a decreasing convex function of

¢, and Z(c, \) < Z(c,0) = Ry for some A > 0, (see (Thieme and Zhao, 2003, Lemma.
2.1)).

ﬁ Ll L) L L L L) L)
——— c=0.12 [kmi/day]
—— c=0.13 [km/day]
—— ¢=0.14 [km/day]

5k -

Figure 4.4.1: Graph of =(¢, ) versus A for various values of ¢ with p; = ps = 0.5 and

fixed length of the latent period. The numerical values of the parameters are in 4.1.

4.4.1 'The Importance of Latent Periods with Fixed Length

Among all arbitrary length distributions with mean length 7, the distribution

with fixed length 7 is associated with the smallest spreading speed. This follows
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from (4.2.1) and the fact that =(c, A) in (4.2.2) is a decreasing function of ¢ and from
Jensen’s inequality (Rudin, 1966, Thm.3.3) (Thieme, 2003, Thm.B.35). Since the

exponential function is convex, by Jensen’s inequality,

— /OOO e dY (a) > exp </Ooo Aca dT(a)) =T, (4.4.5)

where
e / " adT(a) = / " Y (a)da (4.4.6)
0 0
is the mean length of the latent stage (Thieme, 2003, Sec.12.2). (Compare with
equation (4.4.3)). We assumed a x 0 — 0 as a — 0.

This means that the spatial spread is sped up if the length of the latent period
has some variation rather than no variation at all. Whether the spreading speed is an
increasing function of the variation of the length of the latent period seems an open
problem. As we will see in the next sections, this is the case for Gamma distributed

lengths, but we could neither prove it in general nor find a counterexample.
4.4.2 Numerical Estimation of c*
We can determine the solution (c¢*, \) uniquely by solving the system,
(N =1, —E(c",\)=0 (4.4.7)

(van den Bosch et al. (1990); Thieme and Zhao (2003)), where Z(c*, A) is given in
(4.4.4) with ¢ = ¢*. Therefore, by (4.4.4) and (4.4.7),

P1BSo 220 —Act P2B350  oxzp e
T4 —— T =1 4.4.8
mirxe—nDC ¢ T e ¢ ! (4.4.8)
and
T T4 “Tl =0. 4.4.9
Dot —ept ¢ T et ¢ (4.4.9)
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The equation in (4.4.8) can be written as

plb’Soe’\Qbe_’\c*T(Vg + )\C*) + p2ﬁ5062A2b€_>\c*T(1/1 + Act — )\QD)

(4.4.10)
= (12 + M) (1 + A" = N°D),
and the derivative in (4.4.9) is
_ pBSe(c" = 2AD)e TN p Gy ctem M T
(b1 + Aer = X2D)2 (v + Ac)? (44.11)
P1BSo(2Ab — ¢*7)e ATy 3Gy (4Nb — crr)e MR 0 B
(V1+>\C*—)\2D) (V2+)\C*) = U.

Therefore, (¢*, A) is the unique solution of the equations (4.4.10) and (4.4.11). The

numerical values of the parameters are given in Table 4.1.

Parameter Brief description Values Units References

So The initial number of susceptible foxes 4.6 [fox/km?] (Murray et al. (1986); Murray
(1989); Murray and Seward (1992))

B Disease transmission coefficient 73 [km? /year] Estimated, see Section 5.6
diffusion coefficient of Ry 200 [km? /year] (Murray et al. (1986); Murray
(1989); Murray and Seward (1992))
b The constant of k1 and ko 5/7r2 [km2] Estimated, see Section 5.6
T Latent period fixed length 28 [day] (Anderson et al. (1981); Kallén
et al. (1985); Murray (1989))
1/vq The mean length of infectious period of dif- 5 [day] (Anderson et al. (1981); Murray
fusing rabid foxes et al. (1986))
1/vo The mean length of infectious period of ter- 5 [day] (Anderson et al. (1981); Murray
ritorial rabid foxes et al. (1986))

Table 4.1: Numerical values of the model parameters.

We use Mathematica to solve the equations (4.4.10) and (4.4.11), so the unique

solutions of the equations (4.4.10) and (4.4.11) are
(", A) = (0.0774794 [km/day], 1.20104) ~ (28.28 [km /year|, 1.20104)
when p; =0,
(¢, \) & (0.121047 [k /day], 0.566099) ~ (44.1821 [km /year], 0.566099)
when p; = 0.3,
(c*,\) =~ (0.129782 [km/day], 0.548928) ~ (47.3705 [km/year], 0.548928)
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when p; = 0.5,

(", A) ~ (0.136702 [km/day], 0.538601) ~ (49.8961 [km /year], 0.538601)
when p; = 0.7, and

(", A) ~ (0.145169 [km/day], 0.529397) ~ (52.9868 [km/year]|,0.529397)

when p; = 1. A plot of ¢* versus p; when the latent period has a fixed length is

presented on Fig. 4.10.1.
4.4.3 Results

Theorem 4.4.1. The spreading speed c* is monotone decreasing function of 7.

Proof. Clearly if we increase 7, then Z(c, A) in (4.4.4) will decrease. By Theorem

(2.6.7), the speed of spread ¢* is a monotone decreasing function of 7. ]
4.5 Latent Period of Exponentially Distributed Length

We learn form Section 2.5.2 and Section 4.3 that =(c, A) takes the form

2bA2

bAZ oS
Z(c, \) = _( pie X pae >ﬁ50/ ef)‘crdT(r) (4.5.1)
0

V1—|—)\C—/\2D V2+)\C
with arbitrarily distributed length of the latent stage. If the latent period has expo-

nentially distributed length with constant exit rate 6, then

T(r) = 6—07‘, (452)
and
o0 o0 9
- A (r) = / AT dr = : 4.5.

/0 e (r) i e e dr = o (4.5.3)

Since the mean length of the latent period is 7 = 1/6, we conclude

bAZ 2bA2
Z(e,\) = ( P 4 P2t ) B5% (4.5.4)
vi+Xc—=XND v+ A/ 14+ TAe
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if 11 + Ac — A2D > 0, otherwise Z(c, \) = oo. A plot of Z(c¢, \) versus X for various
values of ¢ is given in Fig. 4.5.1. Fig. 4.5.1 illustrates some of the properties of =(c, \)
which are given in (Thieme and Zhao, 2003, Lemma. 2.1) such that =(c, A) is a convex
function of A\, (¢, A) is a decreasing convex function of ¢, and Z(c, \) < Z(¢,0) = Ro

for some A > 0.

T L L Ll Ll L v L) v
——— c=0.22 [km/day]
——— c=0.25 [km/day]

6k ——— ¢=0.28 [kmiday]

Figure 4.5.1: Graph of Z(c, ) versus A for various values of ¢ with p; = p, = 0.5
and exponentially distributed length of the latent period. The numerical values of

the parameters are in Table 4.1.

4.5.1 Numerical Estimation of c*

We can determine the solution (c¢*, \) uniquely by solving the system,

d

S EE ) =0 (4.5.5)
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(van den Bosch et al. (1990); Thieme and Zhao (2003)), where Z(c*, \) is given in
(4.5.4) with ¢ = ¢*. Therefore, by (4.5.4) and (4.5.5),

15850 6 A2b 23S0 0 222
=1 4.5.6
1/1—|—)\c*—)\2D9+)\c*6 V2+/\c*9+)\c*e ’ ( )
and
d 1850 0 A2 P25 0 2A2p
— = 0. 4.5.
Dt — Dot Tt Oract 0 (45.7)

The equation in (4.5.6) can be written as

P18SeeN0(vy + M) + p28Soe® P0(1y + At — A2D)

(4.5.8)
= (1y + X&) (v + A" — N2D) (0 + \c),
and the derivative for (4.5.7) is

_ pic” Sofe™ PPt
(v1 4+ A = X2D)(0 + N2 (v2 + Ac*)(0 + ¢*\)?

_ piBSof(ct = 2)D)eN 2016350 P (45.9)
(1 + A — X2D)2(0 + Ae*) (1 + Aer — A2D)(0 + A¢¥) o

Do3So0cr et ApabABS0e2X°?

(e A2+ M) (e A0+ Aer)
Therefore, (¢*,\) is the unique solution of the equations (4.5.8) and (4.5.9). The
values of the parameters 7,3, S, p1, p2, v1, and vy are given in Table 4.1. We use
Mathematica to solve the equations (4.5.8) and (4.5.9), so the unique solutions of the

system of equations are
(", A) ~ (0.182245 [km/day], 0.773071) ~ (66.5195 [km /year], 0.773071)
when p; =0,
(", A) =~ (0.235233 [km/day], 0.550237) ~ (85.86 [km/year], 0.550237)
when p; = 0.3,

(", A) ~ (0.253677 [km/day], 0.522531) ~ (92.592 [km/year], 0.522531)
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when p; = 0.5,

(c*, A\) ~ (0.268893 [km /day], 0.504089) ~ (98.146 [km /year], 0.504089)
when p; = 0.7, and

(c*, \) =~ (0.288236 [km/day], 0.484747) ~ (105.206 [km/year]|, 0.484747)

when p; = 1. A plot of ¢* versus p; when the length of the latent period is exponen-

tially distributed is given in Fig. 4.10.1.
4.5.2 Results

Theorem 4.5.1. The spreading speed c* is monotone decreasing function of 7.

Proof. Clearly if we increase 7, then Z(c, A) in (4.5.4) will decrease. By Theorem

(2.6.7), the spreading speed ¢* is a monotone decreasing function of 7. O]
4.6 Latent Period of Gamma Distributed Length

We know form Section 2.5.2 and Section 4.3 that =(c, A) takes the form

2622

b2 o)
—_ p1€ p2€ —\er
(e, \) = — S, dY(r). 4.6.1

() <V1+)\c—)\2D + VQ—I—)\C)/B 0/0 ¢ (r) ( )

If we assume the length of the latent period is Gamma distributed, then
T(r) = /Oo?(x;q,h)dn V(g h) = Q(f{ff_)h*lequ’ x>0, (4.6.2)
r I'(h)
where ¢ is the scale parameter, and h is the shape parameter with ¢, h > 0. f(h)
is the Gamma function, and it is defined by I'(h) = [;* e 't""'dt (Bhattacharya
and Burman (2016)). The mean of the Gamma distribution is 7 = h/q, which

represents the average length of the latent period. In addition, the variance of the

Gamma distribution is 0? = 7/¢, which represents the variance of the latent period
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(Bhattacharya and Burman (2016); Jones et al. (2016); Smith and Thieme (2012)).
Clearly,we have that h = 72/5%. Note that when h = 1, the length of the latent period

is exponentially distributed. We have

o 00 thh—l h h
—/ e rdY(r) = / eIy — ( ) : (4.6.3)
0 o I(h) h+ 71X
see (Thieme, 2003, p.235)). Therefore,
(see (
bAZ 2672 h
- pi€ p2e h
=Z(e,A) = S 4.6.4
(& A) <V1+)\C—)\2D+V2+)\C>ﬁ O(h—l—T)\c) ( )

if 1 + Ac — A2D > 0, otherwise Z(c, \) = oco. Fig. 4.6.1 demonstrates some of the
properties of =(c, \) for h =2 and h = 5. Z(¢, A) is a convex function of A, Z(¢, \) is
a decreasing convex function of ¢, and Z(c, \) < Z(¢,0) = Ry for some A > 0, (see

(Thieme and Zhao, 2003, Lemma. 2.1)).
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——— c=0.12 [kmi/day]
—— c=0.19 [km/day]
——— c=0.22 [kmiday]
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
A
=5
'B L) L Ll L L L) |
—— c=0.10 [km/day]
——— c=0.15 [km/day]
Tk ——— c=0.17 [km/day] |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Figure 4.6.1: Graph of Z(¢, \) versus A for various values of ¢ and h with p; = ps = 0.5

and Gamma distributed length of the latent period. The numerical values of the

parameters are in Table 4.1.
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4.6.1 Numerical Estimation of c¢*

We can determine the solution (¢*, \) uniquely by solving the system,

d
(A =1 5

[1]
(1]

(¢, \) = 0, (4.6.5)

where Z(c¢*, A) is given in (4.6.4) with ¢ = ¢*. When h = 1, the latent period is
exponentially distributed, and the speeds of spread ¢* are given in Section 4.5.1. We
use Mathematica to solve the system of equations (4.6.5) for h = 2 and h = 5 where
the values of the parameters 7, 3, Sy, p1, p2, V1, and vy are given in Table 4.1. So, the

unique solutions of the system of equations (4.6.5) when h = 2 are

(c*, A) =~ (0.125647 [km/day], 0.880659) ~ (45.8612 [km/year], 0.880659)
when p; =0,

(c*, ) ~ (0.17323 [km/day], 0.551591) ~ (63.2288 [km/year], 0.551591)
when p; = 0.3,

(", A) ~ (0.186926 [km/day], 0.526517) ~ (68.2278 [km/year|,0.526517)
when p; = 0.5,

(c*, A) ~ (0.198078 [km /day], 0.509931) ~ (72.2984 [km /year], 0.509931)
when p; = 0.7, and

(", A) ~ (0.212109 [km/day], 0.492723) ~ (77.4196 [km /year|, 0.492723)

when p; = 1. A plot of ¢* versus p; when the length of the latent period is Gamma
distributed and ~ = 2 is given in Fig. 4.10.1.

When h = 5, the system (4.6.5) has the following solutions

(", A) =~ (0.0958041 [km/day], 1.01582) ~ (34.9685 [km/year|, 1.015829)
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when p; = 0,

(", ) ~ (0.140481 [km/day], 0.558589) ~ (51.2754 [km /year], 0.558589)
when p; = 0.3,

(", A) ~ (0.151185 [km/day], 0.537392) ~ (55.1824 [km /year], 0.537392)
when p; = 0.5,

(", ) ~ (0.159787 [km/day], 0.523766) ~ (58.3222 [km /year|, 0.523766)
when p; = 0.7, and

(", ) =~ (0.170476 [km/day], 0.510225) ~ (62.2238 [km /year], 0.510225)

when p; = 1.
4.6.2 Results

Theorem 4.6.1. The spreading speed c* is monotone decreasing function of 7.

