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ABSTRACT

Generalized Linear Models (GLMs) are widely used for modeling responses with non-
normal error distributions. When the values of the covariates in such models are
controllable, finding an optimal (or at least efficient) design could greatly facilitate the
work of collecting and analyzing data. In fact, many theoretical results are obtained
on a case-by-case basis, while in other situations, researchers also rely heavily on
computational tools for design selection.

Three topics are investigated in this dissertation with each one focusing on one
type of GLMs. Topic I considers GLMs with factorial effects and one continuous co-
variate. Factors can have interactions among each other and there is no restriction on
the possible values of the continuous covariate. The locally D-optimal design struc-
tures for such models are identified and results for obtaining smaller optimal designs
using orthogonal arrays (OAs) are presented. Topic II considers GLMs with multiple
covariates under the assumptions that all but one covariate are bounded within spec-
ified intervals and interaction effects among those bounded covariates may also exist.
An explicit formula for D-optimal designs is derived and OA-based smaller D-optimal
designs for models with one or two two-factor interactions are also constructed. Topic
IIT considers multiple-covariate logistic models. All covariates are nonnegative and
there is no interaction among them. Two types of D-optimal design structures are
identified and their global D-optimality is proved using the celebrated equivalence

theorem.

Keywords: equivalence theorem, orthogonal arrays, locally optimal designs, D-optimality
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Chapter 1

INTRODUCTION

Experiments are conducted in a wide range of areas such as agriculture, marketing
and pharmaceutical industries. For situations where the experimenter controls the
factors and covariates, the evaluation of optimal or efficient designs requires extensive
work. The study of optimal experimental designs dates at least back to the early 20th
century when Smith (1918) proposed G-optimal designs for polynomial regression
models. Since then, a lot of theories have been established but most of the early results
focused on linear models. Nelder and Wedderburn (1972) introduced the concept
of generalized linear models and proposed a unified likelihood-based procedure for
fitting responses with non-normal error distributions. More methods and inferences
for such models can be found in Agresti and Kateri (2011). There are a number of
recent papers that have made significant contributions in this field both algebraically
and computationally. Yang and Stufken (2009) studied locally optimal designs for
GLMs with two parameters using a complete class approach. They extended this
approach and obtained theoretical results for GLMs with group effects (Stufken and
Yang (2012)). Hu and Stufken (2016a) identified locally optimal designs for a class of
linear and nonlinear mixed effects models. For GLMs with more than one covariate,
Jia and Myers (2001) identified D-optimal designs for two-variable logistic models
with interactions. Yang et al. (2011) studied optimal designs for multiple covariates
without interactions where all but one of the covariates are restricted. Hu and Stufken
(2016b) identified complete classes of optimal designs for multiple-covariate GLMs
with and without interactions. For computational studies, Yu (2011) proposed a

“Cocktail algorithm” for searching D-optimal designs and proved that it outperforms
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all existing algorithms in a situation where all parameters are of interest (Yu (2010)).
Yang et al. (2013) proposed an optimal weight exchange algorithm (OWEA) which
not only outperforms the Cocktail algorithm, but can also be applied to a broader
class of optimality problems. Particle Swarm Optimization (PSO) is a relatively
new meta-heuristic algorithm which has recently received considerable attention for
finding optimal designs due to its simplicity and effectiveness (see Qiu et al. (2014);
Chen et al. (2015)).

In spite of all these inspiring breakthroughs, there are still a number of open
questions left. When considering GLMs with factorial effects, most of the literature
focuses on main effects only whereas interactions among factors are also quite common
in applications. For multiple-covariate models, not much work has been done when
interaction effects are included in the models and an explicit expression of optimal
designs for such models is in great need. The more complicated models where both
factorial effects and several controllable covariates are presented are barely explored
and require extensive studies.

This dissertation is organized as follows. We will briefly review some background
knowledge and necessary notations in chapter 1 following this introduction. In chapter
2, we explore the GLMs with factorial effects and one continuous covariate. Chapter
3 and Chapter 4 both consider GLMs with multiple covariates, but they have dif-
ferent restrictions on the design space as well as the parameter settings. In Chapter
3 we assume that all but one covariates are bounded in intervals and interactions
among bounded covariates may exist. In Chapter 4 we assume that all covariates are
nonnegative and the model includes main effects only. Summaries and discussions

are provided in the end.



1.1 Generalized Linear Models

Ordinary least squares (OLS) method is frequently used when the response vari-
able follows a normal distribution. When this assumption is violated, for example,
for binary data or count data, the traditional OLS method is no longer appropriate.
Generalized Linear Models (GLM) consider a broader class of distributions which
allows the response variable to have an error distribution other than normal. Such
distributions include Binomial, Poisson, Inverse Gaussian, Gamma and so on. There

are three components for a GLM:

1. random component — a probability distribution from the exponential family

for response y with mean p

2. systematic component — a linear predictor v = X7 3, where X is a vector of

explanatory variables and 3 is an unknown parameter vector

3. a monotone differentiable link function g which connects the mean p and linear

predictor v, i.e. v = g(u)

In this proposal, we focus on binary responses. Perhaps the simplest representa-
tion is of the form

Prob(Y; = 1) = P(a + fBx;) (1.1)

where Y;, being the response of subject ¢, can only take the values of 0 or 1; z; is

the covariate for subject i, a and ( are intercept and slope parameters, P(-) is the

er .

cumulative distribution function (cdf). For logistic models, P(z) = _=;

for probit
models, P(x) = ®(z), the cdf of the standard normal distribution.
Note model (1.1) does not take subject heterogeneity into consideration. To do

so, assume there are L factors with number of levels sq, s9,- -+, sy. This divides the



subjects into s = s1 - S9---s; groups. We further assume that the model has a

common slope for all subjects, then model (1.1) becomes
P?"Ob(Y;'j = 1) = P(Oéo + o; + ﬁl'w) (12)

Formula (1.2) is not the only way to write this model, but it is a very simple and
convenient presentation. Later on we will provide other presentations as well. Here
Y;; and z;; represent the response and covariate for subject j in group 4,7 =1,...,s,
j =1,...,n4 ap is the grand mean, «; is the effect for group i, £ is the common
slope parameter and P(-) as before, is the cumulative distribution function. For main-
effects only models, if group i corresponds to level combination (iy,1s,...,7r), then
o; could be partitioned as a; = o' + a2 4+ --- + o} 7~ where a is the effect of the
it" level of factor [. But in general, a; can also include interactions of two or more
factors.

In vector notation, we can rewrite (1.2) as
Prob(Y;; = 1) = P(X..0) (1.3)

where 0 = (ag, a1, ..., a5, 8)" is a (s +2) x 1 vector, X;; = (1, X7, 2;;)" and Xj is
a s x 1 vector with 1 in position ¢ and 0’s elsewhere. Other notations are the same
as before.

Assuming the independence of Yj;, the likelihood function for 8 can be written as

=11 H P(X10)%(1 - P(XLe)) v (1.4)

i=1 j=1

To obtain the Fisher information matrix, take the second derivative of the log-

likelihood function

PlogL(0) I~ [,, PI(XE0)P(XT6) — (P'(X]0))° T
T2 Z[ PAX50) Fu
a- Y')P"(Xg.e)u - PX0) + (P(X50)? .,
Y [1— P(XL6)? R
(15)



So the information matrix can be computed as

10)=E _ OlogL(6) ZZ X;0)1 X, X7 = Z i]
o 629 — XT0 P(X,Z;O)) ijNig — g Xij

(1.6)

where Ix,; is the information matrix of 8 for the j subject in the i"* group.

If we further define ¥(z) = %%, then (1.6) becomes

ZZ@ 0)X:; X1 (1.7)

=1 j=1
For two popular link functions used for binary response, the ¥(z) functions are
<
(1+€I)2 I

(@' (x)]2 L
T@a_a@): for probit link

for logistic link
U(z) =

(1.8)
and they are both even functions.

Note that a generalized inverse of the information matrix can also be used to
obtain asymptotic covariance matrices for functions of 8 that are of interest, which

will be further explained in the next section.
1.2 Optimal Designs

For a design with n runs, take model (1.2) as an example, the design can be
written as £ = {(X;j,n5),0i = 1,...,s,5 = 1,...,m;}, where the X;’s, called design
points, are distinct vectors in a design space X, note that previously X;; denotes the
J™ subject in the i group, now it refers to the j distinct vector in group i; n;; is
the number of runs assigned to X;;, satisfying ). Zj n;; = n. m; is the number of
distinct design points in group ¢. Such a design is called an exact design. Therefore,
the optimal exact design problem is to select both Xj;’s and n;;’s such that the
resulting design ¢ is the best in terms of a certain optimality criterion. However,

due to the discreteness of the n;j, such optimization problems are usually difficult
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to solve. Instead, we work with the corresponding approximate designs, where n;;/n
is replaced by w;;. The w;;’s are called design weights and >, > w;; = 1. So the
approximate design becomes & = {(X;j,w;;),7 = 1,...,s,7 = 1,...,m;}. There is an
expense for doing such a reformulation because an optimal approximate design may
not readily correspond to an exact design depending on the value of n.

For model (1.2) with approximate design &, the corresponding information matrix

for 0 is

s  m,

[§<0) = Zzwijjxij (1'9)

i=1 j=1

Sometimes the parameter of interest is not @, but a vector of 6, say ¢(0), pos-
sibly a vector function. Assuming ¢ to be a differentiable function which includes a
set of linearly independent estimable functions of 8, we can obtain the asymptotic

covariance matrix of g(@),

99(0), . 9(6) T

Be = (g7 e (g7

: (1.10)

where I~ is a generalized inverse of I.
It is possible that for some given g(-) function, 3 is singular, but we will restrict
our attention to the situation where > is nonsingular. The information matrix for

g(0) is therefore the inverse of X,

Ie(g(0)) =3¢ = ((agég))lg(agég))T)_ . (1.11)

Returning to the beginning of this section, to make sure the selected design is the

best, we here introduce some of the most prominent optimality criterion.

1. D-optimality. A design is called D-optimal for g(@) if it minimizes the determi-
nant of the covariance matrix ¢, or equivalently, maximizes the determinant
of the information matrix I¢(¢g(@)). From a statistical perspective, a D-optimal

design minimizes the expected volume of the joint confidence ellipsoid of ¢(@)
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for a given confidence level. One of the properties for D-optimal designs is that

D-optimality is invariant under reparametrization.

2. A-optimality. A design is called A-optimal for g(@) if it minimizes the trace of
the covariance matrix .. Therefore, such designs minimize the average of the

asymptotic variance of the maximum likelihood estimates of ¢(8).

3. E-optimality. A design is called E-optimal for ¢(0) if it minimizes the largest
eigenvalue of the covariance matrix »¢. E-optimal designs protect against the

worst scenario for inference.

Kiefer (1974) unified all of the above criteria by introducing the class of functions
1 1/p
0,(50 = [Tz 0 <p<oc (112
v

where v is the dimension of X¢. When p — 0, it is equivalent to D-optimality; when
p =1, it is A-optimality; when p — oo, it is E-optimality.

One of the biggest challenges when studying optimal designs for GLMs is the fact
that the information matrix for the parameters of interest usually depends on the
unknown parameters themselves (as seen in (1.7) and (1.11)). One way to overcome
this is to provide a “best guess” for the unknown parameters. This leads to the
idea of locally optimal designs. In fact, many experimenters have some level of prior
knowledge before the experiment,which makes this a reasonable and typical approach.
Alternatives include adopting a Bayesian approach, which also requires some prior
information about the parameters, or using a multi-stage approach (see Silvey (1980)).

In this study, we focus on locally optimal designs.
1.3 Orthogonal Arrays

Orthogonal arrays, introduced by Rao (1946, 1947, 1949), are widely used in

planning experiments. A N X k array is called an orthogonal array with s levels and
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strength ¢ if, for every N x t subarray, all possible combinations of ¢ symbols occur
equally often as a row. We denote such an array as OA(N,k,s,t). For example,
Table 1.1 is an OA(4,3,2,2). For more details about orthogonal arrays, we refer to

the book written by Hedayat et al. (1999).

Table 1.1: An OA(4,3,2,2).

1 1 1
1 2 2
2 1 2
2 21

In design applications, the rows of an orthogonal array correspond to the runs
or tests to be performed and the columns represent the factors or variables of in-
terest. When dealing with mixed-level factors, we write the orthogonal array as
OA(N, sy -+ s, t), where sq,..., s, are the number of levels for the k factors. For
instance, the array in Table 1.2 is an OA(8,214,2).

Hedayat (1989, 1990) introduced the concept of strength ¢+ orthogonal arrays. An
OA(N, k,s,t+) is an OA(N, k, s,t) that is not of strength ¢ + 1, but has one or more
subarrays that form an OA(N, k', s,t 4+ 1). In many fractional factorial experiments,
people prefer such OAs compared to those without this property because strength
t+ OAs also provide orthogonal estimates for the interactions that correspond to the

higher strength subarrays.. More details will be discussed in the next chapter.



Table 1.2: A Mixed Orthogonal Array.

1 1 1 11
2 2 2 21
1 1 2 2 2
2 2 1 1 2
1 21 2 3
21 2 1 3
1 2 2 1 4
21 1 2 4

1.4 Equivalence Theorem

To verify the optimality of a candidate design is challenging. Kiefer and Wolfowitz
(1960) presented a powerful tool for checking D-optimality of a given design under
linear model setup, known as equivalence theorem. Here, we will formulate an equiv-
alence theorem for binary response GLMs which will be used in the next chapter.

With a slight change in notation, for a GLM with binary responses, we have
Prob(Y; = 1) = P(z} 9), (1.13)

where Y; is the response for subject i, ; is a vector of k covariates, @ is a k x 1 vector
of unknown parameters and P(-) is a cumulative distribution function as before.
For an approximate design with ¢ support points: & = {(x1,w),. .., (xs wy)},

from (1.7) and (1.9), the information matrix for & is

1)

1:(0) = Z w V(! 0)z;x! (1.14)

where U is the same as in (1.8) .



Define z; = /U (x!0)x;, and consider linear model
Zi =zl + €, (1.15)

where Z; is the i'" observation, v is a k x 1 vector of unknown parameters and ¢;’s
are iid N(0,c?).

Then for the same design &, the information matrix for ~ is

t t
Ie(y) = Z wizizi = Z w; V(] 0)x;x; . (1.16)
i=1 i=1

Therefore, the information matrix for 4 in the linear model is the same as the
information matrix for @ under the GLM. Hence the optimality for v under the linear
model corresponds to the optimality for 8 under the GLM.

In linear model (1.15), for a given design & and a design point z, define d(z,§) =
zTIg Y(v)z, then from Kiefer and Wolfowitz (1960), ¢ is D-optimal if and only if

mzaxd(z,f) =k, (1.17)

In a binary response generalized linear model (1.13), (1.17) becomes

max \IJ(wTB)wTIgl(O):c = k. (1.18)
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Chapter 2

TOPIC I: D-OPTIMAL DESIGNS FOR GLMS WITH FACTORIAL EFFECTS
AND ONE COVARIATE

In this chapter, we study generalized linear models with factorial effects and one
continuous covariate. As mentioned earlier, when there are no interaction effects
among factors, Stufken and Yang (2012) identified the structure of locally optimal
designs under logistic, probit and loglinear models. They aslo provided an explicit ex-
pression of optimal designs for binary data under D-optimality criterion. Tan (2016)
extended their results and obtained smaller optimal designs using strength 2 orthog-
onal arrays. They also explored models with interactions where all interactions up to
a specified order are included. When there’s no continuous covariate in the model,
Yang et al. (2012) and Yang and Mandal (2015) provided both theoretical results and
algorithms about D-optimal designs for factorial experiments with binary response.