Proof. Clearly if we increase 7, then Z(c, \) in (4.6.4) will decrease. By Theorem

(2.6.7), the spreading speed ¢* is a monotone decreasing function of 7. ]

Theorem 4.6.2. The spreading speed c* is monotone decreasing function of h if the

mean length of the latent period T is fixed.

Proof. Assume the mean length of the latent period 7 is fixed. From (4.6.4), we set

w(@) = <h+hm>h'

Similarly as in (Jones et al., 2013, Sec. 6), we have

0 r
o logw(z) = T log(1+7r) <0,

where r = o7 /h. Therefore, =Z(c, \) in (4.6.4) is a decreasing function of h. By Theorem

(2.6.7), the speed of spread ¢* is a monotone decreasing function of h. n
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Theorem 4.6.3. The spreading speed c¢* is monotone increasing function of the vari-

ance of the latent period v = o2 if the mean length of the latent period T is fized.

Proof. Assume the mean length of the latent period 7 is fixed. Since the shape

parameter of Gamma distribution h = 72 /v, we have that

o () - ()"

By (Jones et al., 2013, Sec. 6),

9, 72 r

—1 = — | log(1 —— ] >0,

ov 0gw(z) 02 ( og(1+7) 1+ r)
where r = zv/7. Therefore, Z(¢, A) in (4.6.4) is an increasing function of the variance
v = 02. By Theorem (2.6.7), the speed of spread c¢* is a monotone increasing function

of the variance v = o2. m

Theorem 4.6.4. The spreading speed ¢* is monotone decreasing function of the mean

length of the latent period T if the variance of the latent period v = o2 is fized.

Proof. Assume the variance of the latent period v = o2 is fixed. We have

o () - ()

By (Jones et al., 2013, Sec. 6),

%logw(x) = % <—10g(1+7”)— (1og(1+r)— 1:7,)) <0,

where r = zv /7. Therefore, Z(c, A) in (4.6.4) is a decreasing function of 7. By Theorem

(2.6.7), the spreading speed ¢* is a monotone decreasing function of 7. O]
4.7 Latent Period of Log-normally Distributed Length

=(c, \) takes the form

2bA2

b2 00
- b€ bae —er
=(e, \) = — S, dY 4.7.1
(e, A) <V1+AC—A2D+VQ+AC>5 0/0 ‘ (), (4.7.1)
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(see Section 2.5.2 and Section 4.3). Following Sartwell (Sartwell (1950, 1966)), we

assume the length of the latent period is log-normally distributed such that

T(r) = /1: exp (‘71 {‘” - 1:(7")} 2) U\}%dm (4.7.2)

So, the mean length of the latent period is 7 = me° /2, and the variance is m2e” (6‘72 —

1) (Thieme, 2003, p.204). Therefore,

2
—/ e_ACTdT(T):/ b exp -1 n(5) e dr
0 0o Trov2w 2 o
1 (1 —1 [In(t)]?
— / Zexp | — Il(t) e—)\cmtdt
oV2r Jo T 2 o
_ e —Aeme’
_a\/ﬂ/ exp(2 Lf} >e ds
= —27T /OO exp <7t2> e e dt (4.7.3)
1 0 _1 1 ot
= E/w exp <7t2> e e dqt + —/ exp (7t2) —Aeme” qt
_1 0 _1 2 by 1 2 by ot
= — exp | —t° ) e " At + —— exp | —t e dt
V2T Joo ( 2 ) / ( 2 )
= L h exp _—1152 e~ Aeme™ " gy + — exp —1t2 e Aeme” gy
\/_ 2
exp —t2 (ef)\cme’”t 4 ef)\cme" ) dt.
\/ 27 / ( )

So, the space-time Laplace transform is now of the form,
A2b 22b
- p1€ p2€
=Z(e,A) = + S
(c: ) <u1+)\c—/\2D y2+)\c>ﬁ0

([ o) (e e

if 1 + Ac — A2D > 0, otherwise Z(c, ) = oo

(4.7.4)

4.7.1 Results

Theorem 4.7.1. The spreading speed c* is monotone decreasing function of m.
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Proof. 1f we increase m, =(c, \) will decrease. So, by Theorem (2.6.7), the speed of

spread c¢* is a monotone decreasing function of m. O]
4.8 Monotone Dependence on the Proportion of Diffusing Rabid Foxes

We assume that diffusing and territorial rabid foxes die from rabies at the same
rate 11 = 1, =: v. In Section 4.3, we assume that the movements of territorial foxes

about the center of their home-range are normally distributed, i.e.,
k1(2) = Dplz, b) = (4mb) /2 FP/40) o c R, (4.8.1)

where | - | is the Euclidean norm on R", b > 0. In Section 5.6, we find that b = rZ /T,
where rg is the mean maximum distance of a territorial fox from the center of its

home-range. Then, we have the following result.

Theorem 4.8.1 (Alanazi et al. (2018b)). If bv > D, the spreading speed decreases
as a function of the proportion of py of diffusing rabid foxes provided that Ro > 1 is
sufficiently close to 1.

if bv < D, the spreading speed increases as a function of the proportion of p1 of

diffusing rabid foxes provided that Ro > 1 is sufficiently close to 1.

Let assume, for instance, that the length of the latent period has a fixed length.

If vy = vy =: v, then from (2.5.24) Ry = @, and

2b)\2

bA2
= p1e pae “er
=(e, A :( ) , 4.8.2
T oy vy v s ary v LA (482)

A plot of Z(¢, A) versus p; for bv > D and bv < D is given in Fig. 4.8.1. The numerical
results in Fig. 4.8.1 suggest that Ry may not need to be very close to 1 for the results
in Theorem 4.8.1 to hold.
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Figure 4.8.1: Different monotonicity in the dependence of the spreading speed ¢* on
p1. We use (4.8.2) to solve (4.4.7). Here, 1/v = 5[day], 7 = 28[day|, Ry = 4.6,
bv = 36.98 [km? /year|, (a) D = 30 [km*/year] and (b) D = 50 [km? /year].

4.9 Numerical comparison to a model with diffusing foxes only but with

population turnover

The rabies model in (Murray, 1989, Sec.20.4) Murray et al. (1986); Murray and
Seward (1992) incorporates the turnover of the fox population into an epidemic model
with diffusing rabid foxes and exponentially distributed length of the latent period.
Newborn foxes enter the population at a fixed per capita rate and all foxes are subject
to a natural density-dependent per capita death rate. We have not included this
turnover in order to be able to analyze a model that includes territorial rabid foxes.

In reality, fox reproduction is seasonal. In Britain, e.g., most cubs are born be-
tween mid-March and mid-April (Lloyd, 1980, p.115) as it seems to be the case in
continental Europe (Toma and Andral, 1977, I11.A.2).

In order to have an educated guess about the impact of population turnover, we

look at the special case of our model with the same assumptions, including that
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susceptible and incubating foxes stay at the center of their home-ranges all the time.

For p; =1, (4.5.4) takes the form

1 ) BSo
vi +AXc—ND/J1+T7Ae

2(e,\) = ( (4.9.1)

if 1 + Ac — A2D > 0, otherwise Z(c, \) = oco. In Table 4.2, we compare spreading
speeds that have been determined by numerically solving system (4.5.5) with the
minimum wave speeds calculated in (Murray, 1989, Sec.20.4) Murray et al. (1986);
Murray and Seward (1992). The results agree qualitatively and are not too different
quantitatively.

This encourages us to believe that the qualitative behavior of the spreading speed
is not affected by the omission of population turnover and that the quantitative results

contain useful information as long as they are seen as approximations.

Sp [fox/km?]| ¢* [km/year]| The speeds as in (Murray et al., 1986, Table 3)
and (Murray and Seward, 1992, Table 2)
1.5 36 35
2.0 52 20
2.5 65 70
3 76 80
4.6 103 103

Table 4.2: Spreading speed ¢* dependence on Sy when the latent period has exponen-
tially distributed length, p; = 1, and 8 = 80 [km?/year]. The initial fox density S is
equal to the fox carrying capacity K in Murray (1989); Murray et al. (1986); Murray
and Seward (1992). The other parameters are chosen as therein though the symbols

may be different, and they are given in Table 4.1.
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4.10 Discussion and Conclusions

By assuming that the movements of territorial foxes about the center of their

home-range are normally distributed, Z(c, \) takes the form

pleb)‘Q ]9262b>\2 00
E(c,A) = —( + )550 /0 e dY(r) (4.10.1)

v +Ac—AN2D v+ Ae
with arbitrarily distributed length of the latent stage, as discussed in Section 2.5.2
and Section 4.3. When the latent period has a fixed length 7, we show that the
space-time Laplace transform is given by

2bA\2

bA2
—_ p1€ bae — et
S(e\) = ( ) S, , 4.10.2

Al S vy vy, Ry v i (4.10-2)

In this case, rabies spreads with speeds ¢* ranging from 28.28 [km/year| when p; =0
up to 52.9868 [km/year| when p; = 1.

When we assume the length of the latent periods is Gamma distributed, we obtain

bA2 2672 h
- p1e Da2e h
=(e, \) = S ) 4.10.3

(e, }) <y1+)\c—)\2D+V2+)\c>B 0 (h+T)\c> ( )

If h = 1, the length of the latent period is exponentially distributed (see (4.5.4)),
and we find that rabies propagates with asymptotic speeds ¢* = 66.5195 [km /year]
for p1 = 0 and ¢* = 105.206 [km/year| for p; = 1. Also, rabies spreads with speed
ranging from ¢* = 45.8612 [km/year| to

¢* = 77.4196 [km/year| when h = 2, while the speed’s range decreases to be from ¢* =
34.9685 [km /year] to ¢* = 62.2238 [km /year] when & = 5. In addition, (ﬁ)h =

e " as h — oco. Therefore, as h — oo in (4.10.3), the length of the latent period

converges to a distribution of fixed length 7.
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When we assume the latent period is log-normally distributed, we obtain

A2b 222b
= _ bie b2e
=(e,A) = <V1 + Ac— \2D * vy + /\c> B3

(4.10.4)

L /OO exp <__1t2) (e_)‘cme_at + e_Acm€Ut> dt | .

V2 Jo 2

Therefore, as ¢ — 0, we have
A2b 222b

—_ p1€ Dp2€ —Aem
=Z(c,\) — S . 4.10.5

(c: ) <y1+)\c—)\2D+V2+)\c>B 0 ( )

So, as 0 — 0 in (4.10.4), the length of the latent period converges to a distribution of
fixed length m. In this case, it is so complicated to find an estimate for the asymptotic
spreading speeds of rabies c*.

The numerical results of ¢* confirm that the latent period with fixed length gives
the smallest spreading speeds (see Section 4.4.1). In addition, the numerical compu-
tations of ¢* confirm that Theorem 2.6.5 in Section 2.6.3 holds.

Furthermore, it has been proved analytically that the spreading speed of rabies ¢*
is a monotone increasing function of 3, Sy, b, and D, and ¢* is a monotone decreasing
function of T, 14, and v5. When the length of the latent period is fixed, c¢* is a
monotone decreasing function of the mean length of the latent period 7. For the case
where the latent period has Gamma distributed length, ¢* is monotone decreasing
function of the mean length of the latent period 7 and of A if the mean length of the
latent period 7 is fixed, and ¢* is monotone increasing function of the variance of the
latent period o2 if the mean length of the latent period 7 is fixed. When the length of
the latent period is log-normally distributed, we find that ¢* is monotone decreasing
function of m.

Also, ¢* increases as we increase the proportion of wandering rabid foxes p; when
the latent period has fixed length, exponentially distributed length, and Gamma

distributed length, as demonstrated by the numerical simulations shown in Fig. 4.10.1.
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The last happens for what we believe is a realistic choice of parameters b and D. In
general, the monotone behavior of ¢* as a function of p; depends on the relation
between b and D, as depicted in Fig. 4.8.1. In addition, the numerical results in
Fig. 4.8.1 suggest that Ry may not need to be very close to 1 for the results in
Theorem 4.8.1 to hold.

Latent Period of Fixed Length Exponentially Distributed Latent Period

¢ [km/year]
B »
o (3]

¢ [km/year]

w
o

0.2 0.4 0.6 0.8 1
Py

Gamma Distributed Latent Period

¢ [kml/year]

0 0.2 0.4 0.6 0.8 1
Py

Figure 4.10.1: Spreading speed ¢* dependence on p;. We solve (4.4.7) for latent periods
of fixed length, exponentially distributed length, and Gamma distributed length.

Here, h = 2 and the values of the other parameters are in Table 4.1.

78



Chapter 5

NUMERICAL SIMULATIONS OF SPREAD OF RABIES: LATENT PERIOD
WITH FIXED LENGTH

5.1 Abstract

We describe a numerical algorithm for the simulation of the spread of rabies
in a spatially distributed fox population. As we know, the model considers both
territorial and wandering rabid foxes and includes a latent period for the infection.
The resulting systems are mixtures of partial differential and integral equations. They
are discretized in the space variable by central differences of second order and by
the composite trapezoidal rule. In a second step, the ordinary or delay differential
equations obtained this way are discretized in time by explicit continuous Runge-
Kutta methods of fourth order for ordinary and delay differential systems. The results
of the numerical calculations are compared for latent periods of fixed distributed
length and for various proportions of territorial and wandering rabid foxes. The speeds
of spread observed in the simulations are compared to spreading speeds obtained by
analytic methods and to observed speeds of epizootic frontlines in the European rabies

outbreak 1940 to 1980.
5.2 The Model

We consider the models in (3.3.3) and (3.3.4) with © to be a bounded domain on

R, which represents the habitat of the foxes. So, when 0 < ¢ < 7, the spread of rabies
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is described by

(

0yS(x,t) = —ﬁS(:z:,t)/Q [k1(z, 2)Ri(2,t) + Ka(z, 2) Ro(2, 1) ] d2

=: —B(x,1),
(5.2.1)
OiRy(z,t) = DO?Ry(x,t) — 1 Ry (z, 1), 0<t<r

8tR2<ZE, t) = —VQRQ(LC, t),

By combining (3.3.1) and (3.3.2) with (2.2.2), we obtain a model delay differential

equations for t > 7

(

0yS(z,t) = —55(1’,15)/ [k1(z, 2)Ri(2,t) + Ka(z, 2) Ra(z, 1) ] dz

Q
=: —B(xz,1),
(5.2.2)
OiRy(z,t) = DO?Ry(x,t) + p1 B(x,t — 7) — v1 Ry (2, 1), t>rT
L atRZ(xat) = p28<x7t - T) - VQRQ(xat)a
with given initial conditions
S(x,0) = So(x), Ri(z,0) = Rj(x), Ry(z,0) = R5(x),
x € . We assume the following boundary conditions
Ri(z,t) = w(x,t), =€, t>0. (5.2.3)

S(z,t) denote the density of susceptible foxes at time ¢ whose home-ranges center at
location x € R. Further, R;(z,t) are the diffusing rabid foxes at location x and time ¢,
Rsy(x,t) are the territorial rabid foxes at time ¢ whose home-ranges center at location
x. The parameters v; > 0 and v, > 0 are the per capita rabies death rates of diffusing
and territorial rabid foxes, respectively. p; is the chance of a rabid fox to diffuse, and

p2 the chance to be territorial, p; > 0 and p; + ps = 1. § > 0 is the rate at which
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the meeting of a susceptible and rabid fox leads to the infection of the susceptible
fox. B(x,t) is the incidence of the disease, i.e., the number of new cases per unit of
time. D > 0 is the diffusion constant. ri(x,z) denotes the rate at which a fox with
home-range center x visits the location z € ). The rate at which a susceptible fox
with home-range center x meets a territorial rabid fox with home-range center z is
given by

/4;2(:6,2):/Qm(x,y)m(z,y)dy, (5.2.4)

which means that it is the rate at which they both visit some common point y € €.
The nonnegative continuous functions Sy, R] and RS are the initial densities of the

susceptible and diffusing and territorial rabid foxes.
5.3 Discretization in Space

We use the method of lines to come up with algebraic approximations that we
could use to replace all the spatial derivatives only with finite differences (see, e.g.,
Schiesser (2013); Schiesser and Griffiths (2009)). So, we discretize the partial differ-
ential equation PDE by using central in space second order scheme. The integrals in
(5.2.1) and (5.2.2) are approximated using composite trapezoid rule. Then, we use
the continuous explicit Runge-Kutta methods of order four and three to solve the
systems of nonlinear ordinary and delay differential equations as in the next section.
The continuous Runge-Kutta method was derived by Owren and Zennaro (Owren
and Zennaro (1991, 1992b,a)), and it is discussed in (Bellen and Zennaro (2003)).
The continuous Runge-Kutta method was recently applied by (Alanazi et al. (2018a,
2019); Bartoszewski et al. (2015); Jackiewicz et al. (2014)).

Henceforth, we use the notations Ry ;(t), R2;(t), and S;(t), and Q;(¢), for the

approximations of Ry(x;,t), Re(x;,t), S(z4,t), and Q(x;, 1), respectively.
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We consider Q2 = [—a, a] to be a bounded domain on R to represent the habitat

of foxes. Let x; to be a sequence of uniformly spaced points on [—a,a], such that

2a
N+1

r; = —a+th, where h = is the spacing stepsize and ¢ = 0, ..., N 4+ 1. In addition,
we define z; be a sequence of uniformly spaced points on [—a,al, such that z, =

—a+kh,k=0,...,N+1,and h = N2fil We replace x with z; for i = 1, ..., N, and set

Qi(t) = /R[/il(mi — 2)Ry(2,t) + ko(z; — 2)Ra(2,t)]dz. (5.3.1)

To find an approximation for Q;(t), we use composite trapezoid rule on [—a,a] C R,

where a > 0 is sufficiently large. @;(t) shall be
Qi(t) = /[Hl(ﬂfi — 2)Ry(2,t) + ko(x; — 2)Ra(2,t)|dz
R

~ /_a [k1(m; — 2)Ry(2,1) + ko2, — 2)Ro(2,1)]dz + O(h?)
= h[%/ﬁ(xi — z0)R1(z0,t) + Z ki(x; — zi) Ri(zp, t)
1 (5.3.2)

+ 5%1(% — zn4+1) Ri(an4, 1)

N

1
+ h[im(xi — 20)Ra(z0,t) + ; Ko(z; — zi) Ro( 2k, 1)

1
+ 51'62(%' — zns1)Ro(zng1, 1)) + O(h?)

= Qui(t) + Qa2.(t) + O(R?),

where
1 N
Qlﬂ‘(t) =h [—Hl (.1'1 — Z[))Rl (Zo, t) + Z Iﬁl(fﬂi — Zk)Rl (Zk, t)

2
k=1

1
+ 5111(% — zn+1)Ri(zng1, t)] ,

(5.3.3)

1

Qgﬂ'(t) =h lﬁlig(xi — Zo)Rg(Zo, t) + Z Hg(]?i — Zk)RQ(Zk, t)

1

+ 5/‘62(% — Zn+1) Ra(zn 1, t)] ;
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(see, e.g., (Recktenwald, 2000, p.605-612)). Another approach to approximate (5.3.1)
is by using Gauss-Hermite quadrature rule (see, e.g., Jackiewicz et al. (2006)). We
discretize the PDE in (5.2.1) and (5.2.2) using second-order central approximation

such that

O*R1i(t)  Riip1(t) — 2Ry ,(t) + Ry (1)
el 3 : (5.3.4)

(2

Therefore, when 0 <t < 7, we obtain

Si(t) = — BSi()Qi(t),
Ryipi(t) — 2R 4(t) + Ry ()

72 - VlRl,i(t)a (5~3~5)

Rll,i(t) =D

R/Qﬂ(t) = — VQRQJ(IS).

where Q;(t) = Q1.4(t) + Q2.(t), i = 1,..., N. When foxes exit the latent period and
become rabid such that ¢ > 7, the system in (5.2.2) start to contribute to the dynamics
of the fox population. Therefore, when ¢ = 1,..., N and t > 7, we have the following

numerical schemes for the model in (5.2.2)

Si(t) = — BSi(1)Qi(1),

—2Ry(t) + Riia(t) +p1BSi(t — 7)Qi(t — 7)
3 (5.3.6)

R/Li (t) -D Rl,i-l—l(t)
— I/1R17i(t),
Ry ,(t) =pafBSi(t — T)Qi(t — 7) — vaRo(t).

We assume that (5.3.5) and (5.3.6) satisfy the following boundary conditions
R1<—a, t) = U)1<t>, R1<6L,t) = ’U)Q(t>, t> 0,

where wy (t) and wy(t) are given functions.

For 0 <t <7 and when i =1, Ry o(t) = w;(¢) and the scheme for R; shall be

Ry 5(t) — 2Ry 1(t) n Bwl(t) — 1 RiL(b), (5.3.7)

Rll,l (t) =D h2 h2
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and when ¢ = N, Ry y4+1(t) = wo(t) and the scheme for Ry shall be

) Rin_1(t) —2Rin(t) D
L y(t) =D 1()h2 I’N()—Fﬁwg(t)—ulRLN(t). (5.3.8)

For t > 7, when ¢ = 1, R; scheme shall be after we use the boundary conditions

i) =p P2 2Bl Doy 4 s - Qe — 7)
(5.3.9)

— V1R1,1 (t)
and at © = N, Ry scheme shall be
Ryn-1(t) — 2Ry n(t) D

' n(t) =D = + swa(t) + p1BSx(t = T)Qu(t —7)
(5.3.10)

— VlRl,N<t)'

The initial conditions are

Ri;(0) =R5(x:), (5.3.11)

fori=1,...,N.
5.4 Discretization in Time

We use the following matrix forms for our notations,

Si(t) Rya(t) Ra(t)
S(t) = : . Ry(t) = : , Ro(t) = : :
Sn(t) Ry n(t) Ry n (1)
then we let _ - _ -
S(t) S(0)
yit) = | Ri(t) |+ vo=| Ri(0)
Ra(t) Ry(0)
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In addition, for 0 <t < 7, we define f(y(t)) to be the right hand side of the system
in (5.3.5). For t > 7, we let the right hand side of (5.3.6) to be g(y(t),y(t — 7)).
Therefore, we rewrite the systems in (5.3.5) and (5.3.6) with the initial conditions in

(5.3.11) as the following

y(t) =gly(t),ylt —7), t>r (5:4.1)

where f:R3" — R3N and g : R3" x R3* — R3V,

We solve the system in (5.4.1) by using the continuous explicit Runge-Kutta
method of order p = 4 with s = 6 stages, and the embedded discrete Runge-Kutta
method of order p = 3(see, Owren and Zennaro (1991, 1992b,a)). We use the em-
bedded discrete Runge-Kutta method to estimate the local discretization error of the
method with order p = 4. The coefficients of the continuous and discrete Runge-Kutta

method of order p with s stages are given by the following Butcher table (Table 5.1),

In Table 5.1, ¢; = ¥5_,a;;, fori = 1,--- , 5. b;(0) are called the continuous weights,

S

and A is strictly lower triangular matrix such that A = [a,;j] . Uny1 1s the discrete
1

1,)=
Runge-Kutta method of order p — 1, and b; are the weight vector of ,.1.

Table 5.2 gives us the coefficients of the continuous explicit Runge-Kutta method
of order p = 4 with s = 6 stages and the coefficients of the embedded discrete Runge-

Kutta method of order p = 3.
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01:()
C2 21
C3 as31 3,2
(¢ A
Cy 78] 7)) 4.3
yn |b(0) =
S’n-i—l B
Cs as,l aJs,2 aJs,3 a/s,sfl
Yn(tn + Ohy) | 01(0) ba(6) b3(6) ba(0) bs(0)
1 by by by by bs

Table 5.1: The coefficients of continuous and discrete Runge-Kutta method of order

p with s stages.

0
1 1
6 6
11 44 369
37 1369 1369
C A 1 3388 _ 8349 8140
— 17 4913 4913 4913
b(d) =
Yh () 13 _ 36764 767 32708 210392
R ~ 15 408375 1125 136125 408375
Yn+1 b
1 1697 0 50653 209693 3375
18876 116160 1626240 11648
Yn(tn +0hn) | 01(0)  b2(6)  b3(0)  ba(0)  b5(0) bs(0)
N 101 1369 11849
Ynt1 363 0 T14520 14520 0 0

Table 5.2: The coefficients of the optimal pair of continuous and discrete Runge-Kutta

method of order p = 4 with s = 6 stages.
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The continuous weights b;(#) are given by
(

866577 p4 | 1806901 pn3 _ 104217 p2
b1(6’) T 824252 0" + 618189 0 37466 6%+ 0,
62(9) - O,
__ 12308679 p4 __ 2178079 n3 | 861101 n2
63(0) — 5072320 0 380424 0° + 230560 0%,
(5.4.2)
__ 7816583 4 | 6244423 n3 63869 )2
b4(9) — 7 10144640 0" + 5325936 0 293440 0%,
624375 n4 | 982125 n3 _ 1522125 2
65(9) — T 217984 0" + 190736 0 762944 07,

_ 296 p4 _ 461 p3 | 165 p2
be(0) = 15 0 — 157 0° + 337 0°.

\
To implement this pair for delay differential equations we have to compute the ap-

proximate solution yy (¢, —7), where t,, — 7 is not, in general, a grid point. To compute
this approximate solution we search for the index ¢ such that ¢, — 7 € (t,, t,41], and

compute yp,(t, — 7) from the formula
Yn(tn — 7) = b1(0) F1q + b2(0) Fo g + b3(0) F 4 + ba(0) Fy g + b5(0) F5 4 + bs(0) Fs 4
if0<t,—7<r7,or
Yn(tn — 7) = 01(0)G1,4 + b2(0)Ga g + b3(0)Gs 4 + ba(0)Ga g + b5(0)Gs 4 + b6(0)Ge 4

if t, —7 > 7. Here, b;(#) are given by (5.4.2),

t,—T—1

0 = L€ (0,1],

thrl - tq
Frq = f(yh(tq + Ckhq))v
Grq = g(yh(tq + crhg), yn(ty + crhg — 7')),
k=1,2,3,4,5,6, hy=t, 1 —t,, and ¢ = [c1, o, C3, €4, C5, C6) T
The embedded pair of Runge-Kutta methods was implemented in a variable step-

size environment with the estimates of the local discretization errors computed ac-

cording to the formula

EST(thy1) = HgnJrl - yh(tn+1>H2-
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Following (Gladwell et al. (1987); Shampine and Gordon (1975)) the initial stepsize
ho was computed from the formula

1/5
ho = min {0.01 T, TOL },

1700, 50)ll2

where TOL is the accuracy tolerance prescribed by the user of the code. Then for

n=0,1,..., the stepsize h,, from ¢, to t,.1 = t, + h, is accepted if
EST(t,+1) < TOL,

and a new stepsize h, 1 from ¢, to t,1o = t,, 1+ h,,1 is computed from the formula

TOL \°
hn - hn Pp————EN y
1= (EST(th))

where 7 is a safety coefficient to avoid too many rejected steps. In our implementation

of the code we have chosen n = 0.8. If
EST(t,+1) > TOL,

the stepsize is rejected, and the computations are repeated with a halved stepsize
hy /2.

The construction of embedded pairs of continuous and discrete Runge-Kutta meth-
ods employed in this section, and their convergence and order properties, are discussed
in (Owren and Zennaro (1991, 1992b,a)) and in the monographs (Bellen and Zennaro
(2003); Hairer et al. (1993)).

5.5 Units Check

Before we go further, we need to check units throughout the equations in (5.2.1)
and (5.2.2) for consistency (Schiesser (2013)).The units of the dependent and inde-

pendent variables of the equations in (5.2.1) and (5.2.2) are in Table 5.3. In addition,
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Variable Units

S [fox /km]
R [fox /km]
Ry [fox /km]
' [day]
z [km]

Table 5.3: Units of the model dependent and independent variables.