We extend results from Stufken and Yang (2012) and investigate situations where
only some interactions of a certain order are included in the model. Compared with
the results in Tan (2016), the interaction effects among factors can be involved in
a more flexible way. The chapter is organized as follows. In Section 2.1, we give a
detailed description about the models of interest. Then we present our main theorem
in Section 2.2, which provides an explicit formula for the locally D-optimal designs.
In Section 2.3 we applied the proposed optimal design structure to construct smaller
D-optimal designs by using orthogonal arrays with some additional properties. For
situations where there are only one or two 2-factor interactions, we presented a series
of theorems about using strength 2+ OAs to obtain smaller D-optimal designs. How

to construct such orthogonal arrays are discussed in Section 2.4. We were able to
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identify the connections between strength 2+ OAs and resolution III fractional facto-
rial designs (FFDs). In Section 2.5, we provide two illustrative examples, one of them
is about determining influential factors that affect the failure rate of semiconductor
circuit when exposed to electrostatic discharge (ESD) (Whitman et al. (2006)). Based
on our new theorems, the designs we proposed not only outperform the design used
in the original study in terms of D-efficienty, but also require much fewer runs. The
other example is about an experiment on the inner layer (IL) manufacturing pro-
cess of Printed Circuit Boards (PCBs). Summaries and discussions are presented in

Section 2.6.
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2.1 Model Description
With a change in subscripts, the model in (1.2) can be written as
PrOb(}/iﬂé---iLj = 1) - P(ao + Oéil +--t O‘%

L - . -
1[1112"‘th
g E O loly + /Bx’ilig---’i[,j)7

t=2 (I1,l2,,lt)€Gy

(2.1)

where Y;,;, i, ; is the 5 response in the group (i1, iz, -+ i), 4 =1,---,s;, s is the
number of levels for factor I; j = 1, ,myiy.iy, Miyini, 15 the number of subjects
in group (1,49, ,ir). Further, P(:) is the cumulative distribution function; oy is
the grand mean, o] is the effect of the " level of group I, Ozle;lzlt”t is the effect
of the (iy,, 4, - ,i;,)" level of the t-th order effect among groups (I, lo, - ,1;),
t=2,---,L;and G is a set of t-tuples representing the ¢t-way interactions included in
the model, t = 2, --- | L. For simplicity, we also denote G; = {1,2,--- , L}. Moreover,
3 is the common slope parameter; and z;,;,..;,; is the covariate in the design region
denoted by [Li,iy..iy s Uiyiniy |- The endpoints L;;,..;, and Ujj,..;;, can be —oo and
00, respectively.

Analogously to the expression of (1.3), we can also write the model in vector

notation,
Prob(Yii, i,; = 1) = P((X"29)T9). (2.2)
We now have 0 = (ag, o, -+ ,af, -, 0f .- ,af -+ 3)T, terms in 0 cor-
respond to those in the model where forany 1 <y <---<[; < Landt=1,---,L,
Qyyly = (alll‘jj,llt, e ,Oélll':iltt, e ,alsll,l,'_'l;slt)T. Further, X#id = (1, (X7 ... | (XzL)T,
- (X;S;lz)T, - (XZS:%:”)T, e Tiyigeiys) !, where terms in X723 correspond

again to those in the model and Xlﬁ;?‘lt " isa (s, X ---x 5,) X 1 vector with a 1 in

position (4, - ,4,) and 0’s elsewhere.

For instance, for a model with two factors at two levels each, if interactions between

13



the two factors are also included, then the first distinct design point in group (2,2) is
X2 = (1,(0,1),(0,1),(0,0,0,1), 7221)",0 = (e, (a1, aF), (03, 03), (agz, 13, oy, o)
,8)T. Note that earlier X221 denotes the first subject in group (2,2), now it refers to
the first distinct design point in group (2,2).

In this parametrization, the whole vector @ is not estimable, we consider a maximal
set of linearly independent estimable functions of 8. Since D-optimality is invariant
under reparametrization, the optimal design result is actually true for all possible

maximal sets. Let g(6@) = BO = n denote one particular maximal set. Note that

rank(B)=1+Y Y. [ 16, - 1)] +120 (2.3)

We further define ¢;,..;,; = (X*%23)T@ which is contained in the design region
[Dil“'iL17Di1“'iL2] derived from the region [Liliz"'iL7 Uilig-"iL] for Liyig--ipj- Then the

theorem in Section 2.2 gives a locally D-optimal design for model (2.1).
2.2 Theoretical Results

With the notation introduced in Section 2.1, the following result holds.

Theorem 2.2.1. For any model of the form (2.2) with logistic or probit link, if
{c*,=c*} C[Diyij1y Diyoigo) foralliy =1, ... s1,...,if = 1, ..., 51, where ¢ > 0 maz-

imizes f(c) = c*(¥(c))" on (—o0,00), then the design & = {(ciy.iy;1 = ¢, Wiy.ip1 =

1 _ * _ 1 . _ . _ . .
55 )5 (Ciyeigr = —C", Wiy ip2 = 57), 01 = 1,0, 81, i = 1, ..., 81} 4s a locally D-optimal

design formp . Here s = s1 X -+ X s and V(x) is given by (1.8).
Proof. We first rewrite model (2.1) in the following way
si;—1 s, —1

L
Prob(Yis, i; =1) = P+, Y { DD et g BT y),

t=1 (l1,,lt)€Gy ~iy =1 i, =1

(2.4)

14



where for each factor [, define

1, when factor [ is at level 1
i =
—5%1, otherwise
\ l
)
1, when factor [ is at level 2
7 =
—ﬁ, otherwise
\ !
. 1, when factor [ is at level s; — 1
S1—
2 =
——L_ otherwise.
s1—17

Analogously to the expression in (2.2), we define 01 = (70,71, -+ YL, "+ Vitgr " »

7£l2__,lL,ﬁ)T, terms in @; correspond to those in model (2.4) where for any 1 <[} <
Le(s,=1) (811—1)“'(Slt—1))T
> Tyl ’ > Myl :

o<l <Landt =1, L vy = (L,
We also define Z”'l"'LJ _ (17 (Zil)T7 e (ZzL)T’ . (Z’ill’ilg)T’ e (Z’l:ll’ilg--.ilL )T’

l1l2 l1l2“'lL

Tijiying) |, again terms in Z% %3 correspond to those in model (2.4) where for each

factor [,
.

.. 1 1 1 .. __1\T ; —

( s—1° — 1, -1 s sl—l) s when 1 S 1] S Sy 1
i . . .

Z' = and 1 is at th position
1 1 \T -
<_sl_17"' 7_31_1) ) when 1] = S

i

Uy by iy iy 2
al’ld Zl1l2"'lt — le ® AR ® th .

In model (2.4), 6; is a reparametrization of 6 (see proof in Appendix). Due

to the invariance of D-optimality under such transformation, the D-optimality for

15



01 under model (2.4) corresponds to the D-optimality for n = ¢(@) = B6 un-
der model (2.1). Besides, (Z%23)Tg, = (X" 2i)19 = ¢, ., ;. Let Died =
(1 (Z2)7 o (ZE)T o (200 (22T iyt ) T then we have

Ziritd = A(9y) D iLd | where

1 0 0 0
0 1 0 0
A(61) =
0 0 e I 0
—wfs Awy(01) -+ Aw)(61) Vs
and Ay (01) = (—Ou-1)"/s, ..., —(ny.1)"/8) represents the coefficients of all the ¢-

way interactions included in the model.

Then, for the design £* in Theorem 2.2.1, the information matrix for 6, becomes

My i,
]f* 01 91 |:Z Z Z Wiy i g 611 ZLJ)D“ ’LJ(D“ ZLJ) :|AT(01)

i1=1 ir=1 j=1

= A(gl) |:2i$\11(c*) Z . Z Z Dil"'iLj(Dil""’:Lj)T:| AT(Hl)

=1 ip=1 j=1

2 A(61) Me-(61) A" (6y). (2:5)

To prove that £* is D-optimal for @,, we use the equivalence theorem result pre-
sented by Kiefer and Wolfowitz (1960). From what we already derived in (1.18), all

we need to show is

W(e) (D) M Gy D <o, (26)
where the equality is attained at the support points of £*. Here DL is obtained

16



from D%%3 by changing ¢;,..i,; to ¢, with (i1,...,4r,c) being any design point in
the entire design space. That is, £* is a locally D-optimal design if and only if Equa-

tion (2.6) is satisfied for all (iy,...,ir,c).

We first use a lemma to state that M-(61) is a block-diagonal matrix.

Lemma 2.2.2. M¢(64) is equal to V(c*) multiplied by a block-diagonal matrixz with
top-left element 1 and bottom-right element (c*)?. For those diagonal blocks, suppose

factor 1 has s; levels, then the block corresponding to that factor is a (s;—1) X (s;—1)

matrix
1 1 N 1
(s1—1) (51—-1)2 (51—-1)2
1 1 1
(s1-1) (51—-1)2 (51—-1)2 .
l . EECUE)
sym. B (81_11)2
1
(s1—1)
where J being a square matrix of 1’s. Moreover, for factorsly,la, ..., l with sy, s,, ..., Sy,

levels respectively, the block corresponding to the interaction of these factors is

Bl1l2"'lk == Bl1 ® Blg ® ttt ® Blk'
Proof. See appendix. O

Now we can write down the inverse of M¢«(61). Based on Lemma 2.2.2, Mgl(el)

1

is ﬁ multiplied by a block-diagonal matrix, with 1 at the top-left and oy at the

bottom-right. For blocks in the middle, it is easy to verify that

(51— 1)?

-1 _
B =
5]

(I+J).
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In addition, for the interaction block Bj,y,....,

lila-l

B! :(Bll®Blg®"'®Blk)_1:Bl:1®"'®Bl;1.

Before we calculate (Dil'“iL)TMgl(91)Di1'“”, we introduce another lemma here

which will be used later.

Lemma 2.2.3.
51

T L

Proof. See appendix. m

Now, for (DilmiL)TMg:l(91)Di1'"iL in Equation (2.6), since D*""i = (1, (Z)T,
e (ZET L (Zillil2 ) (Zillil2"'ilL)T, )T and Mgl(el) is a block-diagonal

l1l2 l1l2"'lL

matrix, we only need to consider the product of each sub-vector in D% and its

corresponding block in Mgl(Ol). For instance, for main effect Z}*, we have

1 (Sl — 1)2
V() g
1 s; — 1)? i i i i
= U (c*) (s si ) [(le)Tle + (le)TJle]
12
= \11(1 ) (s =17 s 1 (from Lemma 2.2.3)
c* S] S; —

(Zit)" (Z) (1 + )2

:W'<Sl—1).

. . iy, i
For interaction effect Z; ™, we have

i i 1 i i _ _
Bz =——((Z) @2 (Z)") (B - @ B

7 1...i T
(Zli"'ltl ) ll"'lt \P(C*) ((

U(c*)
(ZP @02

18



Tl IR CAN
1 t
T U(er) E(Sli 1

To summarize,

t=1 (ly,,lt)€Gt

So Equation (2.6) becomes

U(c) (D™ ) M (6,) DR = ;jg)) {1 + [ ﬁ (510 = 1>1 i (rf)z}

t=1 (ll,---,lt)EGt m=1
AV (c)

- ;j((;)) (r—1)+ —(c*)zllf(c*) <r ,cé€(—o00,00).
(2.7)
To justify inequality (2.7), we have the following lemma.
Lemma 2.2.4. For logit and probit link,
2
;j((?)(r— 1)+ % <r
for any r > 2 and ¢ € (—00,0).
Proof. See appendix. n
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Therefore, based on Lemma 2.2.4, inequality (2.7) always holds. Then the D-
optimality of design &* follows immediately from Equation (2.6) and the equivalence

theorem, this concludes the proof.

We use an example to illustrate Theorem 2.2.1.

Example 2.2.5. For a logistic model of the form as in (2.1), assume that there are
4 factors with 2 levels each, and that the interaction effect between factor 1 and
factor 2 is also in the model. For finding a locally D-optimal design, suppose that
0 =(1,0,1,0,—1,0,0.5,0,—0.5,0.1,0.2,0.3,0.4, 1), consider a maximal set of linear

estimable functions for @, for instance, g(@) = BO = (ap,a? — aj,a3 — ai, a2 —

ad,af —al, all —aiZ — ol + a3, 3)T. Then based on Theorem 2.2.1, we can obtain a
D-optimal design with two support points in each group, as shown in Table 2.1. The
design structure is easier seen in terms of the ¢*’s than in terms of the reported z’s.
In fact, the D-optimal design in Table 2.1 has support points ¢* and —c* in each of

the 16 groups. Since rank(B) = 7, so ¢* maximizes ¢*(¥(c))?, which is approximately

0.7744. Also, all design points have the same weight 1/32.

For convenience, Table 2.2 list the ¢* values for maximizing ¢*(¥(c))” when 3 <
r < 9. Consider two variations of Example 2.2.5: (1) another interaction term (say
the interaction effect between factor 3 and 4) is in the model instead of the one we
originally picked. In this case, since rank(B) is still 7, so based on Theorem 2.2.1, ¢* is
unchanged, and the corresponding z values may be different; (2) another interaction
term (say the interaction effect among factor 1, 2 and 3) is in the model in addition to
the one we originally picked. In this case, rank(B) = 8, so based on Theorem 2.2.1, ¢*
maximizes ¢?(¥(c))®, which is approximately 0.7222. The corresponding z’s in each

group will be changed accordingly.

20



Table 2.1: Support Points for a Locally D-optimal Design.

Group Support points Group Support points
(1,1,1,1) (-0.3256, -1.8744) (2,1,1,1) (-1.5256, -3.0744)
(1,1,1,2) (0.1744, -1.3744) (2,1,1,2) (-1.0256, -2.5744)
(1,1,2,1) (-0.8256, -2.3744) (2,1,2,1) (-2.0256, -3.5744)
(1,1,2,2) (-0.3256, -1.8744) (2,1,2,2) (-1.5256, -3.0744)
(1,2,1,1)  (0.5744,-0.9744) (2,2,1,1) (-0.6256, -2.1744)
(1,2,1,2)  (1.0744, -0.4744) (2,2,1,2) (-0.1256, -1.6744)
(1,2.2,1)  (0.0744, -1.4744)  (2,2,2,1) (-1.1256, -2.6744)
(1,2.2,2) (05744, -0.9744) (2,2,2,2) (-0.6256, -2.1744)

Table 2.2: ¢* That Maximizes ¢*(¥(c))" for Logistic and Probit Models.

r 3 4 5 6 7 8 9 10

logistic  1.2229 1.0436 0.9254 0.8399 0.7744 0.7222 0.6793 0.6432
probit  0.9376 0.8159 0.7320 0.6696 0.6209 0.5815 0.5487 0.5209

2.3 Results Based on Orthogonal Arrays

In the previous theorem, we identified a locally D-optimal design under model
(2.1). However, it requires a full factorial so the total number of support points
becomes large when there are a large number of factors and levels. In many situations,
especially when the number of interactions is small, we can usually find smaller designs

that are still optimal.
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Theorem 2.3.1. Let £ be the design in Theorem 2.2.1, for model (2.2) with main
effects and only a single interaction effect, aqo. Assume that an orthogonal array
OA(N, sy -+ sp,2+) exists so that columns (1,2, j), j # 1 or2, form an OA(N, 51525, 3).
Let H denote the set of rows in the OA(N, sy ---sp,2+) and define & = {(¢i,..ip1 =
Wiy iyt = 3)s (Cirigz = —C Wiyoipo = 5%), (i1, -+ ,ip) € H}y. Then It (61) =

I¢<(01), so that & is also a D-optimal design for 1.

Proof. To show that design & is also optimal, from Equation (2.5), we only need to

show that

Mg, (01) = Me-(61),

where M;+(01) is given in Lemma 2.2.2.
First, it is easy to see that the upper-left element of M¢, (6;) is equal to
W g ¥ Y-
2N
(i1, ,ip)EH j=1
Similarly, the bottom-right element is
* 1 *
() Z S = ()
2N
(i1, ,ip)EH j=1
For the last column of Mg, (61), since we are choosing two symmetric points in
each group from H, all off-diagonal elements in the last column are 0.
For the off-diagonal blocks, for one particular block, its rows correspond to the
effect Z/;l Tmm; say, and its columns correspond to the effect ZZ?C::" Note that
m,n € {1,2} and they cannot both be 2. Then the entries in the block can be

expressed as

W) g XSz iy

(7,1 ZL GH j=1
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Let gay < -+ < q(py be the distinct elements in {ry,...,7m, c1, ..., ¢y }. Since either
D =2 or D = 3, the property of the orthogonal array assures that each possible level

combination (iq(l), e ,iq(D)) appears equally often, more specifically, each appears

N

5 times. So the block becomes
| Sq(q)

1 fa(1) %a(p) )
V) gy T2 > X A 28)

fag) = ta(p)=
Since the block is off-diagonal, there must exist a group index among {g), ..., ¢(py }
which only appears once in {r1, ..., 7, c1, ..., ¢, }. Without loss of generality, say this

holds for gy in {ry,...,7n}, then (2.8) becomes

Sa(1) %4(D) .
W) - Z Z Zm (Zeiae )T
Hd 1 5q(a) a1y = iq(py=
Sai2)  Sup) Sa(1)

W) Y Y (FRee(Y A)e o Ziy)
Hd 1 Q(d)

ta2) =1 agp) =1 fa) =

Zi01icz"’i0n T
( cic2-+Cn ) .

By definition, Z i _ q?f:;) = 0, thus the entire block is 0. Therefore, all off-

diagonal blocks are O.
Last, we look at diagonal blocks. The block corresponding to the effect Zli ill:zt <
2 is
1 2 . . . .
IR DID S HAIE AL 29
(il,---,’iL)EH j=1

Again, from the property of the orthogonal array, each possible level combination

(41,5 -+, 11,) appears Ht% times. So (2.9) becomes
m=1"tm

1 Sy Sty
* E § iy ”t ”1 A\ T
\IJ(C)2NH 2 le Ay l1 Ay )
m=1 Slm i iy
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1
H:nzl Sl
:\IJ(C*) . Bl1 R & Blt

=U(c") - (s, - Bi) ® -+ ® (s, - By,) (from proof of Lemma 2.2.2)

which is the same as the expression of M- (601) in Lemma 2.2.2.

In summary,
Mg, (61) = M¢-(61),
and thus,
Ig, (61) = - (61).

]

Example 2.3.2. Consider again the Example 2.2.5, since an orthogonal array O A(8, 24,
2+) exists, with its columns (1,2,3) and (1,2,4) being strength 3 (see Table 2.3),
based on Theorem 2.3.1, we can obtain a smaller design which is still D-optimal as
shown in Table 2.4. Now the design only contains 16 points and all of them have the

same weight 1/16.
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Table 2.3: An OA(8,2%,2+) with Columns (1,2,3) and (1,2,4) Being of Strength 3.

Table 2.4: Smaller D-optimal Design Based on Orthogonal Arrays

Group Support points Group Support points
(1,1,1,2)  (0.1744, -1.3744) (2,1,1,1) (-1.5256, -3.0744)
(1,1,2,1) (-0.8256, -2.3744) (2,1,2,2) (-1.5256, -3.0744)
(1,2,1,2) (1.0744, -0.4744) (2,2,1,1) (-0.6256, -2.1744)
(1,2,2)1) (0.0744, -1.4744) (2,2,2,2) (-0.6256, -2.1744)

In Theorem 2.3.1, we still need two support points in each group. In Theorem 2.3.3
we will show that when the orthogonal array has an additional column for a 2-level

factor, it is possible to use fewer support points to obtain optimal designs.

Theorem 2.3.3. Under the same assumptions as in Theorem 2.3.1, suppose that
there exists an OA(N,sy---s.2Y,2+) and columns (1,2,7), 7 # 1 or 2 form an

OA(N, s15284,3). Then
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152 (01) = IE*(01>’

where & is obtained in the following way: Let Hy and Hy be the % x L subarrays
obtained by taking the % rows of the OA in which the last entry is 1 and 2, respectively,
and deleting the last entry. Then & = {(¢iqy, = ¢ Wiy, = ~), (01, i) €

Hi} U{(ciyiy = = wiyqy, = %)7 (i1, ,ir) € Ha}.

Proof. As in the proof of Theorem 2.3.1, we only need to show all the corresponding
blocks in My, (01) and Mg«(6;) are identical. For most of the blocks, the proofs are
analogous to those of Theorem 2.3.1 except for the last column and row, which are
for the slope parameter (3.

For a specific block in the last column, say its rows correspond to the effect

Zﬁ:l Ti: , m < 2, then based on the properties of the orthogonal array, (i, ..., %, , ¢)

N
25r1 “Srm

and (i, ..., %, , —c") appear equally often, namely times. Therefore, the

block becomes

Srq Srm
* 1 % rpltry i, % rplbry e,
U(c") - CZ e — 2y ™) =0
N’ 2$T1 “Sp,
zrl—l sz—l

Therefore, all blocks except for the diagonal element in the last column are 0. By

symmetry, it is also true for the last row. This concludes the proof.

Example 2.3.4. Consider again the Example 2.2.5, since an orthogonal array OA(8,
212 2+ exists, with its columns (1,2, 3), (1,2,4) and (1,2,5) being strength 3 (see
Table 2.5), based on Theorem 2.3.3, we can obtain an even smaller design which is
still D-optimal as shown in Table 2.6. Now the design only contains 8 points and all

of them have the same weight 1/8.
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Table 2.5: An OA(8,212,2+).

Table 2.6: Smaller D-optimal Design Based on Orthogonal Arrays.

Group  Support point  Group  Support point
(1,1,1,2) 0.1744 (2,1,1,1) -1.5256
(1,1,2,1) -2.3744 (2,1,2,2) -3.0744
(1,2,1,2) -0.4744 (2,2,1,1) -2.1744
(1,2,2,1) 0.0744 (2,2,2,2) -0.6256

Sometimes, an additional 2-level column cannot be added. However, if there exists
an N-run orthogonal array with an extra column that has an odd number of levels,
then we may still be able to find an optimal design with less than 2N points. Some

of the groups will have one support point while others will have two.

Theorem 2.3.5. Under the same assumptions as in Theorem 2.3.1, assume that an

OA(N, sy -+ sp(2u+ 1)',2+) ewists for some u > 1 and columns (1,2,5), j # 1 or
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2, form an OA(N, s1598;,3). Without loss of generality, we denote the levels of the

last column as 1, 2, ..., (2u+1). Then

I§3 (01) = IS* (01)7

where &3 is obtained in the following way: Let Hy, Hy and Hs be the #i\[l XL, #]Xl X L

and # x L subarrays obtained by taking the 2%1117 21;]11 and 2511 rows of the OA in

which the last entry is {1,2,...,u}, {u+1,u+2,...,2u} and {2u+ 1}, respectively,

and deleting the last entry. Then & = {(¢iy..., = ¢ Wiy.i, = %),(il,--- i) €
Hl} U {(CilA..iL = —C*,’LUz‘l..AiL = %), (il,' .. ,iL) - HQ} U {(Ci1~~~iL1 = c*,wil...iLl =
ﬁ), (Cz‘l...iLQ = —C*,wil...iLg = ﬁ), (il, cee ,iL) - Hg}

Proof. With equal weight assigned to each group, most of the blocks in M, (6;) are
identical to the corresponding blocks in Mg«(6;) except for the last column.
For a specific block in the last column, say its rows correspond to the effect

Ziittm < 9 then based on the property of the orthogonal array, (i, ..., i, , c*)

1 Tm

appears m times with weight 1/N each and another m times
with weight 1/2N each, similarly, (i, ..., %, , —c*) appears e +1)1;]er —— times with
weight 1/N each and another W times with weight 1/2N each. Therefore,
T1 Tm
the block becomes
1 & N N
U(c")— Lty — VA
( )N Z Z ((2u+1)87-1"'87- T1Tm (2U+1)Sr1 e s, T1°Tm
A m m
N i e N iy e
CZyr o — CFZyr

* (2u+1)8y, « - 8y (Qu+1)sy, « - 8y,

m

Therefore, all blocks except for the diagonal element in the last column are 0. By

symmetry, it is also true for the last row. This concludes the proof.
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Example 2.3.6. Following the same assumptions as in Theorem 2.3.1, consider a 4-
factor experiment with three levels each, since an orthogonal array OA(27, 33, 2+)
exists, with its columns (1,2,3), (1,2,4) and (1,2,5) being strength 3 (see Table 2.7,
to save space, we show the transposed array), based on Theorem 2.3.5, we can obtain
a smaller design which is D-optimal as shown in Table 2.8. Now the design only

contains 36 points and each group has one or two support points.

Table 2.7: A Transposed OA(27,3%3%,2+).

11111111 1222%2%2%2%2%2233333

w
w
w
w

123123123123 1231231231 2

w
—
[\
w

1112223331 11222333111222333
111222333222333111333111222

L A I L A L ¢ N T A U U A A A G A A A U U A A SRR
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For models with two two-factor interactions, by the same arguments as in the

proof of Theorem 2.3.1 and Theorem 2.3.3 we can obtain the following results.

Theorem 2.3.7. Consider design £ in Theorem 2.2.1, for model (2.2) with two 2-
factor interaction effects. Assume that they have a common factor, say aya and oqs.
Assume further that an orthogonal array OA(N, sy ---sp,2+) exists so that columns
(1,2,7) and columns (1,3,j), j =4,...,L are of strength 3. Let H denote the set of
rows in this OA(N, sy ---sp,2+). Then

I,(61) = I¢<(01),

where & = {(Ciyip1 = € Wipig1 = 35), (Ciyeigr = —C Wiy oiyo = 5), (i1, -+ i) €
Moreover, if an OA(N, sy ---s12',2+) ewists with columns (1,2,7) and columns
(1,3,7), 7 =4,...,L+ 1, being of strength 3. Without loss of generality, we denote

the levels of the last column as 1 and 2. Then

I¢;(61) = I¢<(01)

N

where &5 is obtained in the following way: Let Hy and Hy be the 5

x L subarrays
obtained by taking the % rows of the OA in which the last entry is 1 and 2, respectively,
and deleting the last entry. Then & = {(¢jy.i, = ¢, Wiyiy = ~), (i1, -+ , i) € H1} U

{(Cil---iL = —C" Wi, = ]lv), (ila T ,iL) S H2}-

Theorem 2.3.8. Consider design £ in Theorem 2.2.1, for model (2.2) with two 2-
factor interaction effects,. Assume that they don’t have a common factor, say iy
and asyq , and that an orthogonal array OA(N, sy ---sp,2) exists in which columns
(1,2,7) and columns (3,4,7) j = 5,..., L, are of strength 3 and columns (1,2,3,4)

are of strength 4. Then, with H as the set of rows in this OA(N, sy - - sr,2),
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156 (01) = I§*<01>’
where 56 = {(CilmiLl = c*,wil...iLl = ﬁ), (Cil"'iLQ = —c*,wil...iLg = ﬁ), (il, e ,Z'L) €
Moreover, if an OA(N,sy---sr2',2) ewists with columns (1,2,7) and columns
(3,4,7) j =5,..., L+ 1, being of strength 3 and columns (1,2,3,4) being of strength

4. Without loss of generality, we denote the levels of the last column as 1 and 2. Then

Ig(61) = Ie=(61),

where & is obtained in the following way: Let Hy and Hs be the % x L subarrays
obtained by taking the % rows of the OA in which the last entry is 1 and 2, respectively,
and deleting the last entry. Then & = {(¢iyqy, = ¢ Wiy, = ~), (01, ,iL) €

Hl} U {(Ci1-~~iL = —c*,wil...iL = %), (ih s ,iL) € HQ}

Similarly, for models with any number of two-factor interactions, we have the

following result.

Theorem 2.3.9. Let £* be the design in Theorem 2.2.1, for model (2.2) with main
effects and any number of two-factor interactions. Let Gy be a set of 2-tuples repre-

senting the two-factor interactions included in the model. We further define

Cy = {(J1,J2,J3)|1 < j1 < j2 < J3s < L and at least one of (j1,j2), (J1,73) and (ja, j3)

is in G} and

Cy = {1, Jo2, 73, Ja)|1 < j1 < ja < js < ja < L and they can be grouped into 2 pairs

so that both belong to a 2-tuple in Gy }
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Assume that an orthogonal array OA(N, sy ---sp,2) ezists so that columns cor-
responding to Cs and Cy form strength 3 and 4 OAs, respectively. Let H denote the
set of rows in this OA(N, sy ---sp,2+4) and define & = {(¢iy.ip1 = ¢ Wiyip1 =
a1 )5 (Cireigz = —C* Wiy oipo = 5%), (i1, -+ ,ir) € H}. Then I¢,(61) = Ie«(61), so that

&g is also a D-optimal design for .
2.4 Connections Between Resolution III Designs and Strength 2+ OAs

The results in the previous sections have demonstrated the powerfulness of orthog-
onal arrays for finding D-optimal designs under model (2.1). The OA-based designs
not only reduce the number of support points needed in an experiment, but also relax
the assumptions made on the design region. For models where only a small number
of interactions are present, using strength 2+ orthogonal arrays is a practical way to
reduce the cost of experiments. However, the existence of such OAs is rarely studied
and how to construct such OAs remains a big problem.

In this section, we focus on the situation where all factors have the same number
of levels. We want to point out that our previous results also hold for mixed-level
OAs. In fact, the strength of an orthogonal array is closely related to the concept of
resolution in a regular fractional factorial design (FFD). We know that a resolution
t + 1 regular FFD is also an OA with strength ¢. For instance, a 2?1_12 design with
generators D = AB and F = AC is shown in Table 2.9 and it is also an orthogonal
array of strength 2. Notice that columns (1,2, 3) form a strength 3 OA, so do (2, 3,4)
and (2, 3,5). Thus the resulting OA is of strength 2+, and to identify which columns
form a higher strength OA, it is important to study the defining relations of such
regular FFDs.

Theorem 2.4.1. Assuming there are L factors with s levels each, for a N run reso-

lution III reqular fractional factorial design, if there exist two letters (say Fy and F3)
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Table 2.9: A 25,7 Design with Generators I = ABD and I = ACE.

- - - -
oy _
- 4+ - - +
oy -
o -
+ - + - +
n _ _
— + 4+ +

that are not in the same length 3 word, then this design can be used to construct a
strength 2+ orthogonal array, where columns (Fy, Fy, F;), j # 1 or 2 form a strength
3 OA.

Proof. First, let GF(s) denote the s levels for each factor. If the two letters, F; and
F5, are not from the same length 3 word, then for any factor Fj, j # 1 or 2, the
equation

1+ T +x; =,
where z; is the value of F}, has N/s solutions for every n € {0,1,...,s—1}. Further,
for each n, there are J\;—és solutions for each possible combination of (1,3, ;). By

definition, the columns (F, F, F};) form a strength 3 orthogonal array.
O

Considering the design in Table 2.9 again, notice that the full defining relation is
I = ABD = ACE = BCDEF and factors B and C' do not simultaneously appear in
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any of the length 3 words. Therefore, according to Theorem 2.4.1, this design can
be used to construct an OA(8,2° 2+) with its columns (2,3,1), (2,3,4) and (2,3,5)
being of strength 3. The resulting OA can be incorporated with Theorem 2.3.1 or
Theorem 2.3.3 to construct smaller D-optimal designs.

Another example involves a three-level resolution I1I design 37,7 with D = AB and
E = AB?C. The defining relation is: [ = ABD? = AB*CE? = AC*DE = BCDE*.
Notice that factors A and C are not in the same length 3 word ABD?. Thus again,
according to Theorem 2.4.1, this design can be used to construct an OA(27,3%,2+)
with its columns (1,3,2), (1,3,4) and (1,3,5) being of strength 3. Then the resulting
OA can be applied for Example 2.3.6 using Theorem 2.3.5 and construct a smaller
D-optimal design using one or two support points in each selected group. In this
case, a full factorial experiment for four 3-level factors requires 3* x 2 = 162 distinct

support points while the smaller optimal design only needs 36.
2.5 Illustrative Examples

In this section, we provide two examples to illustrate our proposed theorems.

Example 1: Electrostatic Discharge (ESD) Experiment

The ESD experiment was originally reported by Whitman et al. (2006). In this
study, the experimenters considered a logistic model to determine influential factors
that affect the failure rate of semiconductor circuit wafers when exposed to electro-
static discharge. Four factors and one continuous covariate are under consideration
as shown in Table 2.10.

The first two factors, Lot A and Lot B, indicate the type of wafer used. ESD
handling is a factor to indicate whether or not the standard procedure was applied.

No ESD handing means that no ESD-safe lab coat/shoes and no wrist strap were
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Table 2.10: Factors and Covariate for ESD Experiment.

Description levels

Lot A Location 1 | Location 2
Factors Lot B Location 1 | Location 2

ESD Handling No Yes

Pulse Polarity Negative Positive

Covariate | Voltage continuous

used. The ESD testing involves ”zapping” a part first with a pulse polarity (positive
or negative) and then followed by a second pulse of the opposite polarity. Since
there is no industry standard specifying the order of pulse polarity, that makes it the
fourth factor. The continuous covariate is the voltage each wafer was tested at and
the response variable is binary: a wafer either passes or fails the test. Let p be the
probability a wafer passes the test and use 1 and —1 to denote the two levels for each

of the four factors shown in Table 2.10, then the regression model can be written as:

logit(p) = Bo+ B1Lot A+ PoLot B+ B3 ES D+ By Pulse+ B34 ESD x Pulse+ 35V oltage.
(2.10)
Notice that compared with model (2.2), model (2.10) is no longer overparametrized.
We have demonstrated the equivalence of these two types of models in Theorem 2.2.1.
Also, note that the interaction effect between ESD handling and pulse polarity is also
included in the model.
The experimenters decided to conduct a full factorial design with the continuous
covariate Voltage being discretized into 5 levels: 25, 30, 35, 40 and 45 Volt. In total

there are 2% x 5 = 80 runs. We should point out that the experimenters didn’t provide
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the reasons for selecting [25, 45] as the voltage range or why they chose exactly 5 levels
to design the experiment. Instead, we will treat Voltage as a continuous covariate in
the following analysis.