Parameters Units

b [km?]

B [fox/day]
v [1/day]

2 [1/day]

D [km?*/day]

Table 5.4: Units of the model parameters.

the units of the parameters in (5.2.1) and (5.2.2) are in Table 5.4.
Form the Table 5.3 and Table 5.4, the units of the equation of susceptible foxes in
(5.2.1) and (5.2.2) are

k k
fo;ciym :d:; (fou/km) [ (fox/km) + (fox/km)] (5.5.1)
Therefore, the consistency of the units is hold throughout the equation (5.5.1), (%)
The units of Ry(z,t) in (5.2.1) are
fox/km  km? fox/km  fox/km 1
= — km). 2.5.2
day day km? + day day (fox/km) ( )
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So, the units are consistent for R;(z,t). From Table 5.3 and Table 5.4, the units of
Ro(z,t) in (5.2.1) are

fox/km :fow/km B

1
day day Jay (fox/km). (5.5.3)

The equation (5.5.3) shows the units are consistent for territorial rabid foxes. We
now check the units of R;(z,t) in (5.2.2); so we have

fox/km _km? fox/km N km (
day  day km? day

1
— dT“y(fox/km).

fox/km) [(fox/k;m) + (fox/km)}
(5.5.4)

Units are consistent for Ry(x,t) in (5.2.2) as it is clear from the equation (5.5.4).

Lastly, we check the units for Re(z,t) in (5.2.2). So, we get

k k
for/km _om (fo;z:/k'm) [(fox/k:m) + (fox/km)}
day day (5.5.5)
1 5.
That clearly shows the net units of both sides of equation (5.5.5) are (%)

5.6 Numerical Experiments and Simulations

We compute approximations to the systems (5.3.5) and (5.3.6) for € [—a,a],
a = 50[km], and t € [to,tenal, to = 0[day], tena = 180[day]. We choose N = 199
unless otherwise specified. We choose the homogeneous Dirichlet boundary conditions

such that
Ry(—a,t) = wy(t) = 0[fox/km], Ri(a,t) = ws(t) = 0[fox/km], t € [0,180], (5.6.1)
and initial conditions

R1(0) = R{(;), Ra(0) = Ry(xy),
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i=1,2,..., N, where the functions R5(z) and R5(z) are defined by

. 0.2 [fox/km], —5 <z <5,
Ri(x) =

0 [fox/km], otherwise,
R5(z) = 0 [fox/km], x € [—a,al.

Murray et al let Sy = 4.6 [fox/km?], as in (Murray et al., 1986, Fig.2). So, since we are
working on R, Sy = 4.6 [fox/km] will be used. The rabid foxes have a long incubation
period and a short life expectancy (Anderson et al. (1981); Murray (1989); van den
Bosch et al. (1990)). The average duration of the latent period for the diffusing and
territorial rabid foxes is about 7 = 28[day] (Anderson et al. (1981); Kéllén et al.
(1985); Murray (1989)). The mean length of the infectious periods of diffusing rabid
foxes 1/vy and territorial rabid foxes 1/vy are 5 [day| (Anderson et al. (1981); Murray
et al. (1986)). The diffusion coefficient D, which measures the distance rabid foxes can
cross after the onset of clinical disease, is chosen to be D = 200 [km?/year] (Murray
et al. (1986); Murray (1989); Murray and Seward (1992)).

The chance that a meeting of a susceptible and a rabid fox leads to the infection
of the susceptible fox f is hard to estimate (Murray (1989)). Anderson et al.(1981)
has estimated 3 by using indirect expression to be about 79.69 [km?*/year] (Anderson

et al. (1981)). From the formula of the basic reproduction number, St is defined by

1 140% 141
Spr=—-——) = —. 5.6.2
g & <V2p1 + V1p2> B ( )

Following (Anderson et al. (1981)), we will use the formula of Sy with S = 1 [fox/km?]
(Anderson et al. (1981); Murray et al. (1986)) and the parameters values above to find
an estimate of the disease transmission parameter 3. That gives 8 = 73 [km*/year].

Again since we are working on R, 5 = 73 [km/year| will be used. We also assume

1 2
k1(z) =T4(z,b0) = Tﬂbe_z /4. (5.6.3)

91



(see Section 4.3). After dropping the tilde from (2.3.64), ko shall be

Ko(z) = /R/ﬁ(y + 2)k1(y)dy = /RFl(y + 2,0)['1 (y, b)dy. (5.6.4)

By the Chapman-Kolmogorov equation,
/€2(Z) = I‘l(z, 2b) (565)

Now, we are working to find an estimate to b. We assume that foxes are circling
around the center of their home-ranges. So, the areas of these circles are equal the
average territory size A. We let I'y(¢,z) to be the fundamental solution of 9, — A,
in two space dimensions. Then the mean maximum distance of a territorial fox from

the center of its home-range (the mean radius of its home-range) is given by

7"02/ IZITg(z,b)dz:/ 2| (4bm) te AP/ (0) g
R2 R2

where | - | being the Euclidean norm in R?. We translate the integral into polar
coordinates (z1,z2) = (rcos@,rsinf), where 0 < r < oo and 0 € [0,27), so we shall

have

2w [e's) 00
ro = —1 / / r2e~ /U0 grdp = i/ r2e gy,
Arb Jo  Jo 2b Jo

We substitute r = sv/4b,
o = 4\/5/ s2e™"ds.
0
By integration by parts and Fubini’s theorem,
/ s ds = —(1/2)/ sie_sgds = (1/2)/ e ds = (1/4) / e ds
0 o ds 0 R
, N\ 1/2 00 5\ 1/2
:(1/4)(/ eIl dx) = (1/4) (27?/ re”" dr) = (1/4)7*/2.
R2 0

So

ro = bY/2aV2,
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So the mean area of the home range is
A =qry = b

So b = Ar~2[km?]. A is between 2 and 8 [km? according to (Toma and Andral
(1977)), the average area is taken as 5 [km?] by (Killén et al. (1985)) and (Murray
et al. (1986)). Then b is 572 [km?] =~ 0.506605918 [km?®]. A summary of numerical
values of the model parameters are in Table 4.1.

In the coming cases, we study the spread of rabies for various proportions of
territorial and wandering rabid foxes. For the first case, we assume that the chance
for a rabid fox to diffuse or to be territorial is equal, i.e., p; = po = 0.5. In the second
case, we assume that the chance for a rabid fox to diffuse is p; = 0.3, and the chance
for a rabid fox to be territorial is ps = 0.7. In the third case, we assume that the
chance for a rabid fox to diffuse is p; = .7, and the chance for a rabid fox to be
territorial is po = 0.3. In the fourth case, we assume that all rabid foxes diffuse, i.e.,

p1 = 1. In the fifth case, we assume that all rabid foxes are territorial, i.e., po = 1.

In the first case, we assume that the chance for a rabid fox to diffuse is equal the
chance for a rabid fox to be territorial such that p; = p, = 0.5. To ensure the spread
of rabies, the basic reproduction number of rabies R shall be larger than one. With

this choice of parameters (see Table 4.1),

2

9
so rabies is going to spread among the fox population.
The results of numerical simulations on the model (5.3.5) and (5.3.6) are presented

on Fig. 5.6.1-5.6.5. Fig. 5.6.1 and Fig. 5.6.2 show the dynamics of susceptible foxes,
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diffusing rabid foxes, and territorial rabid foxes at specific times. Surface plots of
approximations Sy,(x,t), Ry n(z,t), and Ry p(z,t) to S(z,t), Ri(x,t), and Ry(x,t) are
presented on Fig. 5.6.3. Fig. 5.6.4 depicts contour plots of susceptible foxes, diffusing
rabid foxes, and territorial rabid foxes. The contour plots in Fig. 5.6.4 demonstrate

that rabies spreads with asymptotic speed
¥ = 43 [km /year].

We also present in Fig. 5.6.5 the stepsize pattern for the algorithm described in
Section 5.4 for the accuracy tolerances TOL = 1072, 107%, 107, and 1072, On these

figures the rejected steps are denoted by ‘x’.
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Figure 5.6.1: Approximations S(z,t), Ryn(z,t), and Ryp(2,t) to S(z,t), Ri(z,t),
and Ry(x,t) at t=0, 20, 30, 90, 120, 180 when p; = py = 0.5.
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Figure 5.6.3: Surface plots of approximations Sy(z,t), Ryp(x,t), and Rop(x,t) to
S(z,t), Ri(x,t), and Ry(x,t) when p; = ps = 0.5 and N = 59.
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Figure 5.6.5: Variable stepsize pattern for the algorithm based on continuous Runge-
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= 119, p; = py, and Tol = 1073(a),

1075(b),107%(c), 107 '(d). Rejected steps are denoted by ‘x’.
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56.2 I p, =03, py=0.7T

In the second case, we assume that the chance for a rabid fox to be territorial is
higher than the chance for the rabid foxes to diffuse such that p; = 0.3, and py = 0.7.

The basic reproduction number of rabies is

Ro = <Z£+@)BSO — 46> 1.

v Uy

The results of numerical simulations on the model (5.3.5) and (5.3.6) are presented

on Fig. 5.6.6-5.6.9. Fig. 5.6.6 and Fig. 5.6.7 show the dynamics of susceptible foxes,
diffusing rabid foxes, and territorial rabid foxes at specific times. Surface plots of
approximations Sy,(x,t), Ry n(z,t), and Rop(z,t) to S(z,t), Ri(x,t), and Ry(x,t) are
presented on Fig. 5.6.8. Fig. 5.6.9 depicts contour plots of susceptible foxes, diffusing
rabid foxes, the territorial rabid foxes. The contour plots in Fig. 5.6.9 demonstrate

that rabies spreads with asymptotic speed

¥ = 37 [km/year].
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Figure 5.6.8: Surface plots of approximations Sy(x,t), Rin(x,t), and Ryp(x,t) to
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5.6.3 IIL py = 0.7, ps = 0.3

In this case, we assume that the chance for a rabid fox to diffuse is higher than the
chance for the rabid foxes to be territorial such that p; = 0.7, and p, = 0.3. To ensure
the spread of rabies, the basic reproduction number of rabies R, shall be larger than
one. We have

Ro = (]ﬂ n ’2)550 — 46> 1.

v Uy
The results of numerical simulations on the model (5.3.5) and (5.3.6) are presented
on Fig. 5.6.10-5.6.13. Fig. 5.6.6 and Fig. 5.6.11 show the dynamics of susceptible
foxes, diffusing rabid foxes, and territorial rabid foxes at specific times. Surface plots
of approximations Sy(x,t), Rin(z,t), and Rop(z,t) to S(z,t), Ri(x,t), and Ra(z,1t)
are presented on Fig. 5.6.12. Fig. 5.6.13 depicts contour plots of susceptible foxes,
diffusing rabid foxes, the territorial rabid foxes. The contour plots in Fig. 5.6.13

demonstrate that rabies spreads with asymptotic speed

¢V = 45 [km/year].
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Figure 5.6.12: Surface plots of approximations Sy(x,t), Rin(z,t), and Rep(z,t) to

S(x,t), Ri(x,t), and Ry(x,t) when p; = 0.7, po = 0.3, and N = 59.
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564 IV.p, =1, py=0

We assume that all rabid foxes diffuse. The basic reproduction number of rabies

RO is

Ry = (&Jr@)ﬁso — 46> 1.

151 Vo

The results of numerical simulations on the model (5.3.5) and (5.3.6) are presented
on Fig. 5.6.14-5.6.17. Fig. 5.6.14 and Fig. 5.6.15 show the dynamics of susceptible
foxes, diffusing rabid foxes, and territorial rabid foxes at specific times. Surface plots
of approximations Sy(x,t), Rin(z,t), and Rop(z,t) to S(z,t), Ri(x,t), and Ra(z,1)
are presented on Fig. 5.6.16. Fig. 5.6.17 depicts contour plots of susceptible foxes,
diffusing rabid foxes, the territorial rabid foxes. The contour plots in Fig. 5.6.17

demonstrate that rabies spreads with asymptotic speed

¢ 47 [km /year].
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Figure 5.6.14: Approximations Sy(z,t), Rix(z,t), and Ryp(z,t) to S(x,t), Ri(z,t),
and Ry(x,t) at t=0, 20, 30, 90, 120, 180 when p; = 1 and p, = 0.
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Figure 5.6.15: Approximations of fox population densities at different times when

p1=1and py = 0.
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Figure 5.6.16: Surface plots of approximations Sy(x,t), Rin(z,t), and Rep(z,t) to

S(z,t), Ri(x,t), and Ry(x,t) when p; = 1, pp =0, and N = 59.
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Figure 5.6.17: Contour plots of approximations Sy(x,t) (top) and Ry ,(x,t) (bottom)
to S(z,t) and Ry(x,t) when p; = 1 and py = 0.
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5.6.5 V. P1 = 0, P2 = 1

In the fifth case, we assume all infectious foxes are residential. Also for this case,

the basic reproduction number of rabies is

Ro = (]ﬂﬂﬁ)ﬁso — 46> 1.