To find locally optimal designs, we use B¢ = (—7.50, 1.50, —0.20, —0.15, 0.25, 0.40,
0.35)7 as reported in Lukemire et al. (2018), which were obtained based on parameter
estimations in the original study. Then, according to Theorem 2.2.1, a D-optimal
design using full factorials and two support points in each group can be obtained and

is reported in Table 2.11.

Table 2.11: D-optimal Design for the ESD Experiment Using a Full Factorial.

LotA LotB ESD Pulse Voltl Volt2 || LotA LotB ESD Pulse Voltl Volt2

-1 -1 -1 -1 22.07 26.50 || 1 -1 -1 -1 13.50 17.93

-1 -1 -1 1 2293 2736 1 -1 -1 1 14.36 18.78

-1 -1 1 -1 25.22 2964 | 1 -1 1 -1 16.64 21.07

-1 -1 1 1 21.50 2593 1 -1 1 1 12.93 17.36

-1 1 -1 -1 23.22 27641 1 -1 -1 14.64 19.07

-1 1 -1 1 24.07 2850 || 1 1 -1 1 15.50 19.93

-1 1 1 -1 26.36 30.78 || 1 1 1 -1 17.79 22.21

-1 1 1 1 22.64 2707 1 1 1 1 14.07 18.50

In terms of approximate designs, the relative D-efficiency of the original 80-point
design &, compared to the optimal design £* we proposed can be computed using the

following formula:

_ [dd(lﬁo> } 1/p
© 7 Ldet(Ie-)

where p is the number of parameters in the model, which is 7. The idea behind is

: (2.11)
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that a more efficient design needs fewer runs to achieve the same criterion than a less
efficient design. In this case, Ee, = 24.22%, suggesting that our optimal design is
over four times as D-efficient as the original design.

When applying Theorem 2.3.1 and Theorem 2.3.3, smaller optimal designs can
also be obtained. For instance, the left panel in Table 2.12 only requires 16 distinct
runs and the right panel only contains 8 different support points and can be executed
in as few as 8 runs. To produce an 80-run design as reported in the original study, all
we need to do is repeat repeat runs from these optimal designs. There is, however,
a trade-off for doing that, the smaller designs cannot distinguish confounding effects

under model-misspecification.

Table 2.12: Smaller D-optimal Designs for the ESD Experiment Using Orthogonal

Arrays.
LotA LotB ESD Pulse Voltl Volt2 LotA LotB ESD Pulse Volt
-1 -1 1 -1 25.22  29.64 -1 -1 1 -1 29.64
-1 -1 1 1 21.50 25.93 -1 -1 1 1 21.50
-1 1 -1 -1 23.22 27.64 -1 1 -1 -1 27.64
-1 1 -1 1 24.07 28.50 -1 1 -1 1 24.07
1 -1 -1 -1 13.50 17.93 1 -1 -1 -1 13.50
1 -1 -1 1 14.36  18.78 1 -1 -1 1 18.78
1 1 1 -1 1779  22.21 1 1 1 -1 17.79
1 1 1 1 14.07  18.50 1 1 1 1 18.50

Another useful comparison would be if we threshold the voltage values in our
proposed designs based on the [25,45] voltage range adopted in the original study.

It turns out that even after truncation, our proposed designs still performs gener-
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ally better than the original design. For instance, Table 2.13 is the second optimal
design repored in Table 2.12 after threshold. The relative efficiency of the original
80-point design comparing with this threshold design is about 56.36%, meaning that

this threshold design is still almost twice as efficient as the original design.

Table 2.13: 8-point Threshold Design for the ESD Experiment.

LotA LotB ESD Pulse Volt
-1 -1 1 -1 29.64
-1 -1 1 1 25.00
-1 1 -1 -1 27.64
-1 1 -1 1 25.00

1 -1 -1 -1 25.00
1 -1 -1 1 25.00
1 1 1 -1 25.00
1 1 1 1 25.00

Example 2: Printed Circuit Board (PCB) Experiment

Jeng et al. (2008) reported an experiment on the inner layer (IL) manufacturing
process of printed circuit boards (PCBs). Many defects may occur during this process,
of which shorts and opens in the circuits are the major ones. In this example, we
modify the original experiment to suit our purpose and consider the response variable
as whether or not there is a short in the circuit. Three factors and one covariate are
under consideration as shown in Table 2.14.

The first factor Preheat indicates whether preheating was done or not. Surface
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Table 2.14: Factors and Covariate for the PCB Experiment.

Description levels

Preheat (z1) No Yes -
Factors Surface preparation () Scrub Pumice Chemical

Lamination pressure (x3) 20 psi 40 psi 60 psi
Covariate | Exposure energy (z4) continuous

preparation has 3 different methods (Scrub, Pumice and Chemical). Lamination
pressure has 3 levels (20psi, 40psi and 60psi) and Exposure energy indicates to how
much ultraviolet radiation the laminated panel is exposed. In the original study,
the experimenters selected three levels for the exposure energy: 14, 17 and 20. See
Maruthi and Roshan Joseph (1999) and Yang and Mandal (2015) for more details of
this experiment. Table 2.15 is obtained from Table 2 of Jeng et al. (2008).

Let p be the probability that there is a short in the circuit, the following logistic

model is under consideration:

logit(p) = Bo+ Bix1+ Ba1721 + BaaTon + Bro101T01 + Broo®1 092 + B31731 + B32732 + Bay,

(2.12)
where for the three-level factor s ( or x3), two degrees of freedoms are split into xq
and x99 (or x3; and z32). For convenience, we use (1,-0.5), (-0.5,1) and (-0.5,-0.5)
to denote the three levels, which is consistent with our proofs for the theorems. For
the two-level factor z1, we use 1 and —1 to denote the two levels as before. Also,
compared with model (2.2), model (2.12) is again no longer overparametrized. We
have demonstrated the equivalence of these two types of models in Theorem 2.2.1.

Furthermore, notice that the interaction effect between Preheat (x;) and Surface
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Table 2.15: Original Design for the PCB Experiment.

1 T T3 T4 1 T T3 T4
1 1 1 14 2 1 1 20
1 1 2 17 2 1 2 14
1 1 3 20 2 1 3 17
1 2 1 17 2 2 1 20
1 2 2 20 2 2 2 14
1 2 3 14 2 2 3 17
1 3 1 17 2 3 1 14
1 3 2 20 2 3 2 17
1 3 3 14 2 3 3 20

preparation (x3) is also included in the model.

To find locally optimal designs, we use B¢ = (—8.095, —0.491, 0.045, 0.387, —0.495,
— 0.115,—0.496, —0.399, 0.373)7, which is obtained from the fitting of the logistic
model. Then, according to Theorem 2.2.1, a D-optimal design using a full factorial
and two support points in each group can be obtained and is reported in Table 2.16.

After applying the relative D-efficiency formula (2.11), we observe that the relative
D-efficiency for the original design is E¢, = 58.68%), suggesting that our optimal design
is almost twice as efficient as the original design. However, we should point out that
in reality, the variable Exposure energy (x) is usually measured in whole numbers.
If we round the optimal x4 values in Table 2.16, as shown in Table 2.17, the resulting
design is still of high D-efficiency (approximately 99.8%).

Smaller designs can also be obtained using orthogonal array results. Table 2.18
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Table 2.16: D-optimal Design for the PCB Experiment Using a Full Factorial.

T Ty T3 T4 T Ty T3 T4
1 1 1 (23.563,27.205) || 2 1 1 (18.586,22.229)
1 1 2 (23.175,26.818) |2 1 2 (18.199,21.841)
1 1 3 (21.569,25.212) || 2 1 3  (16.592,20.235)
1 2 1 (20.660,24.303) | 2 2 1 (18.740,22.382)
1 2 2 (20.272,23.915) || 2 2 2 (18.352,21.994)
1 2 3 (18.666,22.309) || 2 2 3  (16.746,20.388)
1 3 1 (21.753,25.396) || 2 3 1 (20.755,24.398)
1 3 2 (21.366,25.008) || 2 3 2 (20.368,24.010)
1 3 3 (19.760,23.402) || 2 3 3  (18.761,22.404)

shows a transposed O A(18, 233, 2+), where columns (1,2,3) and (1,2,4) form strength
3 orthogonal arrays. Then, according to Theorem 2.3.5, a smaller D-optimal design
can be obtained by deleting the last 3-level column in the OA and using one or two
points in each group. The resulting design is shown is Table 2.19. Note that all groups
share the same weight 1/18. For groups with 2 support points, we assign weight 1/36
to each point. Therefore, from Table 2.17 to Table 2.19, we successfully reduced the

number of support points from 36 to 24.
2.6 Summaries and Discussions

In this chapter, we proposed several locally D-optimal designs for GLMs with
factorial effects under a very general setup. The factors may or may not have inter-

actions and the interactions can be involved in a more flexible way compared to some
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Table 2.17: A Near D-optimal Design for the PCB Experiment.

T i) T3 T4 T i) T3 Ty

previous research. When the number of factors or the number of levels in each factor
is large, a D-optimal design using a full factorial with two points in each cell requires
too many distinct support points, which is typically unnecessary since the number of
parameters being estimated is usually relatively small. Our OA-based results over-

come such problems and greatly reduce the number of support points required in the
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Table 2.19: A Smaller D-optimal Design for the PCB Experiment.

Ty T X3 T4 Ty T X3 T4
1 1 1 27 2 1 1 19
1 1 2 23 (2 1 2 (1822
1 1 3 (22)(2 1 3 20
1 2 1 21 2 2 1 22
12 2 (2024) |2 2 2 18
1 2 3 22 ||2 2 3 (17,20
13 1 (225)(2 3 1 (21,24)
1 3 2 25 (2 3 2 24
1 3 3 20 (2 3 3 19

optimal designs. Methods for obtaining such orthogonal arrays are briefly discussed.
The power of our theorems is demonstrated through two illustrative examples. The
results indicate that designs based on our theorems are not only more efficient than
the original designs, but also require for fewer distinct runs.

One important observation from our computational studies is that D-optimal de-
signs are often not unique, especially when the number of interaction effects is small.
In fact, some of the optimal designs we obtained can not be explained using our pro-
posed theorems. For instance, the design shown in Table 2.20 is another D-optimal
design for example 2.2.5, yet it doesn’t fit any of our theorems. How to summarize
such results into theorems remains an open question. Besides, the models we consider
in this chapter only involve the first-order component of the continuous covariate. It

would be interesting to see what the optimal design structures look like if we add an
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Table 2.20: Another D-optimal Design for Example 2.2.5

Group  Support point Weight | Group  Support point Weight
(1,1,1,1) -0.3256 1/16 | (1,2,2,1) 0.0744 1/16
(1,1,1,2) -1.3744 1/16 | (1,2,2,2) -0.9744 1/16
(1,1,2,1) -0.8256 1/16 | (2,1,1,1) -3.0744 1/8
(1,1,2,2) -1.8744 1/16 | (2,1,2,2) -1.5256 1/8
(1,2,1,1) 0.5744 1/16 | (2,2,1,2) -0.1256 1/8
(1,2,1,2) -0.4744 1/16 | (2.2,2,1) -2.6744 1/8

additional second-order component to the model.
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Chapter 3

TOPIC II: D-OPTIMAL DESIGNS FOR GLMS WITH MULTIPLE COVARIATES

In this chapter and the following chapter, we study GLMs with multiple covariates.
Optimal design results for such models are relatively rare. Sitter and Torsney (1995a)
studied optimal designs for binary response experiments with two covariates. They
also extended the results to models with more than two design variables (Sitter and
Torsney (1995b)). Russell et al. (2009) investigated D-optimal design structures for
Poisson regression models. Kabera and Haines (2012) considered multiple-covariate
logistic models without interaction for D and Dy optimality. Hu and Stufken (2016b)
provided complete class results of optimal designs for multiple-covariate GLMs. As
discussed in Sitter and Torsney (1995b), for models with two or more design variables,
the information matrices can be made arbitrarily large unless proper assumptions are
made on the design space, for instance, a bounded interval for each variable. Assump-
tions like this are actually very common and frequently used in many applications.
For example, in a clinical study, the experimenter would not like to use a too high
dose level which may cause serious side effects, or a too low dose level which could
make the response infeasible to observe.

The reason we use two chapters to cover such models is that even though Chapters
3 and 4 both consider GLMs with multiple covariates, they have different restrictions
on the design space as well as the parameter settings. As a result, the D-optimal
design structures are completely different and there is no obvious way to summarize
these results in a unified statement. In this chapter, we assume in the following
sections that for all the covariates, only one of them is unbounded, while the others

are restricted to intervals. A main reason for leaving one covariate unbounded is
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mathematical convenience. Also, interaction effects may exist among the bounded
covariates.

This chapter is organized as follows. In Section 3.1, we introduce the models of
interest. Section 3.2 provides the D-optimal design structures when no interactions
exist among bounded covariates. The results are first obtained by Yang et al. (2011)
and we here provide an alternative proof. In Section 3.3, we propose our main theorem
for the interaction models. Additional results for obtaining smaller D-optimal designs
using orthogonal arrays are presented in Section 3.4, followed by a brief discussion in

Section 3.5.
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3.1 Model Description

As discussed earlier, the model we consider in this topic can be written as

p—1
Prob(Y; = 1) = P(Bo + Bizi + -+ Bptiip + Y D Byt T, Tity -+ T,

t=2 (l1,l2, lt)eHt
(3.1)
where Y; and (21, %2, ..., %;) are the response and p covariates for subject i. As
usual, P(+) is a cumulative distribution function. The first p—1 covariates are assumed
to be bounded, with x;; belonging to the (bounded) interval [L;, U], 1 < j <p— 1.
The last covariate is unbounded. In other words, the design space is x = [Ly, U;] X
- X [Lp-1,Up—1] x R. Interactions are among the bounded covariates only, so that

H, is a set of t-tuple pairs representing the t-way interactions included in the model

among the first p — 1 variables.

In vector form, we have the parameter vector 8 = (5o, 51, -, Bp—1s- - Biyetys - - - »
B,)T and model vector &; = (1,@i1, ..., Tip_1,---,Tity *** Tity, - - -, Tip)L . Notice that
the design point corresponding to &; should be ; = (x;1, ..., x;), that is, the model

vector x; excluding the intercept and all interaction terms. Furthermore, as explained
in Chapter 2, in model setup, the subscript ¢ in &; means “subject i”, while in design
setup, it represents the “i-th distinct support point” in an arbitrary design. After
these clarifications, with ¢; = @78, C; = (1,241, ..., Tip_1y- - Tit, == Tityy -+ -, )T
and the assumption that 3, # 0, there is a one-to-one relationship between x; and

C;. And an approximate design & = {(x;,w;),i = 1,...,k} can also be written as

¢E={(Ci,w;),i=1,... k}, where C; = (zi1,...,Tip1,Ci).
3.2 Results for Main-effect Models

For models like (3.1), if we ignore all the interaction effects, then as demonstrated

in Yang et al. (2011), an explicit expression for locally D-optimal designs for parameter
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B can be obtained. Here we restate their result in the following theorem and provide

an alternative proof for it.

Theorem 3.2.1. For the logistic and probit models as in (3.1) with no interaction
effects, a D-optimal design for parameter 3 is given by & = {(C}, 2%)&((3’;‘2, 2%),[ =
1,...,207'} where C}fy = (hyy, ..., hip1, )T and Cfy = (g1, ..., hip1, —c*)T. Here
hij is either L or U; and (hyx, ..., hp-1), 0 =1,...,2P7" cover all possible combina-

tions; c¢* mazimizes ¢2(V(c))P™ where W is defined in (1.8).

Proof. First of all, instead of considering the design problem directly, we introduce
an equivalent canonical form (see Ford et al. (1992), Atkinson and Haines (1996)
and Torsney and Gunduz (2001)) of the original design. For each of the first p — 1

covariates, consider the following transformation:

(U; — L;)/2 (3.2

Vi =

Then we have v; € [—1,1],7 = 1,...,p — 1. For notational convenience, let a; =
(Ui+L;)/2and b; = (U;—L;) /2, then v; = =4 Also, we let v, = So+Srz1+- -+ By,
and write v = (v, vg,...,Up).

Now, for an arbitrary design point & € x and the corresponding design vector

z = (1,27)7, we have

B — @, (3.3)
where v = (1,v?)T and
1 0 0
—ai/by  1/by O - o0
B —ag/bg 0 ]_/bg 0 0
—apfl/bpfl 0 cee 0 1/bp71 0
Bo b B2 o Byt B
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isa (p+ 1) x (p+ 1) nonsingular matrix.

Therefore, the mapping from x to v transforms a design in the original variables

( )
ml wz “ .. mk
£ =9
wl w2 PR wk‘
\ /
into an induced design
( 3
Ul v2 DRI Uk
gv = ;-
wl w2 DY wk
\ Vs
The induced design space x, = {v: B& = v,z € x} = [-1,1] x --- x [-1,1] x R.

Also, for each x;, the corresponding v; has its last element being v;, = ;18 =¢.

Then, let M, = Zle w;V(c;)0;0;", the information matrix for design ¢ is

= B "M, (B™H".

As a result, det(I¢) = det(B™1)? - det(Mg,), meaning that maximizing det(l¢) on
X is equivalent to maximizing det(My,) on x,. Once we obtain the optimal design &,
we may transform it back to £* by mapping v back to . So from now on, we will
focus only on designs &, on the induced design space Y.

It is easy to show that after the transformation B& = v, the proposed design
¢* in Theorem 3.2.1 has become &* = {(C}, )& ( i =)l =1,...,2°71}, where
é’l*l = (ﬁll, e ﬁlvp_l, )T and él*z = (izll, e izhp_l, —c*)T. Here ﬁlj is either —1 or

1 and (INzll, e fzhp_l),l =1,...,2P7! cover all possible combinations.
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Therfore, to show the D-optimality of £ on x,, we apply again the equivalence

theorem and all we have to show is that
V() CTIZ'C <p+1, (3.4)

where the equality is attained at the support points of . Here C = (L1, ..y vp1,0) 7,
where (vy,...,v,) represents an arbitrary design point in y, with v;,1 <7 <p—1
taking values between —1 and 1 and v, = 278 = ¢ € (—00, ).

Following a similar procedure as in the proof of Theorem 2.2.1, we have

P 19! c?
Tr-14~_ 26 2 2 c
U(c)C I, C = (e {1 +ui -ty + (c*)Q}
U(c) AY(c)
< — . .
= \lf(c*)p + (C*)2\I/(C*) y € € ( 00, OO) (3 5)
Then, from Lemma 2.2.4,
\Il(c)éTIgé <p+1 ,ce€(—o0,0), (3.6)

and the equality holds for each design point in &. This proves that design ¢ is
indeed D-optimal on x, and as a result, the proposed design £* is also D-optimal on
the original design space Y.

This concludes the proof. O
We use a simple example to illustrate the theorem.

Example 3.2.2. Consider model (3.1) with logit link and 2;* 3 = ¢; = By + Sz +
Boio + P3xi3. Assume that the first two covariates are restricted to [0, 2] and [—1, 1],
respectively, and that there is no restriction on the third covariate. Then, based on
Theorem 3.2.1, a locally D-optimal design for 3 = (8o, 81, 52, 33)T = (1,—1,0.5,1)T
is shown in Table 3.1. The value ¢* maximizes ¢*(¥(c))*™!, which is approximately

1.0436.
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Table 3.1: Support Points and Weights for a Locally D-optimal Design.

Support points  Weights Support points Weights

0, —1,0.5436) 1/8  (2,-1,0.4564)  1/8

0,1, —2.5436) 1/8

( (

(0,—1,—1.5436)  1/8  (2,—1,2.5436)  1/8
( (2,1,-0.5436)  1/8
( (

0,1, —0.4564) 1/8  (2,1,1.5436) 1/8

3.3 Main Results for Interaction Models

In Section 3.2, we reviewed the D-optimal design structures for the main-effects
only models. A natural question is, for a more general case as described in model
(3.1) where interaction effects may exist among those bounded covariates, can we
find an explicit formula for D-optimal designs? Unfortunately, the method Yang
et al. (2011) used for proving Theorem 3.2.1 seems unlikely to be generalized to the
interaction models. However, the alternative proof we provided in Section 3.2 can be
modified and successfully applied to this problem. It turns out that for hierarchical
interaction models, D-optimal designs for model (3.1) have the same structure as in
Theorem 3.2.1, only the value of ¢* is changed. We summarize our main result in the

next theorem.

Theorem 3.3.1. For the logistic and probit models as in (3.1) with hierarchical in-
teraction effects, that is, when a t-th order effect is included in the model, then all
t'-th order (t' < t) must also exist in the model, a D-optimal design for parameter 3 is
given by & = {(C}y, 55)&(Cly, 55), 1 = 1,...,2P71} where C}y = (hu, ..., hypy, )T

and Cjy = (hu1, ..., hup1, —c*)T. Here hy; is either L; or U; and (hy1, ..., hip1),l =
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1,...,2P71 cover all possible combinations; ¢* mazimizes ¢*(¥(c))" where ¥ is defined

in (1.8) and r is the length of B.

The proof of Theorem 3.3.1 follows the same arguments as in the proof of The-
orem 3.2.1, except that the canonical form transformation (3.3) now contains more

terms to incorporate the additional interaction effects. For instance, if z1x5 is the only

interaction in the model, then & becomes (1, z1, T2, T122, T3, . .., ), O = (1,01, V2, V102,
vs, ..., vp) and matrix B will have an additional row and column like this
1 0 0
—a1 /by 1/by 0 0
—as /by 0 1/bs 0 0
B =1 aay/biby —ay/biby —ai/biby 1/biby 0 0

—ap_1/by 1 0 0 1/b,1 O
Bo B Ba Bz o Bpr By

In general, Equation (3.5) becomes

U(e)CTIZC = \Pg {1 Fo ol +§ > < ﬁ Ufm> + (;2)2}

W(er) (1, )€ Hy S m=1
V(e AV (c) e (oo 5o
< \I/(C*) (T 1) + (C*)2\IJ(C*) ; €€ ( ) )

and the rest follows immediately from the previous proof.

Here is an example to illustrate Theorem 3.3.1.

Example 3.3.2. Similar to Example 3.2.2, but now with the interaction effect be-
tween x; and x5 in the model; so XiTB =c¢; = Bo + Prxi + Poxio + BraTinxio + PB3Tis.
Then, according to Theorem 3.3.1, a locally D-optimal design for 8 = (f, f1, B2, b2,
B3)T = (1,—1,0.5,1,1)T can be obtained and is shown in Table 3.2. The value c*

441

maximizes ¢?(¥(c))*™!, which is approximately 0.9254.
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Table 3.2: Support Points and Weights for a Locally D-optimal Design.

Support points  Weights Support points Weights
(0,—1,-1.4254)  1/8  (2,-1,2.5746)  1/8
(0, —1,0.4254) 1/8  (2,-1,4.4254)  1/8
(0,1, —2.4254) 1/8  (2,1,-2.4254)  1/8
(0,1, —-0.5746) 1/8 (2,1, —0.5746) 1/8

3.4 Smaller Optimal Designs Based on Orthogonal Arrays

Theorem 3.3.1 provides a nice and relatively simple structure for locally D-optimal
designs. However, as the number of covariates p becomes larger, the number of
distinct support points increases rapidly. For instance, when p increases from 4 to
8, the support size increases from 16 to 256. The support size being that large
is usually unnecessary since the number of parameters being estimated is generally
much smaller. In fact, as observed in Sitter and Torsney (1995b), for main-effect
models, smaller D-optimal designs can usually be constructed based on a subset of
those 2P support points. They implemented a method using Hadamard matrices and
successfully found a 16-point D-optimal design when p = 8.

Recall in Chapter 2, we use strength ¢+ orthogonal arrays to find smaller D-
optimal designs. The idea can also be applied here for multiple-covariate GLMs
problems. In fact, when no interaction effects exists, we can relax the strength of OAs
from t+ to 2. But since our main focus in this chapter is on interaction models, we
will skip those results. As for interaction models, we present the following theorems
without proofs. The reason for omitting the proofs is that they can be directly

generated following the same arguments used for the proofs in Section 2.3.
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Theorem 3.4.1. Consider design £ defined in Theorem 3.3.1, for model (3.1) with
only one interaction effect, namely the two-way interaction xixo. Assume that an
orthogonal array OA(N,2P~1 2+) exists so that columns (1,2,7), j # 1 or 2 form
an OA(N,23,3). Let H denote the set of rows in an OA(N,2P71 2+) and define
& ={(C}, 35)&(Cly, 5%), L =1,..., N} where Cfy = (hi1, - .., hip—1,¢*)" and Cjy =

12 9N
(hu1y -y hyp1, —c*)T. Here hy; is either L; or U;, ¢* is the same as in Theorem 3.3.1
and (hyyy ... hip-1),l = 1,..., N cover all possible combinations that correspond to

the rows in H; Then I¢, (B) = I¢-(B), so that & is also a D-optimal design for 3.

In Theorem 3.4.1, we need two support points in each combination of the first p—1
covariates, the next theorem shows that when the orthogonal array has an additional

2-level column, it is possible to use fewer support points to obtain optimal designs.

Theorem 3.4.2. Under the same assumptions as in Theorem 3.4.1, suppose that
there exists an OA(N,2P,2+) and columns (1,2,7), j # 1 or 2 form an OA(N,23,3).

Then

Ie,(B) = I(B),

where & is obtained in the following way: Let Hy and Hy be the % X (p—1) subarrays
obtained by taking the % rows of the OA in which the last entry is 1 and 2, respec-
tively, and deleting the last entry. Then & = {(Cjy, ), 1=1,..., %}U{( ), L=
1,...,%}, where Cfy = (..., hip1,¢)E, with hy; being either L; or U; and
(hity -y hup—1),l = 1,...,N/2 cover all possible combinations that correspond to
the rows in Hy; Cly = (hiry ..., hip-1,—c*)T, with hy; being either L; or U; and
(haty - hup—1), L =1,...,N/2 cover all possible combinations that correspond to the

rows in Ho.

For two 2-way interactions, we can obtain similar results.
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Theorem 3.4.3. Consider design £ in Theorem 3.5.1, for model (3.1) with two 2-
way interaction effects. If they have a common factor, say rixs and xix3 , and an
orthogonal array OA(N,2P~Y 2+) exists with columns (1,2,7) and columns (1,3, ),

j=4,...,p—1 being of strength 3 orthogonal arrays. Let H denote the set of groups
in this OA(N,2P71 2+), then

Ies(B) = 1e+(B),

where & = {(Ch, 5)&(Cha, 5%), 0 = 1,...,N}, Cfy = (hiay ... hup-1,¢*)" and
Cly = (hy. . lhup1,—c)T. Here hy; is either L; or U; and (hy,...,hp1),l =
1,..., N cover all possible combinations that correspond to the rows in H.

Moreover, if an OA(N,2P,24) exists with columns (1,2,7) and columns (1,3, 7),

j=4,...,p being of strength 3 OAs, then

Ie,(B) = Ic-(B)

where &4 is obtained in the following way: Let Hy and Hy be the % X (p—1) subarrays
obtained by taking the % rows of the OA in which the last entry is 1 and 2, respec-
tively, and deleting the last entry. Then & = {(Cjy, %), 1 =1,..., FYU{(C}. %), 1 =
1,...,%}, where Cyy = (hy, ..., hup-1,¢)T, with hy; being either L; or U; and
(hity -y hup-1),l = 1,...,N/2 cover all possible combinations that correspond to
the rows in Hy; Cfy = (hpy... hyp 1, —c*)T, with hy; being either L; or U; and
(hity -y hup—1), Ll =1,...,N/2 cover all possible combinations that correspond to the

rows in Hs.

Theorem 3.4.4. Consider design £ in Theorem 3.5.1, for model (3.1) with two 2-
way interaction effects, if they don’t have a common factor, say x1xs and xsxy , then

if an orthogonal array OA(N,2P~1 2) emxists in which columns (1,2, ) and columns
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(3,4,7) 7 =5,...,p—1 form strength 3 OAs and columns (1,2,3,4) form a strength

4 OA, then with H being the set of groups in this OA(N,2P~1,2), we have

Ie;(B) = Ie+(B),

where & = {(Cy, 55 )&(Cly, 5%), L =1,..., N} where C}y = (hyy, ..., hyp_1,¢*)T and
Cl = (ha,...,hyp1,—c*)'. Here hy; is either L; or U; and (hy, ..., hip-1),l =
1,..., N cover all possible combinations that correspond to the rows in H.

Moreover, if an OA(N,2P,2) exists with columns (1,2,j) and columns (3,4, 7)

Jj=5,...,p being of strength 3 and columns (1,2,3,4) being of strength 4, Then

Ies(B) = e~ (B),

where &g is obtained in the following way: Let Hy and Hy be the % X (p—1) subarrays

N

5 rows of the OA in which the last entry is 1 and 2, respec-

obtained by taking the
tively, and deleting the last entry. Then & = {(Chy, %), l=1,.... 5YU{(C}y. +).l =
1,...,%}, where Cyy = (hy, ...,y 1,¢)T, with hy; being either L; or U; and
(hity - hip-1),l = 1,...,N/2 cover all possible combinations that correspond to
the rows in Hy; Cly = (hin,...,hip-1,—c*)T, with hy; being either L; or U; and

(hiry - hupe1),l=1,...,N/2 cover all possible combinations that correspond to the

rows 1n Hs.
The following example is an illustration of Theorem 3.4.3.

Example 3.4.5. Consider model (3.1) with logit link and

CIEz‘Tﬂ = ¢; = Po + B + BoTio + B3wiz + Batia + ProiiTio + BistinTis + BsTis.

Assume that the first four covariates are restricted to [—1,1], [-2,2], [-1,1] and

[—0.5,0.5], respectively, and that there is no restriction on the last (fifth) covariate. To
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find locally optimal designs, we further assume that 3 = (8, 31, B2, 83, B4, Bi2, P13, B5)
= (1,-0.5,0.5,—1,1,—0.5,0.5,1)7. Notice that there are two 2-way interactions in
the model and they have a common covariate x;. Then, according to Theorem 3.4.3,
we want to find an OA(N, 2%, 2+) so that the columns (1,2,4) and (1,3,4) both form
strength 3 orthogonal arrays. Table 3.3 presents such an OA for N = 8. In fact, this
is an OA(8,2%3).

Table 3.3: An OA(8,24,2+) (OA(8,24,3)) with Columns (1,2,4) and (1,3,4) Being of

Strength 3.

1 11 2
1 1 2 1
1 2 11
1 2 2 2
2 1 11
2 1 2 2
2 2 1 2
2 2 21

Then, based on Theorem 3.4.3, a locally D-optimal design can be obtained as
shown in Table 3.4. For illustration purpose, we use lower bound L; and upper bound
U; instead of their real values. Also we use ¢* and —c* to replace the real values for
the unbounded covariate z5. In this case, the value ¢* maximizes ¢*(¥(c))®, which is
approximately 0.7222. Notice that the design shown in Table 3.4 only has 16 distinct
support points compared with the 32-point design obtained from Theorem 3.3.1.

In fact, the second part of Theorem 3.4.3 can help us obtain an even smaller
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Table 3.4: A Smaller D-optimal Design Based on Orthogonal Arrays

(@1, 22, T3, T4) x5 (@1, 22, T3, T4) x5

L17L27L37U4 U17L27L37L4

L17 U27 L3a L4

( ) ( )

(L1, Lo, Us, Ly) ¢ —c* | (Uy, Lo, Us, Uy) 55 —c*
( ) (Ur, Uy, L3, Uy)
( ) ( )

L17U27U3aU4 UlaU27U37L4

optimal design. In which case, we need an OA(N, 2% 2+) so that columns (1,2,4),
(1,2,5), (1,3,4) and (1,3,5) all form strength 3 orthogonal arrays. The OA in Table 3.5
satisfies all these requirements. Then based on the same theorem, a smaller D-optimal
design can be obtained and is shown in Table 3.6. Notice that there are only 8 distinct
support points in this design and there are exactly 8 parameters in 8 that need to

be estimated, so this design is actually a saturated D-optimal design (see Hu et al.