2
The results of numerical simulations on the model (5.3.5) and (5.3.6) are presented
on Fig. 5.6.18-5.6.21. Fig. 5.6.18 and Fig. 5.6.19 show the dynamics of susceptible
foxes, diffusing rabid foxes, and territorial rabid foxes at specific times. Surface plots
of approximations Sy(x,t), Rin(z,t), and Ryp(x,t) to S(z,t), Ri(z,t), and Ry(x,t)
are presented on Fig. 5.6.20. Fig. 5.6.21 depicts contour plots of susceptible foxes,
diffusing rabid foxes, the territorial rabid foxes. The contour plots in Fig. 5.6.21

demonstrate that rabies spreads with asymptotic speed

¥ = 26 [km /year].
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Figure 5.6.19: Approximations of fox population densities at different times when
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Figure 5.6.20: Surface plots of approximations Sy(x,t), Rin(z,t), and Rep(z,t) to
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5.7 Discussion and Conclusions
When the latent has a fixed length, the unique solutions of the system (4.4.7) are
(", \) = (0.0774794 [km/day], 1.20104) ~ (28.28 [km/year|, 1.20104)

when p; =0,

(", A) ~ (0.121047 [km/day], 0.566099) ~ (44.1821 [km/year|, 0.566099)
when p; = 0.3,

(", A) ~ (0.129782 [km/day], 0.548928) ~ (47.3705 [km/year]|, 0.548928)
when p; = 0.5,

(", A) ~ (0.136702 [km/day], 0.538601) ~ (49.8961 [km /year], 0.538601)
when p; = 0.7, and

(", A) =~ (0.145169 [km/day], 0.529397) ~ (52.9868 [km /year], 0.529397)

when p; = 1. The contour plots in Fig. 5.6.21, Fig. 5.6.9,Fig. 5.6.4,Fig. 5.6.13, and

Fig. 5.6.17 demonstrate that
¢ = 26 [km/year] when p; =0,

¢ ~ 37 [km/year] when p; = 0.3,
¢ =~ 43 [km/year] when p; = 0.5,
¢ =~ 45 [km/year] when p; =0.7,

and

¢ ~ 47 [km/year] when p; = 1.
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Therefore, the asymptotic speeds ¢*, which we get by solving the system (4.4.7),
are quite close to asymptotic speeds ¢©, which we get from the contour plots. In
addition, the asymptotic speeds ¢* and ¢® confirm that the epidemic model on a
bounded domain €2 with Dirichlet boundary conditions shows a less severe epidemic
outbreak than the epidemic model on R", and the spread of the disease modeled on
() is not as fast as the spread of the disease modeled on R", as discussed in Section
3.6. Also, The numerical results confirm for the spreading speeds ¢* and ¢® that the
latent period with fixed length gives the smallest spreading speeds, as discussed in
Section 4.4.1. In addition, the numerical simulations confirm that Theorem 2.6.5 in
Section 2.6.3 holds.

When p; = 0, all rabid foxes are territorial, and the asymptotic speeds of spread
¢* that we obtain by solving the system (4.4.7) for a latent period of fixed length can
be compared with the asymptotic speeds in (van den Bosch et al. (1990)). There are
differences in some assumptions and in the determination of parameters, though; for
instance, it is assumed in (van den Bosch et al. (1990)) that the sizes of the home-
ranges decrease with fox density while we assume them to be independent. For a fox
population density Sy of 4.6 [fox/km]|, we obtain an asymptotic speed of rabies spread
c* ~ 28.3 [km/year|, while (van den Bosch et al., 1990, Fig.7) shows an asymptotic
speed of about 33 [km/year] when Sy = 4.6 [fox/km?]. Furthermore, for this case, the
asymptotic speed of rabies spread ¢* compares quite well with the observed speeds
about 27 [km/year] in (Bogel et al. (1976)) and from 20 to 60 [km/year| according to
(Lloyd (1980)).

The numerical simulations depict that the density of diffusing rabid foxes R;
decays when t < 7, then it increases for a period of time when the infected foxes leave
the latent period at t > 7, as shown in Fig. 5.6.1, Fig. 5.6.2, Fig. 5.6.3, Fig. 5.6.6,
Fig. 5.6.7, Fig. 5.6.8, Fig. 5.6.10, Fig. 5.6.11, Fig. 5.6.12, Fig. 5.6.14, Fig. 5.6.15,

121



Fig. 5.6.16, Fig. 5.6.18, Fig. 5.6.19, and Fig. 5.6.20. The decrease in the density of
diffusing rabid foxes is because the death from rabies vy, which gives the rabid foxes
as few as five days on average to live (Anderson et al. (1981); Murray et al. (1986);
Murray (1989); Murray and Seward (1992)).

The density of territorial rabid foxes Ry, on the other hand, remains zero when
t < 7 because we assume there are no territorial rabid foxes initially at time zero.
When t > 7, we see Ry grows again before it loses some of its members with rate vs,
as demonstrated in Fig. 5.6.1, Fig. 5.6.2, Fig. 5.6.3, Fig. 5.6.6, Fig. 5.6.7, Fig. 5.6.8,
Fig. 5.6.10, Fig. 5.6.11, Fig. 5.6.12, Fig. 5.6.14, Fig. 5.6.15, Fig. 5.6.16, Fig. 5.6.18,
Fig. 5.6.19, and Fig. 5.6.20.

Since, by assumptions, no foxes are born and infected foxes cannot recover and
become susceptible again, the densities of susceptible foxes continue to decrease, as
shown in Fig. 5.6.1, Fig. 5.6.2, Fig. 5.6.3, Fig. 5.6.6, Fig. 5.6.7, Fig. 5.6.8, Fig. 5.6.10,
Fig. 5.6.11, Fig. 5.6.12, Fig. 5.6.14, Fig. 5.6.15, Fig. 5.6.16, Fig. 5.6.18, Fig. 5.6.19,
and Fig. 5.6.20.

The embedded pair of Runge-Kutta methods was implemented in a variable step-
size environment with the estimates of the local discretization errors computed ac-

cording to the formula

EST(t,11) = HQnH - yh(tnﬂ)Hg»

(see Section 5.4). The stepsize h, from ¢, to t,.1 = t, + h, for n = 0,1,..., is
accepted if
EST(t,,,) < TOL,

but if
EST(tp:1) > TOL,
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the stepsize is rejected, and the computations are repeated with a halved stepsize

h,/2. Fig. 5.6.5 demonstrates that most of rejected steps occur for Tol = 1073,
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Chapter 6

NUMERICAL SIMULATIONS OF SPREAD OF RABIES: LATENT PERIOD
WITH EXPONENTIALLY DISTRIBUTED LENGTH

6.1 Abstract

We describe a numerical algorithm for the simulation of the spread of rabies in
a spatially distributed fox population. As we already know, the model considers
both territorial and wandering rabid foxes and includes a latent period for the infec-
tion. The resulting systems are mixtures of partial differential and integral equations.
They are discretized in the space variable by central differences of second order and by
the composite trapezoidal rule. In a second step, the ordinary differential equations
we obtained are discretized in time by explicit continuous Runge-Kutta methods of
fourth order for ordinary and delay differential systems. The results of the numer-
ical calculations are compared for latent periods of exponentially distributed length
and for various proportions of territorial and wandering rabid foxes. The speeds of
spread observed in the simulations are compared to spreading speeds obtained by an-
alytic methods and to observed speeds of epizootic frontlines in the European rabies

outbreak 1940 to 1980.
6.2 The Model

We consider the system in (3.4.5) with  to be a bounded domain on R, which

represents the habitat of foxes. So, when the latent period is exponentially distributed,
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the spread of rabies is described by

9.8z, t) = —BS(x,1) /Q (12, 2) Ru(z, £) + o, 2) Ro(2, )] d2
=: —B(x,1),
OiRy(z,t) = DV2R(x,t) + prI(z,t) — vi Ry (2, 1), (6.2.1)

atR2<I, t) == pQI(JI, t) — VQRQ(I, t),

Ol (x,t) = 0B(x,t) — 01(x,1),

\

with given initial conditions
S(2,0) = So), Ru(w,0) = Ri(x), Ra(w,0) = Ri(x), I(z,0) = Io(x), x € Q.

The boundary conditions are given by

Ri(z,t) =w(z,t), z€0Q, t>0. (6.2.2)

As before, S(z,t) denote the density of susceptible foxes at time ¢t whose home-ranges
center at location x € R. Further, R;(z,t) are the diffusing rabid foxes at location
x and time t, Ro(z,t) are the territorial rabid foxes at time t whose home-ranges
center at location x, and I(x,t) is the rate at which foxes in the latent period become
infectious. The parameters 1y > 0 and v, > 0 are the per capita rabies death rates
of diffusing and territorial rabid foxes, respectively. p; is the chance of a rabid fox
to diffuse, and p, the chance to be territorial, p; > 0 and p; +p2 = 1. 8 > 0 is
the rate at which the meeting of a susceptible and rabid fox leads to the infection
of the susceptible fox. B(x,t) is the incidence of the disease, i.e., the number of
new cases per unit of time. D > 0 is the diffusion constant. ri(x,z) denotes the
rate at which a fox with home-range center = visits the location z € 2. The rate at

which a susceptible fox with home-range center x meets a territorial rabid fox with
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home-range center z is given by

mg(x,z):/Q/ﬁ(:r:,y)/ﬁ(z,y)dy, (6.2.3)

which means that it is the rate at which they both visit some common point y € €.
The nonnegative continuous functions Sy, R7, R and I, are the initial densities of
the susceptible foxes, diffusing rabid foxes, territorial rabid foxes, and transition rate,

respectively.
6.3 Discretization in Space

We use the method of lines to find finite difference approximations for the spatial
derivatives (see, e.g., Schiesser (2013); Schiesser and Griffiths (2009)), then we use
the continuous explicit Runge Kutta methods of order four and three to solve the
systems of nonlinear ordinary differential equations. The continuous Runge-Kutta
method was derived by Owren and Zennaro (Owren and Zennaro (1991, 1992b.a)),
and it is discussed in (Bellen and Zennaro (2003)). The continuous Runge-Kutta
method was recently applied by (Alanazi et al. (2018a, 2019); Bartoszewski et al.
(2015); Jackiewicz et al. (2014)).

We discretize the partial differential equation PDE by using central in space second
order scheme. The integrals in (6.2.1) are approximated using composite trapezoid
rule. Another approach to approximate integrals in (6.2.1) is by using Gauss-Hermite
quadrature rule (see, e.g., Jackiewicz et al. (2006)).

As before, we use the notations Ry ;(t), Ro;(t), and S;(t), Q;(t), and I;(¢) for the
approximations of Ry(x;,t), Re(x;,t), S(x4,t), Q(x;,t), and I(x;,t), respectively.

We consider Q2 = [—a, a] to be a bounded domain on R to represent the habitat

of foxes. Let x; to be a sequence of uniformly spaced points on [—a,al, such that

2a
N+1

r; = —a+th, where h = is the spacing stepsize and ¢ = 0, ..., N 4+ 1. In addition,
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we define z; be a sequence of uniformly spaced points on [—a,al, such that z, =

—a+kh,k=0,...,N+1,and h = szil We replace x with z; for 2 =1, ..., N, and set

Qi(t) = /a [k1(z; — 2)Ryi(2,t) + Ko(x; — 2)Ra(2,t)]dz.

From the previous section, we have Q;(t) = Q1,(t) + Q2,(t), where Q1 ,(t) and Q2,(t)
are defined in (5.3.3). Therefore, when ¢ = 1, ..., N, we obtain the following nonlinear
systems of differential equations for the model in (6.2.1)

Si(t) = — BSi(H)Qi(t),
Ryiiv1(t) — 2Ry (1) + Ryt

1, +1( ) ]1112( ) 1, 1( ) +p1[1(t) . VlRl,i(t)y
(6.3.1)
Ry (1) =p21i(t) — valta(t),

I(t) =08S:(t)Q:(t) — OL:(1).

We assume that (6.3.1) satisfy the following boundary conditions

Rll,i(t) =D

R1<—a, t) = U)1<t>, R1<6L,t) = ’U)Q(t>, t Z 0,

where w;(t) and wq(t) are given functions. So, when i = 1, the scheme for R; shall

be

Rio(t) — 2R (t) D
12(t) - 11(t) + ﬁun(t) +p1li(t) — 1Ry (1), (6.3.2)

and when ¢ = N, the scheme for R; shall be

R/1,1(t) =D

Ry n-1(t) — 2Ry n (1) n BwQ(t) + piln(t) — Ry N (1), (6.3.3)

R?L,N <t> =D h2 h2

with the following initial conditions,
5i(0) =So(x:),
Ry 4(0) =Ri(z:),
(6.3.4)
R27i(0) :R;(xl)a
L;(0) =Io(x:),
fori=1,...,N.
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We introduce the notation

_ Sy (t) _ Ria(2) _ _ R (1) |
S(t) = Ri(t) = Ry(t) =
S (#) Run(t) Ron(t)
i ] _ S(t) _ _ 5(0) _
B Ru(t) Ri(0)
I(t) = Lyl 1 P
Ro(t) Ry (0)
In(t)
I | 1(#) 1(0)

6.4 Discretization in Time

We define f(y(t)) to be the right hand side of the differential equation system in
(6.3.1). Therefore, the systems in (6.3.1) with the initial conditions in (6.3.4) can be

written as
y'(t) = f(y(t)),
y(0) = yo € R*Y,

t >0,
(6.4.1)
where f: R — R4V,

The problems (6.4.1) will be solved by the explicit continuous Runge-Kutta method
of fourth order with s = 6 stages, and the embedded discrete Runge-Kutta method
of third order, which is used for the estimation of local discretization errors of the
method of order four. This embedded pair was proposed by Owren and Zennaro
(Owren and Zennaro (1991, 1992b.a)), see also (Bellen and Zennaro (2003)). The

coefficients of this embedded pair are given by the Butcher table with continuous
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1 1
6 6
11 44 369
37 1369 1369
c A 11 3388 8349 8140
SR 17 1913 1913 4913
b(0) = )
Yh (9) 13 _ 36764 767 _ 32708 210392
. X 15 108375 1125 136125 408375
Yn+1 b
1 1607 0 50653 209693 3375
18876 116160 1626240 11648

yn(tn +6hy,) | b1(0)  ba(0)  b3(8)  b4(0) b5(0) bs(0)

. 101 1369 11849
Yn+1 363 0 14520 14520 0 0

Table 6.1: The coefficients of the optimal pair of continuous and discrete Runge-Kutta

method of order p = 4 with s = 6 stages.

weights b;(0) given by

(
b1(0) = __ 866577 4 | 1806901 3 _ 104217 g2 9.