(2015) for more details).
3.5 Summaries and Discussions

In this chapter, we proposed several locally D-optimal designs for multiple-covariate
GLMs under a very general setup. There is only one covariate that is unbounded,
while the others are bounded in intervals. Hierarchical-structure interactions among
those bounded covariates may or may not exist. It turns out that D-optimal designs
for such models share a very similar structure as the ones in the previous chapter.
Meanwhile, when the number of covariates is large, smaller D-optimal designs are
in great need. The OA-based results in Chapter 2 can also be extended here and

successfully reduce the number of support points required for D-optimal designs.
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Table 3.5: An OA(8,2°,2+) with Columns (1,2,4), (1,2,5), (1,3,4) and (1,3,5) Being

of Strength 3.

1 11 2 1
1 1 2 1 2
1 2 1 1 2
1 2 2 21
21 1 11
21 2 2 2
2 2 1 2 2
2 2 2 11

Table 3.6: A Smaller D-optimal Design Based on Orthogonal Arrays

(x1, T2, x3,24) @5 | (T1,%2,23,T4) X5
(Ly, Lo, L3, Uy)  —c* | (Uy, Lo, L3, Ly) —c*
(L1, Lo, Us, Ly) ¢ | (Uy, Lo, Us, Uy)  *
(L1,Us, L3, Ly) ¢ | (U, Us, L3, Uy)  ¢*
(L1,Us,Us, Uy) —c* | (Uy,Us,Us, Ly) —c*

One main difference between models in Chapter 2 and 3 is that in Chapter 3, the
assumption we make on the interaction effects is stronger. In Chapter 2, we assume
the interactions can be involved in a more flexible way while in Chapter 3, we require
a hierarchical structure for the interactions. The main reason for making such an

assumption is due to the proof method we use. How to relax this assumption and
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obtain more general results remain open questions.

Another interesting observation is, even with cutting-edge search algorithms, opti-
mal designs that we obtained are not of high accuracy. Most of the traditional search
algorithms are based on grid-search, as a result, it takes much more time if we use
finer grids during the search. We mentioned earlier that meta-heuristic algorithms
like PSO are getting more and more attention. Such algorithms do not rely on grid-
search and because of this, the computation time can be greatly reduced. Some of
this has been done (see Qiu et al. (2014) and Chen et al. (2015)). It is worthwhile to
apply such algorithms to our models and hopefully propose a faster and more efficient

algorithm.
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Chapter 4

TOPIC III: D-OPTIMAL DESIGNS FOR LOGISTIC MODLES WITH
MULTIPLE COVARIATES

As introduced in Chapter 3, we consider again multiple-covariate GLM problems in
this chapter. But now the restrictions on parameters and design space are different.
We assume in the following sections that all covariates are non-negative and there
is no interaction effect among them. We further assume that the coefficients for all
covariates are of the same sign, for instance, all positive, and we allow the intercept
to vary in a wide range. Models with such assumptions are often seen in clinical
studies, where the covariates represent the dose levels of active drugs. There are
however limited literatures focusing on the optimal design problems for such models.
Sitter and Torsney (1995a) used a canonical transformation to study GLMs with two
design variables without interaction. They transformed the original design space into
logit-value space and imposed parallel restrictions on the logits. Jia and Myers (2001)
proposed hyperbola-based designs for two-covariate logistic models with interaction.
Haines et al. (2007) investigated D-optimal design structures for main-effect logistic
models with two covariates. They observed that under certain restrictions, there were
two patterns of D-optimal designs, one with 4 support points and the other with 3.
Kabera (2009) provided theoretical justifications of Haines et al. (2007)’s findings and
proved that D-optimal design structures depend on a cutoff value for the intercept
parameter.

In this chapter, we extend results from Haines et al. (2007) and Kabera (2009)
to logistic models with n covariates (n > 2) and no interaction effects. We observe

that there are still two D-optimal design patterns, only now one of them includes 2n
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support points and the other one has n+ 1, depending on the same cutoff value of the
intercept parameter. This chapter is organized as follows. In Section 4.1, we introduce
the models of interest. Section 4.2 provides a theoretical result for D-optimal designs
when the intercept is greater than the cutoff value. The global D-optimality is proved
using the equivalence theorem. When the intercept is less than the cutoff value, we
observed the 2n-point optimal design pattern, and that is proved in Section 4.3 for

selected values of the intercept. Summaries and discussions are provided in the end.
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4.1 Model Description

As introduced earlier, we consider the following model:

u = logit(P) = By + Bix1 + Bawa + -+ + By, (4.1)

where P is the probability that an event occurs, and x; > 0, ¢ = 1,...,p, are p
independent covariates. We also assume that the coefficients corresponding to these
x;’s have the same sign. For simplicity, say 5; > 0, ¢ = 1,...,p. In fact, if some
of the (;’s have opposite signs, then we are able to show that for certain designs,
the determinant of information matrices can go to infinity when the covariates go
to infinity, which means there will be no D-optimal designs (See Proposition 4.1.1
below). The intercept By has no restrictions at this stage and the entire parameter
vector is denoted by B = (B, b1, - -, )"

Let @; = (wi1, i, . - ., Tip) " be an arbitrary design point under model (4.1). Then

the information matrix evaluated at this point is given by

where u; = o + Sr1xi1 + - - - + Bpxip and &; = (1, fczT)T

Then for an approximate design

w]_ wz ... wk:
£= 7

wl w2 ... wk

the information matrix becomes
k k o
_ _ ~ ~T
i=1 i=1
We can also formulate the design problem in canonical form, i.e.

u = logit(p) = fo+ 21+ 22+ - - + 2, (4.2)
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where z; = Bix; > 0, ¢ = 1,...,p. Similarly, the information matrix evaluated at

zZ; = (Zib Ce ,Zz‘p>T = (ﬁlxilu .. ,Bpl’z‘p)T 1S giVGIl by
M, = — 22" = BL, BT
Z; (1 + eul)2 (2ad T4 Y

where 2; = (1,2])" and B = diag(1, B1, ..., 3y).
Meanwhile, the transformation of model (4.1) to model (4.2) transforms the design
¢ into
¢ = Z1 22 " 2k
wy w2 - Wi
Note that design & and design &, are defined on the same design space [0, 00)?.
Also, the information matrix for &, is
k k
M, = w;M,, =Y wBI,,B" = BI.B".
i=1 i=1
Since det(I¢,) = det(BI:BT) = det(B)?*-det(I¢), it implies that maximizing det ()
is equivalent to maximizing det(l¢,). Therefore, in the following discussions we will
focus on model (4.2) only.

The following proposition explains why all 3;’s, ¢+ = 1, ..., p, must have the same

sign.

Proposition 4.1.1. For model (4.1), if there exist some B;’s that have opposite signs,

then a D-optimal design does not exist.

Proof. Without loss of generality, assume the first m x;’s have positive coefficients
and the rest have negative coefficients. Then, following the same transformation as

shown in (4.2), it is sufficient to consider
w=logit(p) = Fo+ 21+ + 2Zm — Zmg1 — - — Zp, (4.3)

on design space [0, 00)P.
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If 5y > 0, then finding a D-optimal design for (4.3) is equivalent to finding a

D-optimal design for
u=1logitlp) =21+ -+ 2m — Zmi1— - — % (4.4)

on the design space of z; > 0,7 =1,...,p—1 and 2, > —/f.
Or if Sy < 0, then finding a D-optimal design for (4.3) is equivalent to finding a
D-optimal design for (4.4) on the design space of z; > fy and z; > 0,1 =2,...,p.

In either case, design

where ¢t > 0, is always a valid design candidate for model (4.4).

Then for model (4.4), the information matrix for design & can be written as

pU(1) +W(0) W(1)+tw(0) (1) --- W(1)+t¥(0)

T(1) +tT(0) (1) +£200) 0 - £20(0)
Mgﬁ}ﬁ (1) 0 T(1) - 0

W(1) + t¥(0) 29(0) 0 - W(1)+2T(0)

and the determinant of the information matrix Mg, is

1

det(M&) = W

W(0)W(1)P(2t — 1)

With p being fixed, we know that det(§;) — oo as t — oo. Therefore, the deter-
minant of the information matrix can be arbitrarily large, i.e. no D-optimal design

exists.
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4.2  D-optimal Designs with p + 1 Support Points

Before stating the main theorem, we first establish two lemmas.

Lemma 4.2.1. Equation

l+c+e —ce=0 (4.5)

has a unique solution for ¢ > 0, say c.
Proof. See Appendix B. m

Lemma 4.2.2. Equation
2 — Bo+ ¢+ 2+ [pe — ce“ =0, (4.6)

has a unique solution for ¢ > 0, namely c¢*. When py € [—¢,0], ¢* > —py; when

Bo € (0,00), ¢* > By.
Proof. See Appendix B. m

We now state the main theorem.

Theorem 4.2.3. For Model (4.2) with parameter By € [—¢,00), where ¢ being the
unique positive solution of Equation (4.5) with an approximate value of 1.5434, the

design

where ¢* > 0 satisfies Equation (4.6), is D-optimal.
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Proof. Let Mg be the information matrix of the proposed design £*, then we have

T (Bo) +p¥(c”) (" = Bo)W(e") (" = Fo)T(c™) -+ (¢" = fo)W(c")
(¢ = Bo)¥(e™) (e = Bo)* (") 0 b 0
Mes = L * * * 2 *) °. :
=7 (e — Bo)¥(c") 0 (" = Bo)*W(c") " : :
0
(" = Bo)¥(c") 0 - 0 (c" = fo)*¥(c)

where U(z) = e”/(1 + €*)? as defined in (1.8). Then

Mgl =(p+1)x

1 —1 1

W (Bo) (c*=Bo)¥(Bo) (c*—PBo)¥(Bo) o (c* *50) (Bo)

—1 U (Bo)+¥(c*) 1 . 1

(c*—PBo)¥(Bo)  (c*—PB0)2¥(Bo)¥(c*) (c*—Po)?¥(Bo) (c*—Po)?¥(Bo)
-1 1 U (Bo)+¥(c*) :

(c*—Bo)¥(Bo) (e*—Bo)?¥(Bo) (c*—Po)?¥(Bo) ¥ (c*)
. . . 1
(e*—Bo)?¥(Bo)

. ) o 1 ¥ (5) 40 (")
(c*—B0)¥(Bo) (c*—PB0)?¥(Bo) (c*—B0)?¥(Bo)  (c*—B0)?¥(Bo)¥(c*)
Let 2 = (21,20, ..,2p)T = (21,22, -+, 2p_1, C Zp 1 zi)T be an arbitrary support

point in the design space [0,00)", where ¢ = logit(P) = fo + 21 + 22 + -+ + 2,.
Clearly, ¢ > fy. Then according to the equivalence theorem presented in (1.18), £* is

D-optimal if and only if
max d(z,£") = max ¥(c)(1, 2" )M (1, 2")" = p+1,for any z € [0,00)".  (4.7)

Then we have




0+ 090 g e~ + gy tle— )
<
N (c* = Bo)?
(p+ Decfe (1 +eP)2(c— ) + e (14 e )*(c — Boy)?]
(1+e)*(c* = Bo)? '

The inequality follows from the following Lemma.

Lemma 4.2.4. Let f(xy,...,2,) = 2% —azxy + -+ + 22 — az, + Doz Ty, a > 0,

n>2, withz; >0,i=1,...,n, and ) x; < a, then

f(z1,...,z,) <0.
Proof. See Appendix B. m

When z is one of the support points in £*, it is easy to verify that the equality
sign in Equation (4.7) holds. Therefore, to complete the proof, it is sufficient to show

that

a e+ e®)(c— )+ e (L+e) (e~ )]
g(c) = 1T ) (e = B < 1,for all ¢ > fy. (4.8)

Next, we consider two situations for fy: (i) Sy = —¢ and (ii) 5y > —¢.

For situation (i), when 8y = —¢, from Equation (4.5), we have
1= Bo+e P+ foe™ = 0.
Then, according to (4.6), we have
2 — By + (—Bo) +2e % + Boe P — (=) =2(1 — By + e P + e = 0) = 0.

Therefore, ¢ = —f3y is the solution of Equation (4.6), i.e. ¢* = —fy. Then g(c) in

(4.8) becomes
e e
2(1 4 ec)?

g(c) =



To show (4.4), it is equivalent to show

e e . U(e) c?
irerarer M~ 9e

which has been shown in Lemma 2.2.4 from Theorem 2.2.1.
For situation (ii), when 5y > —¢. Since ¢ > fy, we can write c as ¢ = Sy+a(c*— )
with a € [0,00). Specifically, = 0 and a = 1 correspond to ¢ = fy and ¢ = ¢*

respectively. Therefore, g(c) in (4.8) can be written in terms of « as follows:

(a) = efotale=bol[a2e=" (1 4 )2 + (a — 1)2e P (1 + e)?]
g\ = [+ eoralc—po)2 '

So now we only need to show that g(a) <1 for any « € [0, 00).

In fact, it is easy to verify that ¢g(0) = g(1) = 1. Next we will prove that the
function g(«) reaches its maximum at « = 0 and o = 1, attains a local minimum at
some « € (0, 1), and goes to 0 as « goes to infinity.

To investigate the property of g(«), consider its first derivative

efotale=Bo)[h, (o) — ho(a)]
1+ eﬁo+a(6*—ﬁo)]3 ’

g'(a) =
where
hi(a) = [0*(c* = Bo) +20)e™ (14 € )’ + [(a — 1)*(¢" = Bo) + 2(o — 1)]e (1 + e™)?
is a convex quadratic function and
ho(a) = e*{[a?(c"—By) —2ale™ (1+e“ ) +[(a—1)*(c"—By) —2(a—1)]e P (1+e%)?},

where ¢ = [y + a(c* — 5y). Notice that the number of stationary points of g(«)
is the number of solutions of ¢’(«) = 0, which is also the number of solutions for

hi(a) = ho(e). In addition, since ¢* is the solution of Equation (4.6), we have

*

2= fBo+c+ 2" + [pet — c*et
N 1+ e

g'(1) =0,

which means that hi(«) and he(a) meet at & = 1. The next lemma will show that

they cross at a = 1.
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Lemma 4.2.5. hy(a) and he(a) cross at o = 1.
Proof. See Appendix B. m

Next we will show that curve hy(a) has only one inflection point on [0, 00) and
intersects hy(«) only once other than at o = 1.

Take the second derivative of hy(a),
() = (¢ = e (e e (L e 4 e PP
+2(c" = Bo)[e (1 + e )+ (1 — ¢ + Bo)e (1 + e™)?|a
=27 (L+e7)* = 2(c" = fo+ Ve ™ (1 +e™)? + (" — fo)*e (1 + eW}-

So the inflection points are those that satisfy k% (a) = 0. Since (c¢*—gy)efote(e =) >

0, thus to find the solutions of hj(«) = 0 is equivalent to find the zeroes of

ha(a) = (¢ — Bo)?[e ¢ (1 + e ) + e (1 + e®)?a?
+2(c" = Bo)[e ™ (1 + e )+ (1 — ¢ + Bo)e (1 + e™)?|a

—2e (1 + ec*)2 —2(c" = By + 1)6”30(1 + eﬁ°)2 + (" — BO)Qe’ﬁo(l + 6’80)2.
Notice that hs(«) is a convex quadratic function,with
h3(0) = =27 (1 +€“)? — 2(c" — By + D)e (1 + ) + (¢* — By)2e ™ (1 + )2,
The next lemma states that h3(0) < 0.
Lemma 4.2.6. h3(0) < 0.
Proof. See Appendix B. O

Now we know that hs(«) is a convex parabola with h3(0) < 0, so there exists one

and only one positive root for hz(a) = 0 on [0, 00), denoted by «p. Consider
hs(1) = [(c* — Bo)> 4+ 2(c* — Bo — D)]e ™ (1 + )% — 2e7(1 + )2
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> [(c¢* = Bo)* 4 2(c* — By — D)]e (1 4 )% — 2e7P0 (1 4 )2

= [(c* = By + 1) = 5le (1 + &),

The inequality comes from the fact that =" (1 + ¢ )2 > e~ (1 + ¢%)? which has
been shown in the proof of Lemma 4.2.5. Also, from the proof of Lemma 4.2.6 we
know (¢* — By + 1) — 5 > 0. Therefore, h3(1) > 0. That means o = 1 belongs to the
subset of [0, 00) where ha() is convex. Hence hy(ar) is concave on [0, ap] and convex
on [ag, 00].

Recall that

ha(0) — hi(0) = (14 eP)2{(c* — By +2) — (¢ — By — 2)e ™}
= (1+e™)*(c" — By +2)(1 —e )

> 0.