824252 618189 37466
62(9) - O,
__ 12308679 p4 _ 2178079 p3 861101 p2
b3<9) 5072320 9 380424 9 + 230560 9 )
X (6.4.2)
__ _ 7816583 p4 6244423 n3 _ 63869 p2
64(9) - 10144640 9 + 5325936 0 293440 9 ’
__ 624375 p4 982125 n3 _ 1522125 p2
b5(9) - 217984 0 + 190736 0 762944 9 ’

| bol6) = B 0" 3500+ 55 0”

To compute the approximate solution for the ordinary differential equation yy(t,,), we

search for the index ¢ such that ¢, € (t,,t,+1], then the approximation shall be

yh(tn) = bl(Q)FLq + bQ(Q)FZq -+ b3(9)F37q + b4(9)F4,q + b5(9)F57q (6 4 3)

+ b6(0) Fs 4,

129



where b;(0) is in (6.4.2),

bty — 7 — 14

6= e (0,1], (6.4.4)

ter1 — g

and

Frqg = f(ynlty + cxhy)), (6.4.5)

for k =1,2,3,4,5,6, hy = t;41 — tg, and ¢ = [c1, ¢a, ¢3, ¢4, C5,¢6)T. The estimation of

the local discretization errors are given by

EST(tn+1) = HgnJrl - yh(tn+1)H2-

and the initial stepsize hg is computed by

T L1/5
ho = min {0.01 T, O },

1700, 50)ll2

where TOL is the accuracy tolerance, and it is selected by the user of the code. Then

for n =0,1,..., the stepsize h,, from t, to t,.1 = t, + h, is accepted if
EST(t,41) < TOL.

The new stepsize h,4q from ¢, to t, 10 = t,11 + hpaq is computed by

TOL )1/5

Bt = 1P | =
S (EST(th

where 7 is a safety coefficient to avoid too many rejected steps. In our implementation

of the code we have chosen n = 0.8. If
EST(t,+1) > TOL,

the stepsize is rejected, and the computations are repeated with a halved stepsize
by /2.

The construction of embedded pairs of continuous and discrete Runge-Kutta meth-
ods employed in this section, and their convergence and order properties, are discussed
in (Owren and Zennaro (1991, 1992b,a)) and in the monographs (Bellen and Zennaro
(2003); Hairer et al. (1993)).
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6.5 Units Check

From Table 5.3 and Table 5.4, the net units of both sides of the equations in

ox/km
fox/ ).

(6.2.1) are consistent, (=5~

6.6 Numerical Experiments and Simulations

In this section, we present the results of numerical experiments for (6.2.1) with
continuous Runge-Kutta methods of order four implemented in a variable stepsize
environment as described in Section 6.4. We compute approximations to these sys-
tems for x € [—a,al, a = 50 [km], and t € [to, tena), to = 0[day], tena = 180 [day]. We
choose N = 199 unless otherwise specified.

We assume the Dirichlet boundary conditions at © = —a and x = a, of the form
Ri(—a,t) = wy(t) = 0[fox/km|, Ry(a,t) = wy(t) = 0[fox/km], t € [0, tenal,
and initial conditions
S5i(0) = So(zi), R1i(0) = Ri(zi), Rai(0) = Ry(xi), Li(0) = Lo(s),
i=1,2,...,N, where the functions Sy(z), RS(z), RS(x), and Iy(z) are defined by

. 0.2 [fox/km], —5 <z <5,
Ri(z) =
0 [fox/km], otherwise,

R3(x) = 0 [fox/km], Io(x) = 0 [fox/km], =z € [—a,a].
As in Section 5.6, if we assume

1 -:2

k1(z) =T1(z,b) = meﬁ, (6.6.1)

then

ka(2) = T (2, 2b). (6.6.2)
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We let I'y(t, z) to be the fundamental solution of 9; — A, in two space dimensions.
Then the mean maximum distance of a territorial fox from the center of its home-

range (the mean radius of its home-range) is given by
To = |z|Ta(z,b)dz = / ’z‘<4b7r)*1€*|2\2/(4b)dzj
R2 R2

where | - | being the Euclidean norm in R?. We translate the integral into polar
coordinates (21, z2) = (rcos@,rsinf), where 0 < r < oo and 0 € [0,27), so we shall

have

27 00
1 2
2 e’ 2 /(4b) drdf = / 2 _—r /4bd _ b1/2 1/2
ro = 47rb / r % J, ree r T,

(see Section 5.6). So the mean area of the home range is
A =7rd =br?

So b = Ar~2[km?]. A is between 2 and 8 [km?] according to (Toma and Andral
(1977)), the average area is taken as 5 [km?] by (Kéllén et al. (1985)) and (Murray
et al. (1986)). Then b is 572 [km?] ~ 0.506605918 [km?]. If the latent period has ex-
ponentially distributed length with constant exit rate 6, then we have # = 1/7 [1/day].
The numerical values of the parameters Sy, 3, D, b, 7,1/, and vy are also summarized

in Table 4.1.

We assume the chance for a rabid fox to diffuse or to be territorial is equal, i.e.,

p1 = pa = 0.5. The basic reproduction number of the rabies is

D1
%1

R0:< +ZZ—z>BS():4.6>1.

The discrete forms of (6.2.1) with the boundary conditions in (6.2.2) give us

the numerical results presented on Fig. 6.6.1-6.6.5. Fig. 6.6.1 and Fig. 6.6.2 show
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the dynamics of susceptible foxes, diffusing rabid foxes, and territorial rabid foxes
at specific times. Surface plots of approximations Sy (z,t), Ry s(z,t), Rop(z,t) and
In(z,t) to S(z,t), Ry(z,t), Re(z,t) and I(z,t) are presented on Fig. 6.6.3. Fig. 6.6.4
depicts contour plots of susceptible foxes, diffusing rabid foxes, the territorial rabid
foxes. The contour plots in Fig. 6.6.4 demonstrate that rabies spreads with asymptotic
speed

¢ = 81 [km/year].

We also present in Fig. 6.6.5 the stepsize pattern for the algorithm described in
Section 6.4 for the accuracy tolerances TOL = 1072, 107%, 107, and 1072, On these

figures the rejected steps are denoted by ‘x’.
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6.6.2 I p, =03, py=0.7T

Since there are no changes to the density of I as we change p; or ps, we are not
going to discuss the density of I in this case and in the coming cases. The basic
reproduction number of the rabies

Ro = <Z£+@)BSO — 46> 1.

%1 vy

The discrete forms of the model in (6.2.1) with the boundary conditions in (6.2.2)
give us the numerical results presented on Fig. 6.6.6-6.6.9. Fig. 6.6.6 and Fig. 6.6.7
show the dynamics of susceptible foxes, diffusing rabid foxes, and territorial rabid
foxes at specific times. Surface plots of approximations Sy(z,t), Rin(z,t), and
Rop(x,t) to S(x,t), Ri(x,t), and Ro(x,t) are presented on On Fig. 6.6.8. Fig. 6.6.9
depicts contour plots of susceptible foxes, diffusing rabid foxes, the territorial rabid
foxes. The contour plots in Fig. 6.6.9 demonstrate that rabies spreads with asymptotic
speed

¥ =~ 73 [km/year].
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6.6.3 IIL p; = 0.7, py = 0.3

The basic reproduction number of the rabies is

Ro = (ﬂﬂﬁ)ﬁso — 46> 1.

151 Vo

The discrete forms of the model in (6.2.1) with the boundary conditions in (6.2.2)
give us the numerical results presented on Fig. 6.6.10-6.6.13. Fig. 6.6.10 and Fig. 6.6.11
show the dynamics of susceptible foxes, diffusing rabid foxes, and territorial ra-
bid foxes at specific times. Surface plots of approximations Sp(x,t), Ryn(z,t), and
Rop(x,t) to S(z,t), Ri(x,t), and Ry(x,t) are presented on On Fig. 6.6.12. Fig. 6.6.13
depicts contour plots of susceptible foxes, diffusing rabid foxes, the territorial rabid
foxes. The contour plots in Fig. 6.6.13 demonstrate that rabies spreads with asymp-
totic speed

¢ ~ 91 [km/year].
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6.64 IV.p, =1, py=0

Since p; = 1, all rabid foxes diffuse. The basic reproduction number of the rabies

Ro = (YQHE)@% — 46> 1.

v, Uy

The discrete forms of the model in (6.2.1) with the boundary conditions in (6.2.2)
give us the numerical results presented on Fig. 6.6.14-6.6.17. Fig. 6.6.14 and Fig. 6.6.15
show the dynamics of susceptible foxes, diffusing rabid foxes, and territorial ra-
bid foxes at specific times. Surface plots of approximations Sp(x,t), Ryn(z,t), and
Ry p(x,t) to S(z,t), Ri(x,t), and Ry(z,t) are presented on On Fig. 6.6.16. Fig. 6.6.17
depicts contour plots of susceptible foxes, diffusing rabid foxes, the territorial rabid
foxes. The contour plots in Fig. 6.6.17 demonstrate that rabies spreads with asymp-
totic speed

¢ ~ 97 [km/year].

We also calculate ¢ using contour plots for different values of Sy when all rabid foxes

diffuse, i.e., p; = 1. These speeds are given in Table 6.2.

So [fox/km] c® [km/year] ¢* [km /year]
1.5 30 33
2.0 45 20
2.5 61 64
3 73 76
4.6 97 105

Table 6.2: Comparison between ¢® and c¢* for various values of Sy when the latent
period has exponentially distributed length and p; = 1. Other numerical values of

the parameters are in Table 4.1.
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6.6.5 V. P1 = 0, P2 = 1

In the fifth case, we assume all infectious foxes are territorial. The basic repro-

duction number of the rabies

Ro = (]ﬂﬂﬁ)ﬁso — 46> 1.

%1 19

The discrete forms of the model in (6.2.1) with the boundary conditions in (6.2.2)
give us the numerical results presented on Fig. 6.6.18-6.6.21. Fig. 6.6.18 and Fig. 6.6.19
show the dynamics of susceptible foxes, diffusing rabid foxes, and territorial ra-
bid foxes at specific times. Surface plots of approximations Sy(z,t), Ry x(z,t), and
Rop(x,t) to S(z,t), Ri(x,t), and Ry(x,t) are presented on On Fig. 6.6.20. Fig. 6.6.21
depicts contour plots of susceptible foxes, diffusing rabid foxes, the territorial rabid
foxes. The contour plots in Fig. 6.6.21 demonstrate that rabies spreads with asymp-
totic speed

¢ = 61 [km/year].
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Figure 6.6.20: Surface plots of approximations Sy(z,t), Ryix(z,t), and Ryp(z,t) to
S(z,t), Ri(x,t), and Ry(x,t) when p; =0, pp =1, and N = 59.
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Figure 6.6.21: Contour plots of approximations Sy (x,t) (top), Ry x(x,t) (middle), and

Ry (x,t) (bottom) to S(z,t), Ri(z,t), and Re(z,t) when p; =0 and py = 1.
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6.7 Discussion and Conclusions

When the latent period is exponentially distributed, the unique solutions of the

system (4.5.5) are

(", A) ~ (0.182245 [km/day], 0.773071) ~ (66.5195 [km /year], 0.773071)
when p; = 0,

(c*, \) =~ (0.235233 [km/day], 0.550237) ~ (85.86 [km/year|, 0.550237)
when p; = 0.3,

(", \) =~ (0.253677 [km/day], 0.522531) ~ (92.592 [km/year], 0.522531)
when p; = 0.5,

(", A) ~ (0.268893 [km/day], 0.504089) ~ (98.146 [km/year], 0.504089)
when p; = 0.7, and

(", \) =~ (0.288236 [km/day], 0.484747) ~ (105.206 [km/year]|, 0.484747)

when p; = 1. The contour plots in Fig. 6.6.21, Fig. 6.6.9,Fig. 6.6.4,Fig. 6.6.13, and

Fig. 6.6.17 demonstrate that
¢¥ ~ 61 [km/year] when p; =0,

¢ =~ 73 [km/year] when p; = 0.3,
¢ =~ 81 [km/year] when p; = 0.5,
¢® =~ 91 [km/year] when p; =0.7,

and

¢® ~ 97 [km/year] when p; = 1.
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Therefore, the asymptotic speeds ¢*, which we get by solving the system (4.5.5),
are quite close to asymptotic speeds ¢©, which we get from the contour plots. In
addition, the asymptotic speeds ¢* and ¢® confirm that the epidemic model on a
bounded domain €2 with Dirichlet boundary conditions shows a less severe epidemic
outbreak than the epidemic model on R™, and the spread of the disease modeled on §2
is not as fast as the spread of the disease modeled on R", as discussed in Section 3.6.
Furthermore, the latent period with fixed length always gives the smallest spreading
speeds (see Section 4.4.1).

(Murray et al. (1986); Murray and Seward (1992)) assume that all rabid foxes
diffuse, foxes reproduce and die from natural causes, and rabid foxes exit the latent
period with exponentially distributed length. Hence, we compare the asymptotic
speeds in (Murray et al. (1986); Murray and Seward (1992)) to the speeds ¢* that we
have by solving the system (4.5.5) and to the speeds ¢ that we have from contour
plots when the latent period has exponentially distributed length and p; = 1. The
unique solutions of the system (4.5.5) show that the asymptotic velocity of rabies
spread ¢* & 105.2 [km /year] with Sy = 4.6 [fox/km] and 3 = 73 [km®/year], while the
speeds of initial waves are about 103 [km /year] with carrying capacity of 4.6 [fox/km?]
and 8 = 80 [km?*/year] in (Murray and Seward, 1992, Table 2) when there are no
immune rabid foxes. Another remarkable thing is that the spreading speeds ¢* and
c® that are in Table 4.2 with 8 = 80 [km*/year] and Table 6.2 with 3 = 73 [km /year],
respectively, compare quite well with the velocity of the epidemic in (Murray et al.,
1986, Table 3) and (Murray and Seward, 1992, Table 2) for 3 = 80 [km?/year] and
different values of Sy and when there are no immune rabid foxes in (Murray and
Seward (1992)). This suggests that ignoring the natural turnover of fox population

does not have a huge impact on the speed of rabies spread.
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The numerical simulations depict that the density of diffusing rabid foxes R;
decays until some of the infected foxes exit the latent period with mean length 6, as
shown in Fig. 6.6.1, Fig. 6.6.2, Fig. 6.6.3, Fig. 6.6.6, Fig. 6.6.7, Fig. 6.6.8, Fig. 6.6.10,
Fig. 6.6.11, Fig. 6.6.12, Fig. 6.6.14, Fig. 6.6.15, Fig. 6.6.16, Fig. 6.6.18, Fig. 6.6.19,
and Fig. 6.6.20. The decrease in the density of diffusing rabid foxes is because the
death from rabies v, which gives the rabid foxes as few as five days on average to live
(Anderson et al. (1981); Murray et al. (1986); Murray (1989); Murray and Seward
(1992)).