As a result, ho(a) only intersects hi(a) once other than at a = 1. We call this
point «,,. Clearly, a,, < 1.

To summarize,

- for a € [0, avy,), then hy(a) — ho(a) <0, i.e. g(a) decreases on [0, ay,);

- for a € [ayn, 1), then hy(a) — ho(a) > 0, i.e. g(«) increases on [y, 1);

- for a € [1,00), then hy(a) — ho(a) <0, i.e. g(a) decreases on [1,00).

Therefore, g(a) attains its maximum at = 0 and o = 1 with maximum value
g(0) = g(1) = 1. Hence g(a) < 1 for all a > 0. This concludes the proof.

O]

For reader’s convenience, Table 4.1 lists some values of ¢* for selected values of
Bo. Notice that this relationship between ¢* and [y does not depend on the number
of covariates p.

We use a simple example to illustrate Theorem 4.2.3.
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Table 4.1: Relationship Between ¢* and f.

Bo -1.5 -1 -0.5 0 0.5 1 1.5

1.562 1.796 2.075 2.399 2.768 3.175 3.611

*

C

Example 4.2.7. Consider the following three-covariate logistic model

u = logit(p)

-1+ 21‘1 + 31‘2 + xs3,

where z; > 0, ¢ = 1,2 and 3. Since Sy = —1 > —1.5434, Theorem 4.2.3 applies.
Then according to Table 4.1, 5y = —1, ¢*

1.796 and ¢* — By = 2.796. Therefore, a
D-optimal design in the (21, 22, z3)-space is

(0,0,0) (2.796,0,0) (0,2.796,0)
1/4 1/4 1/4

(0,0,2.796)
1/4

With z; = 22, 29 = 325 and z3 = 3, the D-optimal design in the original design
space is

o (0,0,0) (1.398,0,0) (0,0.932,0)

B (0,0,2.796)
1/4 1/4 1/4

1/4
Figure 4.1 shows the D-optimal design pattern for this example and Figure 4.2 is

an illustration of equivalence theorem check for the sensitivity function.

4.3 D-optimal Designs with 2p Support Points

In Section 4.2, we proved the (p + 1)-point D-optimal design pattern under the
assumption that [y is greater than a cutoff value (approximately -1.5434).

So a
natural question is, does this pattern still hold when Sy is less than -1.54347 In
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Figure 4.1: Pattern of a 4-point D-optimal Design for Three-covariate Logistic Model.

fact, we observed a different structure for D-optimal designs which takes two support
points on each axis and two different weights. The global D-optimality of such designs

is proved theoretically for a special range of .

Theorem 4.3.1. Consider Model (4.2) with parameter [y € [—2,—¢), where ¢ is the
unique positive solution of (4.5) with an approzimate value of 1.5434. Assume that

0<c* <=0y and 0 < w* <1 satisfy the equations
(1 —2w*)(c" + Bo)? — dw*[p — (p + Dw*]foc” = 0 (4.9)
and

(p+1)(1+c* +e —c*e)[(c* +Bo)* — 4w Boc*] — (p— 1)(/88—0*2)(1+ec*) =0, (4.10)
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Figure 4.2: Sensitivity Plot for Design &

then the design & =

(_C*_B(]?O?"' 7())(07 707_0*_BO>(C*_BO707'“ 7())(07 7O>C*_ﬁ0)

* * *

1—w 1—w w*
p

p p

s 8,

18 D-optimal.

Proof. First, let I« be the information matrix of the proposed design £*, to simplify

notations, let R = —c* — By + 2w*c* and Q = (¢* + (y)* — 4w*Byc*, then we have

» R R R
Q 0 0
1
I ==9()|R 0 @ . ],
p
0
R 0 0 Q
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and

Q —R —-R e —R
I = V(e)Q-py | F T P :
: , B2
Q
R %2 . %2 P—Q_(lgl)Rz
Let 2 = (21,22,.--,2p)7 = (21,20, ,2p-1,¢ — o — f:_ll 2)T be an arbitrary

support point in the design space [0, 00)”, where ¢ = logit(P) = B+ 21+ 22+ -+ + 2.
Then according to the equivalence theorem presented in (1.18), after some calculations

we have

d(z,€) = (e)(1,2") 21 (1, 2")T
_U(e) [(c+ ) —dwrect
N \If(c*){ 4w* (1 — w*)c*?
(p—1)(c—Po)? +2p[z} — (c—Bo)zr + -+ 22_1 — (¢ = Bo)zp-1 + Zi;ﬁj 2i%j] }
(¢* + Bo)? — dw*Byc*

U(c) f(c+c)? —dwect (P=Vle=F5) 1a,.
= ‘I’(C*){ dor(L—w)e? | (o + o) = 4w%c*} = g(c). (4.11)

The inequality follows again from Lemma 4.2.4. To simplify the right hand side of
(4.11), we first look at Equation (4.9), which is a quadratic function in design weight

w*. There are at most two solutions:

. B2+ Dfoct + (7)) = V/Bs + (4p* = 2)B5(c)? + (¢)*
wh = 1 (4.12)

and

wi = 2 2+ Dot + () + /B + (4p® = 2)B5(c)? + ()
t 4(p +1)Boc* ‘

Consider wj first. Since 5 + (4p* — 2)B2(c*)? + (¢*)* = (B2 + 2(p + 1)Boc* +

()22 —4(p+1)Boc* (" + 5o)? = (B2 +2(p+1)Boc* + (¢*)?)2+4(p+1)|Bolc* (c* + Bo)?,

(4.13)
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it implies that

VB (4 = 283 + ()t 2 /(83 + 2(p + 1)Boc” + (¢)2)?
= |85 +2(p + 1)Boc” + (")’ = 55 +2(p + 1)Boc” + (¢")?,
(4.14)
which means the numerator of w3, 32 + 2(p + 1)Boc* + (¢*)? +
VB + (4p? = 2)B5(c*)? + () = B3 +2(p+1) Boc +(c*)+[ B3 +2(p+1) Boc +(c*)?| =

0. As a result, wy < 0, which means that w3 is not the desired solution.

For w}, following the same procedure as in (4.14), we have 82+2(p+1)Boc* +(c*)2—
VBEF (4p? — 2)32(c*)2 + (¢*)* < 0, thus wi > 0. Also, [32 —2(p+ 1)Boc* + (¢*)*]? =
By + (4p* = 2)83(c")* + ()" — 4(p + 1) Boc* (c* + o) = By + (4p* — 2)B3(c*)* + (¢*)*,
which implies /A3 + (4p? — 2)35(c*)? + (c*)* < |65 — 2(p + 1)foc” + (¢*)*| = 5§ —
2(p+1)Boc* + (¢*)2. Meanwhile, 4(p+1)8oc* = B2+ 2(p+1)Boc* + (¢*)2 — (B2 —2(p +
1)Boc* + (¢)?) < 83+ 2(p + 1)Boc” + (¢*)* — /B + (4p* = 2)55(c")? + ()1 < 0. Tt

means that w < 1.

To summarize, (4.12) is the only valid solution for Equation (4.9), and it is between
0 and 1. Without causing any confusion, we shall from now on write wj as w*.
Now, from the expression of (4.12), we have
w* B3 +2(p+ 1)Boc” + (¢*)* — /B3 + (4p* — 2)B5(c*)* + (c)*
(p+Dw =1 (p+ 1)(5 +2(p — )Boc + () — v/Ba + (497 — 2)B(c )2 + ()

_ p((e)’ + B9 + /B + (4 — 253 (c)” + (e0)*
(p? = 1)(e* = fo)? ’

ie.,

w(e* = Bo)* _ (")’ + B3) + VB + (4p° — 2)B3 (") + ()

(p+Dw—1 (r* 1) (419)
Also from (4.12), we have
R (0 e DR R/ BR Tl A
. 1[(0 +50)” —4w* foc*] = P —1) . (4.16)
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Comparing Equations (4.15) and (4.16) gives the following identity:

(p — Dw*(c" = Bo)?
(p+Dw*—1

(c" + Bo)? — 4w Boc" = (4.17)

Now we can simplify g(c) in (4.11) using (4.17) as
_W(e) [(c+ ) —dwrect (p—1)(c— By)?
9le) = U(cr) { 4w*(1 — w*)c*? * (c* + Bo)? — 4w* Byc* }

_ Y(9 { (c+ ¢*)? — dw*ec N [(p + Dw* —1](c — By)?
Uler) | Awe (1 —w*)e? w*(c* — By)?

} forec>py  (4.18)

Therefore, based on Equivalence Theorem (1.18), all we have to show is that
g(c) < p+1, for all ¢ > fy. Tt is easy to see that equality holds for support points in
¢*. Next we will show the inequality holds for all ¢ > fy with 8y € [—2, —¢).

First notice that g(c) is an even function:

e (e)[(1 —2w*) (" 4 Bo)? — dw*[p — (p + 1)w*] Boc’]
g(c) = g(—c) = U (e w* (1 — w*)e*(¢* — fBo)?

=0 (from Equation (4.9))

Therefore, we only need to show that g(c) < p+1 on [0,00). It is easy to verify
that g(c*) = p+ 1, so we want to show that ¢’(¢) > 0 on [0,¢*] and ¢'(¢) < 0 on

(¢*,00). Consider the first derivative of g(c), after some simplifications, we have

e (1+e”)*h(c)

) = Tl o) (@Rl — AP T eF

(4.19)
where
h(c) = (c* = Bo)?[(c*)® + ¢ + 2c] + 4(c*)?[(p + Dw* — 1](1 — w*)(BF + ¢* + 2¢)
— e {(¢" = Bo)*[(¢")? + & + 2] + 4(¢)*[(p + Dw* — 1] (1 — w*) (B + ¢ — 2¢) }
(4.20)
Therefore, it is sufficient to show that h(c) > 0 on [0, ¢*] and h(c) < 0 on (c¢*, 00).

Notice that Equation (4.10) can be written as

o _ (Pllp+ )" +2p] + Bil(p + D)e* + 2] — 2(p + 1) Boc” (2w — 1)(c* + 1)
(e)?[(p+ Ve = 2p] + B3[(p + Vet — 2] = 2(p + 1) Boc* (2w* — 1)(c* — 1)
(4.21)
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Replacing e¢ in (4.20) with the right hand side of (4.21), we can obtain

h(c*) =

A[(p+3) — 2(p + Dw*]e?(e? — B2)[(1 — 2w*) (¢* + Bo)? — 4w*[p — (p + Dw*] Boc]
B2 — (p+ Vet +2(p + Der(2w* — 1) (e* — 1) + [2p — (p + 1)c*](c*)?

=0 (from Equation (4.9)) (4.22)

In addition, it is easy to verify that h(0) = 0. With A(0) = h(c*) = 0, we know
that there is at least one stationary point on (0, ¢*). Also,since h(c) — —oo as ¢ — 00,
then if there is only one stationary point for h(c) on [0, 00), then that point must be a
maximum. To obtain stationary points for h(c), consider s(c) = h'(c) = s1(c) — s2(c),

where
s1(c) = 2(c+ D{(¢" = o) +4(c")*[(p + Dw* = 1](1 —w")}

is a linear function with intercept and slope both being 2{(c* — 8y)? + 4(c*)?[(p +
Dw* —1)(1 —w*)} and

s3(c) = e{(¢" = Bo)* (¢ + & = 2) + 4()[(p+ D = 1](1 —w*) (55 + & — 2)}.
Notice that
S50 = e*{(€" — Bo)A(e" + 4 4c) + 4()2(p + D' — 1)(1 — w*) (82 + &+ 4c)}.

From Equation (4.9), we have

IL—2w" 4w fyc
p—(+w (¢ + o)’

< 0,

then we can obtain the range for w*, i.e. 3 < w* < 47, which results in s3(c) > 0 on

[0, 00), therefore, so(c) is a convex function. Meanwhile, evaluating s1(c) — sy(c) at

c =0 gives

51(0) = 52(0) = (¢" = Bo)*(4 — %) + 4(c"?[(p + D" = 1](1 — w*) (4 — 7).
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From Equation (4.10), we have

e e DB =D e)
LT T S Dl + o — dwBoc]

Under the assumption that 0 < ¢* < —f;, we know 1+c*+e —c*e® > 0. Recall

Lemma 4.2.1, it gives the range for ¢* as 0 < ¢* < ¢, where ¢ has an approximate
value of 1.5434. Since we also assume that 5y € [—2, —¢), therefore s1(0) — s2(0) > 0,
which means that s;(c) is above s3(c) at ¢ = 0. That implies s1(c) and s.(c) only
intersect once on [0,00). As a result, there is only one stationary point for h(c) on
[0,00) and that point is indeed a maximum. Therefore, g(c) in (4.18) has a unique

maximum at ¢ = ¢* with g(¢*) = p+ 1. This completes the proof. O

We use an example to illustrate Theorem 4.3.1.

Example 4.3.2. Consider the following three-covariate logistic model:
u = logit(p) = —2 + 2x1 + 322 + 3,

where x; > 0, ¢ = 1,2 and 3. Since fy = —2 € [-2,—¢), Theorem 4.3.1 applies.
Then solving Equation (4.9) and (4.10) gives ¢* = 1.4441 and w* = 0.7456. Then
we have —c* — By = 0.5559 and ¢* — By = 3.4441. Therefore, a D-optimal design in
(21, 22, z3)-space is shown in Table 4.2.

With z; = 221, 29 = 325 and z3 = 3, the D-optimal design in the original design
space is given in Table 4.3.

Figure 4.3 shows the D-optimal design pattern for this example and Figure 4.4 is

an illustration of the equivalence theorem check for the sensitivity function.
4.4 Summaries and Discussions

In this chapter, we considered multiple-covariate logistic models under a different
setup compared with the assumptions we make in Chapter 3. Here we consider main-

effects models and all covariates are restricted to be nonnegative. Also, the coefficients
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Table 4.2: D-optimal Design for Example 4.3.2 in Transformed Design Space.

Support Points Weights

0.5559,0,0)  0.0855

0,0.5559,0)  0.0855

3.4441,0,0)  0.2485

0,3.4441,0

( )

( )
(0,0,0.5559)  0.0855
( )

( ) 0.2485
( )

0,0, 3.4441 0.2485

Table 4.3: D-optimal Design for Example 4.3.2 in the Original Design Space

Support Points Weights

0.2780,0,0)  0.0855

0,0.1853, 0 0.0855
0,0, 0.5559 0.0855
0,1.1480,0 0.2485

0,0,3.4441)  0.2485

( )
( )
( )
(1.7221,0,0)  0.2485
( )
( )

corresponding to the covariates are assumed to have the same sign and the value of
intercept [y can vary from -2 to oo.

Two D-optimal design patterns are observed. One of them is a (p + 1)-point
saturated design with one point on each axis plus the origin, all design points have

the same weight and for those on the axes, they all have the same logit value. We
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Figure 4.3: Pattern of a 6-point D-optimal Design for Three-covariate Logistic Model.

should note that the optimal logit value only depends on the intercept [, irrespective
of the model dimension. The second pattern is a 2p-point design with two points on
each axis. We can envision that there are two equal-logit hyperplanes intersecting the
axes and intersections with the same hyperplane share the same weight. Unlike the
first pattern, the optimal weight as well as the optimal logit value depends on both
the value of the intercept and the number of covariates in the model. For the first
design pattern, we analytically proved its global D-optimality using the equivalence
theorem when [ is greater than a cutoff value of approximately -1.5434. For the
second design pattern, we were able to prove a theorem for a limited range of
values, i.e. —2 < [y < —¢, where —¢ is the same cutoff value.

There are however a number of open questions. The first question is for the second

design pattern, we were only able to prove it for —2 < [y < —¢. Computational
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studies suggest that when [y is less than —2, this optimal design pattern remains
valid. How to generalize our proof to a larger range for Sy remains unknown. Another
question is, how do optimal designs look like if we add interactions to the model? We
observed that with the existence of interactions, even the most basic two-covariate
GLMs become much more complicated, and it appears infeasible to apply our previous

methods to the interaction models. More research is needed in these directions.
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Chapter 5

CONCLUSION

In this dissertation, we investigate locally D-optimal designs for different types of
generalized linear models.

In Chapter 2, GLMs with factorial effects and one covariate are under consider-
ation. We provide an explicit expression of D-optimal designs for such models when
interactions among factors also exist. In addition, smaller D-optimal designs are ob-
tained by using strength ¢+ orthogonal arrays. Methods on how to obtain such OAs
are also discussed. Two illustrative examples about electrostatic discharge (ESD) and
Printed Circuit Board (PCB) experiments are provided in the end. By applying our
proposed theorems, the designs we obtained are not only more efficient (D-optimal, in
fact), but also require much fewer distinct runs compared to the design implemented
in the original studies.