Since we assume there are no territorial rabid foxes initially at time zero, the
density of territorial rabid foxes Ry is zero, as presented in Fig. 6.6.1(a). When some
of the infected foxes leave the latent period, we see Ry grows again before it loses
some of its members with rate 15, as demonstrated in Fig. 6.6.1, Fig. 6.6.2, Fig. 6.6.3,
Fig. 6.6.6, Fig. 6.6.7, Fig. 6.6.8, Fig. 6.6.10, Fig. 6.6.11, Fig. 6.6.12, Fig. 6.6.14,
Fig. 6.6.15, Fig. 6.6.16, Fig. 6.6.18, Fig. 6.6.19, and Fig. 6.6.20.

Since, by assumptions, no foxes are born and infected foxes cannot recover and
become susceptible again, the densities of susceptible foxes continue to decrease, as
shown in Fig. 6.6.1, Fig. 6.6.2, Fig. 6.6.3, Fig. 6.6.6, Fig. 6.6.7, Fig. 6.6.8, Fig. 6.6.10,
Fig. 6.6.11, Fig. 6.6.12, Fig. 6.6.14, Fig. 6.6.15, Fig. 6.6.16, Fig. 6.6.18, Fig. 6.6.19,
and Fig. 6.6.20.

The embedded pair of Runge-Kutta methods was implemented in a variable step-
size environment with the estimates of the local discretization errors computed ac-

cording to the formula

EST(tns1) = ||Gn+1 — yn(tns1)

27
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(see Section 6.4). The stepsize h,, from ¢, to t,.; = t, + h, for n = 0,1,..., is

accepted if
EST(t,41) < TOL,

but if
EST(thrl) > TOL,

the stepsize is rejected, and the computations are repeated with a halved stepsize

h,/2. Fig. 6.6.5 show that almost all rejected steps occur for Tol = 1073.
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Chapter 7

DISCUSSION AND CONCLUSIONS

Previous mathematical models have assumed that either all rabid foxes are territorial
(van den Bosch et al. (1990)) or all rabid foxes diffuse (Kéallén et al. (1985); Liu
(2013); Murray et al. (1986); Murray (1989); Murray and Seward (1992); Ou and Wu
(2006)). Differently from these studies, our model assumes that some of the rabid
foxes essentially behave like susceptible and exposed foxes and keep their home-ranges,
while the other rabid foxes loose the attachment to their home-range and disperse by
diffusion. We call the first ones territorial rabid foxes and the second ones diffusing
(wandering (Toma and Andral (1977))) rabid foxes. The question we are trying to
answer is how the partition of rabid foxes into territorial and diffusing rabid foxes
influences the spreading speed of fox rabies. To tackle this question analytically, we

reduced (2.2.2) to a single nonlinear integral equation

w(z,t) = ug(x,t) + /t E(ry |z — 2z|)F(u(z,t — s))dzdr.
0 Jr»

u is the cumulative rate of rabid foxes meet the susceptible foxes. The integral kernel
¢ essentially consists of convolutions of the movements of territorial foxes about the
center of their home-range x; and of the fundamental solution of the partial differential
operator 0, — DA, and of T, and F(u) = 1 — e ™. up combines the various initial
conditions, and it is given in (2.3.37). Biologically, £ is the contribution of diffusing
and territorial rabid foxes to the infection rate.

For special form of (2.2.2) with arbitrary distributed length of the latent state, we

show that space-time Laplace transform is given by

_ Pll%l(/\) p2(/%1(/\))2 /oo Y
Z(e, ) = (- . e gy
(e A) ( it A—AD it )BSO e TdX)
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if 1 + Ac — A2D > 0, otherwise Z(c, \) = 0o, where

Ri1(\) = / ) e Mk (2)dz.

For the numerical computation of ¢*, we assume that the movements of territorial

foxes about the center of their home-range are normally distributed, i.e.,
k1(2) = Doz, b) = (47b) 2 FH/@0) 5 c R™ (7.0.1)

where | - | is the Euclidean norm on R”, b > 0, and I',, is the fundamental solutions

associated with the differential operator 9, — A, for n space dimensions. Then &1 () =

b (see, Proposition 2.5.1), and

2b)\2

bA2 o)
—_ p1€ pa2€ —Xer
=(c,\) = — S dY(r).

(e:)) <V1—|—)\C—)\2D+I/2+)\C>5 0/0 € (r)

The basic reproduction number of rabies is given by

Ry =2(0,0) = (2 + ]Z—z)ﬁso.

151

If Ry > 1, the asymptotic spreading speed ¢* > 0 is uniquely determined as the

solution of the system

[1]

(@A) =1, S=(c)\) =0, (7.0.2)

Otherwise, if Rg < 1, we define ¢* := 0.

(Sartwell (1950, 1966)) concludes that the log-normal distribution perfectly fits the
incubation periods of various infectious diseases. (Farrell (2017); Farrell et al. (2018))
discuss the distribution of the time between infection and disease induced death for
data from infection experiments involving tiger salamander larvae and ranavirus.
They find that log-normal distribution fits these data better than Gamma and Weibull
distributions (Farrell (2017); Farrell et al. (2018)). The length of the latent period

has been also described by a distribution of fixed length or by Gamma distribution
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in many works (see, e.g., Beretta and Kuang (2001); Jones et al. (2012, 2013, 2016)).
When we assume the length of the latent period is log-normally distributed, we obtain
2X%b

A2b
= _ bie b2e
=(e,A) = <V1 + Ac— \2D * vy + /\c> B3

1 © _1 —ot ot
ex —t2 (e—)\cme 4 e—Acme ) dt | .
(\/27T /0 P < 2 )

Therefore, as ¢ — 0, we have

(7.0.3)

222b

A2b
—_ b€ bae —Aem
=(e, A S, .
<C’ )—> <V1+)\C—)\2D+V2+)\C>B 0¢

So, as ¢ — 0 in (7.0.3), the length of the latent period converges to a distribution
of fixed length m. On the other hand, when we assume that the latent periods is
Gamma distribution, we obtain

=0 = (2B paBSe™TN (b (7.0.4)
7 vy + e — \2D vy + A h+71X) o

If h = 1, the length of the latent period is exponentially distributed. In addition,
<h+%:>h — 7T as h — oo. Therefore, as h — oo in (7.0.4), the length of the latent
period converges to a distribution of fixed length 7.

Rabies moves with speed ranging from 30 to 60 [km/year| according to (van den
Bosch et al. (1990); Toma and Andral (1977)) and from 20 to 60 [km/year] accord-
ing to (Lloyd (1980)). A study performed in three areas in the state of Baden-
Wiirttemberg (Germany) from January 1963 to March 31, 1971, found that the cen-
ter of the frontwave moved at about 27 [km/year] (Bogel et al. (1976)) while the
mean distance of new cases ahead of the frontline within a month was approximately

4.8 [km] (Bogel et al. (1976); Moegle et al. (1974)). We calculated ¢* numerically for

latent periods of fixed length and Gamma distributed length by solving (7.0.2).
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When we assume the latent periods is Gamma distribution with h = 1, the length

of the latent period is exponentially distributed, and ¢* will be

(", \) ~ (0.182245 [km/day], 0.773071) ~ (66.5195 [km/year|,0.773071)
when p; =0,

(c*, ) ~ (0.235233 [kmm/day], 0.550237) ~ (85.86 [km /year], 0.550237)
when p; = 0.3,

(c*, A) =~ (0.253677 [km/day], 0.522531) ~ (92.592 [km/year], 0.522531)
when p; = 0.5,

(c*, A\) ~ (0.268893 [km /day], 0.504089) ~ (98.146 [km /year], 0.504089)
when p; = 0.7, and

(", A) ~ (0.288236 [km/day], 0.484747) ~ (105.206 [km /year|, 0.484747)

when p; = 1. A plot of ¢* versus p; when the length of the latent period is exponen-
tially distributed is given in Fig. 4.10.1. Also, when the length of the latent period
is exponentially distributed, the asymptotic speeds ¢ that we get from the contour

plots in Chapter 6 demonstrate that
¢ = 61 [km/year] when p; =0,

¢® ~ 73 [km/year] when p; = 0.3,
¢ =~ 81 [km/year] when p; = 0.5,

¢® =~ 91 [km/year] when p; =0.7,
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and

¥ =~ 97 [km/year] when p; = 1.

For h = 5, we obtain

(", A) ~ (0.0958041 [km/day], 1.01582) ~ (34.9685 [km /year], 1.015829)
when p; =0,

(", A) ~ (0.140481 [km/day], 0.558589) ~ (51.2754 [km /year], 0.558589)
when p; = 0.3,

(", A) ~ (0.151185 [km/day], 0.537392) ~ (55.1824 [km /year], 0.537392)
when p; = 0.5,

(", A) ~ (0.159787 [km/day], 0.523766) ~ (58.3222 [km /year|, 0.523766)
when p; = 0.7, and

(", ) =~ (0.170476 [km/day], 0.510225) ~ (62.2238 [km /year], 0.510225)

when p; = 1.

When the latent period has a fixed length, we have following speeds
(¢*,\) ~ (0.0774794 [km /day], 1.20104) ~ (28.28 [km /year], 1.20104)
when p; =0,
(", A) ~ (0.121047 [km/day], 0.566099) ~ (44.1821 [km/year], 0.566099)
when p; = 0.3,

(", A) ~ (0.129782 [km/day], 0.548928) ~ (47.3705 [km/year]|, 0.548928)
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when p; = 0.5,

(", A) =~ (0.136702 [km/day], 0.538601) ~ (49.8961 [km/year|,0.538601)
when p; = 0.7, and

(", A) = (0.145169 [km/day], 0.529397) ~ (52.9868 [km/year]|,0.529397)

when p; = 1. A plot of ¢* versus p; when the latent period has a fixed length is

presented on Fig. 4.10.1. On the other hand, the numerical simulations for this case

show that
¢ ~ 26 [km/year] when p; =0,
¢ =~ 37 [km/year] when p; = 0.3,
¢® ~ 43 [km/year] when p; = 0.5,
¢® ~ 45 [km/year] when p; =0.7,
and

c® ~ 47 [km/year] when p; = 1.

It seems that as h — oo, the more realistic speeds we have. Also, we conclude
that the asymptotic speeds ¢*, which we get by solving the system (7.0.2), are quite
close to asymptotic speeds ¢, which we get from the contour plots. In addition, the
asymptotic speeds ¢* and ¢© confirm that the epidemic model on a bounded domain
) with Dirichlet boundary conditions shows a less severe epidemic outbreak than
the epidemic model on R", and the spread of the disease modeled on ) is not as
fast as the spread of the disease modeled on R", as discussed in Section 3.6. The
reason for choosing Dirichlet boundary conditions has also discussed in Section 3.6.
Another important observation is that the numerical results confirm for the spreading

speeds ¢* and ¢® that the latent period with fixed length gives the smallest spreading
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speeds, as discussed in Section 4.4.1. In addition, the numerical simulations confirm
that Theorem 2.6.5 in Section 2.6.3 holds.

Our results show that the spreading speed is a decreasing function of the mean
length of the latent period 7, and the spreading speed is an increasing function of
B, Sy, D and the durations 1/v; of the infectious periods for diffusing and territorial
rabid foxes and also of b if k; is given by (7.0.1). b is a measure of how far territorial
foxes move away from the center of their home-ranges if this distance is normally
distributed (2b is the variance of the normal distribution in each direction), and Sy
is the initial value of the density of susceptible foxes. A study in three areas in
the state of Baden-Wiirttemberg of Germany finds that the mean distance of new
rabies cases ahead of the monthly determined rabies frontline very slightly decreases
if the hunting indicator of the fox density (foxes shot per km? per year) increases
(Bogel et al., 1976, Table 3). The likely explanation is that the home-range size is
not independent of fox density but depends on it in a decreasing fashion as observed
in (Sargeant (1972)) and assumed in (van den Bosch et al., 1990, Sec.7.2) where b is
assumed to be proportional to 1/Sy (van den Bosch et al., 1990, (7.6)). Differently
from (Bogel et al. (1976); van den Bosch et al. (1990)), we assume b and Sy to be
independent.

Also, ¢* increases as we increase the proportion of wandering rabid foxes p; when
the latent period has fixed length, exponentially distributed length, and Gamma
distributed length, as demonstrated by the numerical simulations shown in Fig. 4.10.1.
The last happens for what we believe is a realistic choice of parameters b and D. In
general, the monotone behavior of ¢* as a function of p; depends on the relation
between b and D, as depicted in Fig. 4.8.1. In addition, the numerical results in
Fig. 4.8.1 suggest that Ry may not need to be very close to 1 for the results in
Theorem 4.8.1 to hold.
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Hence, to impede the spread of the disease when latent periods have arbitrary
distributed length, we need to decrease the values of 3, Sy, b, and D and increase the
rates of T, vy, and v based on the theorems discussed in Section 2.6.3 and Fig. 4.10.1.

When p; = 0, all rabid foxes are territorial, and the asymptotic speeds of spread
¢* that we obtain by solving the system (4.4.7) for a latent period of fixed length can
be compared with the asymptotic speeds in (van den Bosch et al. (1990)). There are
differences in some assumptions and in the determination of parameters, though; for
instance, it is assumed in (van den Bosch et al. (1990)) that the sizes of the home-
ranges decrease with fox density while we assume them to be independent. For a fox
population density Sy of 4.6 [fox/km]|, we obtain an asymptotic speed of rabies spread
¢* =~ 28.3 [km/year|, while (van den Bosch et al., 1990, Fig.7) shows an asymptotic
speed of about 33 [km/year] when Sy = 4.6 [fox/km?]. Furthermore, for this case, the
asymptotic speed of rabies spread ¢* compares quite well with the observed speeds
about 27 [km/year| in (Bogel et al. (1976)) and from 20 to 60 [km/year] according to
(Lloyd (1980)).

The rabies model in (Murray, 1989, Sec.20.4) (Murray et al. (1986); Murray and
Seward (1992)) incorporates the turnover of the fox population into an epidemic
model with diffusing rabid foxes and exponentially distributed length of the latent
period. Newborn foxes enter the population at a fixed per capita rate and all foxes are
subject to a natural density-dependent per capita death rate. We have not included
this turnover in order to be able to analyze a model that includes territorial rabid
foxes. In reality, fox reproduction is seasonal. In Britain, e.g., most cubs are born
between mid-March and mid-April (Lloyd, 1980, p.115) as it seems to be the case in
continental Europe (Toma and Andral, 1977, III.A.2). In order to have an educated
guess about the impact of population turnover, we look at the special case of our model

with the same assumptions, including that susceptible and incubating foxes stay at
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the center of their home-ranges all the time. In Table 4.2, we compare spreading
speeds that have been determined by numerically solving system (4.5.5) with the
minimum wave speeds calculated in (Murray, 1989, Sec.20.4) (Murray et al. (1986);
Murray and Seward (1992)). The results agree qualitatively and are not too different
quantitatively. For instance, the unique solutions of the system (4.5.5) show that the
asymptotic velocity of rabies spread ¢* &~ 112 [km/year] with Sy = 4.6 [fox/km]| as
in Table 4.2, while the speeds of initial waves are about 103 [km/year| with carrying
capacity of 4.6 [fox/km?] as in (Murray and Seward, 1992, Table 2) when there are
no immune rabid foxes. A non-spatial endemic model with non-seasonal births is
compared to one with birth pulses in (Roberts and Kao (1998)), and though there
are differences in the solution behavior they are not too pronounced. This gives us
encouraging results that the qualitative behavior of the spreading speed is not affected
by the omission of population turnover and that the quantitative results contain useful

information as long as they are seen as approximations in Table 4.2.
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B.1 Latent Period of Fixed Length

Here is a Mathematica code that solves numerically the system of equations (4.4.7)
when the latent period has a fixed length. =(c*, A) is given in (4.4.4).

(x Define the parameters of the model x)

tau=28;

beta=0.2;

d=200/365;

pl=0.5;

p2=1- pl;

nul=0.2;

nu2=0.2;

b= 0.506605918;

(* Define the initial function S_0 x*)

S0=4.6;

(* Define the system of nonlinear equations for c¢ and 1b x)

eql=(plxbetaxS0/(nul+lb*xc—1b "2xd))*Exp[lb "2xb—lb*cxtau]+
(p2*beta*S0/(nu2+lbxc))*Exp[2x1b " 2xb—lb*cxtau|;

5 eq2=D[eql,1b|;

sol=FindRoot [{eql==1,eq2==0},{1b,1/2} ,{c,1/5}];

7 1lb=1lb /.sol;

c=c/.sol;
cl= cx365

B.2 Latent Period of Exponentially Distributed Length
The following is a Mathematica code that solves numerically (4.5.5), where Z(c*, \)
is given by (4.5.4).

(* Define the parameters of the model x)
theta=1/28;

3 beta=0.2;

d=200/365;

pl=0.5;

p2=1-pl;

nul=0.2;

nu2=0.2;

b= 0.506605918;

(* Define the initial function S_0 x)

S0=4.6;

(* Define the system of nonlinear equations for c¢ and lb x)

eql=(plxbetaxS0/(nul+lb*c—1b "2xd))*(theta /(thetat+lb*c))*Exp[lb " 2xb]+
(p2xbetaxS0/(nu2+lbx*c))«(theta /(theta+lbxc))*«Exp[2x1b 2xb];

eq2=D[eql,1b];

sol=FindRoot [{ eql==1,eq2==0},{1b,1/3} ,{c,1/3}];

lb=1lb /.sol;

c=c/.sol;

cl= c*365

B.3 Latent Period of Gamma Distributed Length

The following is a Mathematica code that solves numerically (4.6.5), where Z(c*, \)
is given by (4.6.4).
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(x Define the parameters of the model x)
tau=28;

beta=0.2;

h=2;

d=200/365;

;s pl=0.5;

p2=1- pl;

nul=0.2;

nu2=0.2;

b= 0.506605918;

(* Define the initial function S_0 x)

S0=4.6;

(* Define the system of nonlinear equations for c¢ and 1lb x)

eql=(plxbetaxS0/(nul+lb*c—1b "2xd))*Exp[lb " 2xb]* (h/(h+tauxlbx*c)) ht+
(p2xbetaxS0/(nu2+lbx*c))*Exp[2%1b "2xb]* (h/(h+tauxlbxc)) “h;

eq2=D[eql,1b];

sol=FindRoot [{eql==1,eq2==0},{1b,1/2} ,{c,1/5}];

lb=1b /.sol;

c=c/.sol;

cl= c*365
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Here are Matlab codes for the systems of ordinary differential equations (5.3.5)
and delay differential equations (5.3.6) when the latent period has a fixed length.

% Define system of ordinary differential equations by discretization

in

% space variables of the model for the spread of rabies in a spatially
% distributed fox population for O<=t<=tau (work with Z. Jackiewicz and

H. Thieme)
%
function yp=fg(t,y)

s N=length (y) /3;

% Define parameters of the model
tau=28;

beta=0.2;

D=200/365;

pl=0.5;

p2=1-pl;

nul=0.2;

nu2=0.2;

5 % Define grids in space variables

; a=50;

delx=2xa/(N+1);

xhO0=—a;

xhNpl=a;

xh=linspace(—at+delx ,a—delx ,N);
zhO=—a;

zhNpl=a;

zh=linspace(—a+delx ,a—delx ,N);
% Define vectors S, R1, and R2

5 S=y (1:N);
i Rl=y (N41:2%N) ;

R2=y (2xN+1:3%N) ;

. % Define Sp

Sp=zeros (N,1); % Reserve storage
for i=1:N
Th=(delx /2) *(kappal (xh(i)—zh0)=*wl(t)+kappa2(xh(i)—zh0)*R2(1));
for k=1:N
Th=Th+delx % (kappal (xh(i)—zh (k) )=*R1(k)+kappa2(xh(i)—zh(k))*R2(k));
end

Th=Th+(delx /2) *(kappal (xh(i)—zhNpl)=*w2(t)+kappa2(xh(i)—zhNpl)*R2(N));

i Sp(i)=betaxS(i)*Th;

end
% if (t>=0 & t<=tau)
% Define Rlp
Rlp=zeros(N,1); % Reserve storage
Rip(1)=(D/delx "2)*(—2+«R1(1)+R1(2))+(D/delx “2)*wl(t)—nul+«R1(1);
for i=2:N-1
Rip(i)=(D/delx "2)*(R1(i—1)—2+«R1(i)+R1(i+1))—nul*R1(i);
end

s RIp(N)=(D/delx "2) «(R1(N—-1)—2%R1(N) )+(D/delx “2)*w2(t)—nul«*R1(N) ;
% Define R2p
a7 R2p=zeros (N,1); % Reserve storage

for i=1:N
R2p(i)=-nu2+R2(i);

end

% end

yp=[Sp;R1p;R2p];
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% Define system of delay differential equations by discretization in
% space variables of the model for the spread of rabies in a spatially
% distributed fox population (work with Z. Jackiewicz and H. Thieme)
%

function yp=f(t,y,z)

s N=length (y) /3;

% Define parameters of the model
tau=28;

beta=0.2;

D=200/365;

pl=0.5;

p2=1-pl;

nul=0.2;

nu2=0.2;

5 % Define grids in space variables
; a=50;

delx=2xa/(N+1);

xhO0=a;

xhNpl=a;

xh=linspace(—atdelx ,a—delx ,N);
zhO=a;

> zhNpl=a;

zh=linspace(—a+tdelx ,a—delx ,N);
% Define vectors S, Stau, Rl, Rltau, R2 and R2tau
S=y (1:N);

i Stau=z (1:N);

Rl=y (N+1:2N) ;

s Rltau=z (N+1:2xN) ;

R2=y (2xN+1:3%N) ;
R2tau=z(2+N+1:3xN) ;
% Define Sp
Sp=zeros (N,1); % Reserve storage
for i=1:N
Th=(delx /2) *(kappal (xh(1i)—zh0)*wl(t)+kappa2(xh(i)—zh0)*R2(1));
for k=1:N
Th=Th+delx % (kappal (xh(i)—zh (k) )=*R1(k)+kappa2(xh(i)—zh(k))*R2(k));

- end

Th=Th+(delx /2) *(kappal (xh(i)—zhNpl)=*w2(t)+kappa2(xh(i)—zhNpl)*R2(N));
Sp(i)=DbetaxS(i)*Th;

end

% Define Rlp and R2p

Rlp=zeros(N,1); % Reserve storage

R2p=zeros (N,1); % Reserve storage

Thtau=(delx /2) *(kappal (xh(1)—zh0)*wl(t—tau)+kappa2(xh(1)—zh0)*R2tau(1));

5 for k=1:N

Thtau=Thtaut+delx *(kappal (xh (1)—zh (k) )*R1ltau(k)+kappa2(xh(1)—zh(k))x*
R2tau(k));
end
Thtau=Thtau+(delx /2) *(kappal (xh (1)—zhNpl)*w2(t—tau)+kappa2(xh(1)—zhNpl)x
R2tau(N));
Rip(1)=(D/delx "2)*(—2xR1(1)+R1(2) )+(D/delx "2)*wl(t)+plxbetaxStau(l)=
Thtau—nul«R1(1) ;
R2p(1)=p2*beta*xStau (1)*Thtau—nu2«R2(1);
for i=2:N-1
Thtau=(delx /2) *(kappal (xh(i)—zh0)*wl(t—tau)+kappa2 (xh(i)—zh0)=*R2tau
(1));
for k=1:
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Thtau=Thtau+delx *(kappal (xh(i)—zh(k))*Rltau(k)+kappa2(xh(i)—zh(k))x
R2tau(k));

55 end

Thtau=Thtau+(delx /2) x(kappal (xh(i)—zhNpl)*w2(t—tau)+kappa2 (xh(i)—zhNpl)=
R2tau(N));

Rip(i)=(D/delx "2)x(R1(i—1)—2xR1(i)+R1(i+1))+plxbetaxStau(i)*Thtau—nul*R1
(1);

R2p(i)=p2xbetaxStau(i)«Thtau—nu2xR2(1);

end

Thtau=(delx /2) *(kappal (xh (N)—zh0)*wl(t—tau)+kappa2 (xh(N)—zh0)*R2tau (1)) ;

for k=1:N
Thtau=Thtau+delx *(kappal (xh (N)—zh (k) )*Rltau(k)+kappa2 (xh(N)—zh (k) )x*
R2tau(k));

end

Thtau=Thtau+(delx /2) % (kappal (xh (N)—zhNpl) w2 (t—tau )+kappa2 (xh (N)—zhNpl) x
R2tau(N));

5 RIp(N)=(D/delx "2) #*(R1(N=1)—2«R1(N) )+(D/delx "2) «w2(t )+plxbetaxStau (N)x*

Thtau—nul+R1(N) ;
R2p (N)=p2xbetaxStau (N)«Thtau—nu2xR2(N) ;

yp=[Sp;R1p;R2p];
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Here is a Matlab code for the system of ordinary differential equations (6.3.1)

when the latent period has exponentially distributed length.

% Define system of ordinary differential equations by discretization

in

% space variables of the model for the spread of rabies in a spatially

% distributed fox population (work with Z. Jackiewicz and H. Thieme)
%
function yp=f(t,y)

s N=length (y) /4;

% Define parameters of the model
theta=1/28;

beta=0.2;

D=200/365;

pl=0.5;

p2=1-pl;

nul=0.2;

nu2=0.2;

5 % Define grids in space variables
; a=50;

delx=2xa/(N+1);

xhO0=a;

xhNpl=a;

xh=linspace(—at+delx ,a—delx ,N);
zhO0=—a;

zhNpl=a;

zh=linspace(—a+tdelx ,a—delx ,N);

% Define vectors S, R1, R2, and I

5 8=y (1:N);

Rl=y (N+1:2«N) ;
R2=y (2«N+1:3%N) ;

s I=y (3%N+1:4xN) ;

% Define Sp and Ip

Sp=zeros (N,1); % Reserve storage
Ip=zeros (N,1); % Reserve storage
for i=1:N

; Th=(delx /2) *(kappal (xh(i)—zh0)*wl(t)+kappa2(xh(i)—zh0)*R2(1));

for k=1:N
Th=Th+delx % (kappal (xh(i)—zh (k) )=*R1(k)+kappa2(xh(i)—zh(k))*R2(k));

; end

Th=Th+(delx /2) *(kappal (xh(i)—zhNpl)=*w2(t)+kappa2(xh(i)—zhNpl)*R2(N));

Sp(i)=DbetaxS(i)*Th;

Ip(i)=thetaxbeta*xS(i)*Th—theta*I(i);

end

% Define Rlp

Rlp=zeros (N,1); % Reserve storage

Rlp(1)=(D/delx "2)x(—2*R1(1)4+R1(2))+(D/delx "2)xwl(t)+
plxI(1)—nul*R1(1);

5 for 1=2:N-1

Rlp(i)=([D/delx "2)*(R1(i—1)—2«R1(i)+R1(i+1))+
plxI(i)—nul«R1(i);
end
Rip(N)=(D/delx "2) *(R1(N—1)—2+«R1(N) )+(D/delx "2)«w2(t )+
pl«I(N)—nul*R1(N);
% Define R2p
R2p=zeros(N,1); % Reserve storage
for i=1:N
R2p(i)=p2*I(i)—nu2xR2(i);
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55 end
s6 yp=[Sp;R1p;R2p;Ip];
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