In Chapter 3, we consider multiple-covariate GLMs where all but one covariate are
bounded in intervals and interactions among those bounded covariates may exist. We
first provide a proof for the main-effects model and then extend the proof to derive
an explicit formula of locally D-optimal designs for interaction models. Similar to the
results in Chapter 2, smaller D-optimal designs can also be obtained using orthogonal
arrays. Chapter 4 considers multiple-covariate logistic models where all covariates are
nonnegative and there is no interaction among them. We observe two optimal design
patterns, one with p 4+ 1 support points and the other with 2p, depending on the
value of the intercept parameter 5;. When the intercept is greater than a cutoff
value of approximately -1.5434, we prove theoretically that a saturated design with

one point on each axis plus the origin is D-optimal. When the intercept is less than
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the cutoff value, we prove that on a limited range of ), a D-optimal design takes
two support points on each axis. We can envision that there are two equal-logit
hyperplanes intersecting the axes and intersections with the same hyperplane share
the same weight. Unlike the first design pattern, now the optimal weights and logit
values depend not only on [y, but also on the dimension of the parameter space.
While many theoretical results are presented in this dissertation, there remain
open questions for each of the three topics. As noted in Martin et al. (2016), ”No
design is completely immune to things going wrong, but we should be prepared for

certain problems.” There is still much work to be done in this area.
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Proof of Lemma 2.2.2. By Equation (2.5),

Mf*(el Z ZZDH “irj D“ ’LL])

i1=1 ir=1 j=1

Inside the summation, we have D¢ (D4 ied)T

1 (ZzT . (ZiT L (Zlii;jlz 0 o .
Zi(ZP) .. Z(ZET . ZR(ZhT o, 20
_ Zi(ZET .z g, 2
Zi 2 e 2

sym. szl.“im

Clearly, the top-left element of M-(6y) is

VY Y Y=

=1 ig=1j=1
and the bottom-right element of Mg« (61) is

() D D D (P = ()u().

=1 =1 j=1
For the last column of Me-(6;), the summation of each element is 0 due to the

fact that we are using two symmetric points in each group.
Z1'7’17’7’2 “brm

For any other off-diagonal block, say its rows correspond to the effect Z,1%.,"%.,,

and its columns correspond to the effect Zzilczczc: “*, then the block becomes

Z:  (Zeze) = (20 @ 0 Zir) - (26 @ - @ (Zi)"),
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Since it is off-diagonal, there must exist a group index which only appears once.
Without loss of generality, say it is ry in (r1,...,7,). Then taking the sum of

iy g oo fey Gy ien \T
Z g 2™ (Zeyente, ™) we have

Sry
'irl'ir2""':T icliCZ'"ic T
E o e E E Zrlfp2..-7'mm . (ZC1C2"'Cn n)
irp =1
not r1
Srq
in i i leg ey rien )\ T
_ Z . z :<< 2 : Z'rll) ® ZT22 R R ZT:nm) . <Z01102~-2-cn ") .
ir; =1

not r1
By definition, we have Zf;l:l Zi’l“l = 0, thus the above equation is 0.
For the diagonal blocks, we first investigate the blocks corresponding to a main

effect, say group [ with s; levels. Then

Sl AC AL

ii=1  ip=1j=1

1
U(e) |53 1 1
= . 1. — e —
S |: : ( ’ S; — 1 ’ S; — 1>+
1
_3171
1
_sl—l
1
- 1 1 1
Sl_l _— _— . .. J—
* : ( Sl—l’ 51—17 ’ Sl—l)
1
_Sl—l
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1 _ 1 - e 1
(s;—1) (s;—1)2 (s1—1)2
TR S B
ey . e EE=y
\I/(C*) l l 1
f— . Sl .
51
1
SyIn. (51—1)2
1
(s1—1)
:\I/<C*) . Bl

For diagonal blocks which correspond to interactions, assume the interaction is

among group (I, ...,1x). Then

gt 'l,lk le 'I,Lk T
5 Ve ) IR 35 A AN
11=1 ir=1 7=1

o g v Zlk le'"izk T
= W)y ZZ Y Z M2

— %@(C*)ZZZZ(ZZ? ®"'®Zli,ik)'((Zziil)T@"'@(ZZk)T)

L XX A oo 3 iy
i, =1 i, =1
not (l1,..., k) " '
T B B
s (C )Z Z(sll ll) ® ® (Slk lk)
not (l1,..., k)

1
= ZU(c") 5B, @ @B, =U(c*) B, ®---® B,

This concludes the proof.

Proof of Lemma 2.2.3. When Zli‘ is in the form of <_%

91



_Sl—l
(Zlil>TZliz+(Zliz)TJZliL:(_ 1 B B 1 ) 1
81—1 81—1
1
s;—1
1 1
— I -J-
+( Sl—l Sl—l)
1 1 /
(o (5= 2) + 1 1
((Sl_1>2 (Sl )+ )+Sl_1
Sl_2 1 Si
O A P TR
When Z}* is in the form of (=, —5)7, then
s s
1
s1—1
(Z”)TZ“—F(Z”)TJZ”:(— 1 L 1 ) .
! t ! L Sl—l ’ 81—1
1
s;—1
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s;—1

s;—1

s;—1

s;—1




— _ - J -
+( Sl—l ’ 81—1)
1
Slfl
1
s;—1
e VRN CS PR I
— S — _—
(-1
1
s;—1
1 1 S
81—1 Sl—l (Sl ) Sl—l

Together, it concludes the lemma.

[]

Proof of Lemma 2.2.4. First, notice that the functional inequality in Lemma 2.2.4
does not depend on models, but here we provide a proof for it using model (2.2) with
main-effects only.

Analogously to the expression in (2.4), we rewrite model (2.2) with main-effects

only in the following way:

L s—1

Prob(Yiyiy.ip; = 1) = P(y0 + Z Z ﬁlzlil + By i), (A.1)

=1 i;=1

where for each factor I, z' is defined in the same way as shown in (2.4). Then,

without interaction terms, the 6 in (2.4) reduces to 81 = (70,71, -+ , 7L, 3)T where
forany 1 <1< L,y = (v}, ,71(5’_1))T. Similarly, Z% %4 can be simplified as
Zaind = (1,(Z0)7, - (ZE)T 244,4,5)T where for each factor I, Z' is defined

in the same way as shown in (2.4).

According to Theorem 4 in Stufken and Yang (2012), a locally D-optimal design
for a maximal set of estimable functions of the parameter vector of model (2.2) with
main-effects only can be written as £ = {(¢;y..i;1 = ¢ wiyip1 = %),(Cil...iLQ =

—C* Wiy iy2 = 2—15),2'1 =1,...,81,..,ip = 1,...,8.}, where ¢* > 0 maximizes f(c) =
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A(U(c))" on (—o00,00) and r = Y F(s; — 1) + 2. Then, following the similar steps

from (2.4) to (2.6), the following inequality
(o) (D )T MZ (0, D <, (A.2)

holds for the main-effects model, where terms in (A.2) can be obtained analogously
to the expressions in (2.4) ~ (2.6) but with main-effects only.

The left-hand-side of (A.2) can be further simplified using Lemmas 2.2.2 and 2.2.3.

|

As a result,

W(c) (D™ )M (6,) DM = \Pf}) {1 +3 (s - 1)+ (5)2

o
_ ¥(e) . AV (c)
“ue) T ey B
Comparing (A.2) and (A.3), we have
U(c) B A¥(c) .
we) YT P <7
and this concludes the proof.
O

Proof of reparametrization. To show that model (2.4) is a reparametrization of model

(2.1), all we need is that the column spaces spanned by the two design matrices are the

same. Since they have the same slope parameter 3, define X = [xg, x], ..., 2], ...,
s wfi}ilZ, ... ], where the interaction terms correspond to those in the model, as
the reduced design matrix for model (2.1) and similarly, define Z = [2q, 2},...,25* 7,
L ,zliﬁz%, ...] as the reduced design matrix for model (2.4), so we want
to show C(X) = C(2).
For any v € C(Z), there exist ag,al,...,a$*™" ... such that
L ! -1 sltil . . .. .

v=apzo+aizy +---+at 2Tt 4 Z { Z e Z a;lll..'.'l':lt zlzi}:f.z.;:”t} .

t=2 (Iy, 1)€G; iy =1 i, =1
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We first notice that zg = x¢ and it is easy to verify that for each factor [,

, , 1
2= g — > af, (A.4)

which means that each zl“ can be written as a linear combination of the columns in
X.
[13 2

For any interaction term, for instance, z{a = z{ o z3, where “o” represents the

Hadamard (pairwise) product, from (A.4) we have

R 1 &
A =el- —5 Y el ol - 5 Y o)

s1—1 S9 — 1
1 t1=2 2 t2*2
=x] 0Ty — . _15 xi oxy — _12 wlow
1 t1=2 52 to=2
s1 89
Xr ow
1 2
g s DD B
(1 ) 2 t—2t22

. i i
Notice for each Hadamard product ;' o x; *, we have

iy i, g
T tox =m0, " (A.5)

Therefore, each interaction term in Z can also be written as a linear combination

of the columns in X. To summarize, v € C(X).

For any v € C(X), there exist bg,bi,...,bi',... such that

L szl Slt . .
= 1pl . SL E E E ”1 “hy ”1”2 -t lt

t=2 (Iy,,lt)EGy |:1l1—1 i, =1

It is easy to verify that for each factor [,
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Z0+(Sl —1)Zzl
1 Sl

, when 1 <7, <sg —1

—1
zo—(si=1) 301, =t
K7 ?

when 7; = s;

which means that each :szl can be written as a linear combination of the columns in
Z.

For any interaction term, for instance, 1i = xloxl, following the same procedure
as before, we are able to show that each interaction term in X can also be written as

a linear combination of the columns in Z. To summarize, v € C(Z).

Therefore, C(X) = C(Z).
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Proof of Lemma 4.2.2. Let f(c) =1+ c+e®— ce®, then f(0) =2 and lim.,» f(c) =
—o00. Thus f(c) = 0 has at least one solution on [0, 00). Also, since f”’(c) = —e®(c +
1) < 0, indicating that f(c) is concave on [0, 00), so f(c) intersects the horizontal axis
only once. Therefore, Equation (4.5) has a unique solution for ¢ > 0. The numerical

solution is approximately 1.5434. O

Proof of Lemma 4.2.3. When 3y € [—¢, 0], consider g(c) = 2— g+ c+2e + Boe — ce©
on [0,00), we have g(0) =4 > 0 and lim,., g(c) = —o0, thus g(c) has at least one
solution on [0, 00). Also, ¢"(c) = (o — c)e® < 0, suggesting g(c) is concave on [0, 00),
therefore g(c) intersects the horizontal axis only once, or equivalently, Equation (4.6)
has a unique solution on [0, c0), denoted by c*.

To show that ¢* > —fy, it is sufficient to show that
g(—Bo) =2 — 2By +2(1 + By)e ™™ > 0, for Vf3y € [—¢,0]

For convenience, define h(By) = g(fy), then h(0) = 4, h(—¢) = 0 and h"(By) =
—2(1 — By)e P < 0 on [—¢,0]. Therefore, h(f3) is strictly concave on [—¢, 0], which
implies that h(8y) > 0 on [—¢, 0], hence ¢* > —f.

When 5y € (0, 00), consider again g(c), we still have g(0) = 4 > 0 and lim._,, g(c) =
—00, thus g(c) has at least one solution on [0, 00). Now, ¢"(c) = (8o —c)e®, suggesting

that g(c) is convex on [0, 5] and concave on [y, 00). Meanwhile,
g (c) =142+ foe® —e® —ce® =1+ (1 + fy — ¢)e® > 0, when ¢ < f3q.

So g(c) is increasing on [0, By], and therefore there’s only one solution ¢* and

c* > Bo.

Proof of Lemma 4.2.4. We use induction. First, when n = 2,

f(z1,25) = 22 — azy + 25 — azy + 1170.
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For fixed o with 0 < x5 < a, we have 0 < z7 < a — xo. Setting Jf (1, x2)/0x1 =
2r1 — a4+ x9 = 0 gives x1 = (a — x9)/2, i.e. f(x1,25) reaches its minimum at
x1 = (a—x9)/2. Also, the maximum of f(x1,zy) is attained at x; = 0 and 7 = a— x5,
with the maximum value being 23 — azy = (1o — 2)> — ¢ < 0.

Therefore, for any 0 < xy < a, f(z1,29) < 0. Hence, f(x1,22) < 0, for all
rl,22 > 0 with 1 + 29 < a.

Next, assume f(xy,...,2,) < 0 holds for n = k, then when n =k + 1,

2 2
f(:cl, - ,ka) =] —ar; + -+ Ty — QTpq1 + szx]
1#]
Fix zo,..., 2511, wehave 0 < 21 < @—Zf;l x;. Again, setting Of (z1,...,xp41) /01 =

k+1 : k1 : :
20y —a+ ) ., x; =0gives vy = (a — Y ;5 x;)/2, ie. f(x1,...,2541) reaches its
minimum at z; = (a — Zf;l x;)/2. Also, the maximum of f(xy,..., 1) is attained
at ry =0and 1 = a — f;l x;, with the maximum value being

2 2
f(@a, .. p) = 25 — axg + - + T — ATpqr + E zix; < 0.
i#]j

The last equality results from the induction assumption.

Therefore, f(z1,...,x,) < 0also holds for n = k+1. This concludes the proof. [

Proof of Lemma 4.2.5. To show that hy(«) and hy(«v) are crossing, instead of touching
each other at aw = 1, it is sufficient to show that hy(1) — hy(1)] # 0. In fact, we will
show that h4(1) — A7 (1) > 0.

The derivatives of the two functions are
Ri(a) = e« (1+e”)*2a(c* — Bo) + 2] + e (1 + e™)?[2(a — 1)(c" — Bo) + 2]
and

th(e) = e (1 e PlRale” = o) = 2+ 1+ e - 1 - ) 2]
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+ef(c" — ﬂo>{6“<1 +e)?[?(¢" = Bo) — 2a] + e P (1 + eP)*.
o= 16" — fo) — 2~ 1]
When evaluated at a = 1,
Ri(1) = e (1+e)2[2(c" — Bo) + 2] + 2eP0(1 4 )2
and
hy(1) :ec*{e_c*(l + ) 2(c — Bo) — 2] — 2P0 (1 + 6’60)2}—1—
(e = e (e P = -2}

Therefore,

hy(1) — hh (1) = 27 (1 4+ e )?[(e” — 1)(c" — Bo) — e — 1] — 2P (1 4 %)2(e + 1)
+ e (¢* = Bo)[e™ (14 e )?(c* — B — 2)].

First of all, from Equation (4.6), ¢* — 8y — 2 = (¢* — By + 2)e ¢ > 0, so the
last term is positive. Also from Equation (4.6), inside the brackets of the first term,
(e —1)(c* — By) — e —1 = e + 1. Thus the summation of the first two terms
becomes

20 + e (14 e“)? — e P (14 ).
Note the function r(z) = e *(1 + €*)? is symmetric around z = 0 and it is decreasing
on (—o0,0] and increasing on [0, 00). So when 5 € (—¢, 0],we have
(14 e — e (14 ™) = (") = 1(Bo) = r(c") = r(=fo) = 0;
and when € (0,00),we have
e (142 — B0 (1+ )2 = 1(c”) — r(fh) > 0
Therefore, hy(1) — hi(1) > 0 for any Sy € (—¢,00), i.e. hi(a) and ho(a) are

crossing at a = 1. O
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Proof of Lemma 4.2.6. First of all, from Lemma 4.2.1 and Equation (4.6), we can

write [y as a function of ¢*,

Take the derivative,

*

4e€
(c)=14+ ——— > 0.

Thus 5y(c*) is strictly increasing. As a result, ¢*(/3y) being a function of fy, is also
strictly increasing. Thus, with gy > —¢, we have ¢* > 1.5.

Also, from Equation (4.6),

4

C*—ﬁ0:—2+m.

With ¢* > 1.5, we know 2 < ¢* — 5y < 3.1.
Now, back to h3(0). In Lemma 4.2.5 we have shown that e=¢ (1+¢ )2 > e P0(1+

)2 therefore,

hs(0) < —2e7P0(1 4+ e™)2 — 2(c* — By + 1)e (1 + &™) 4 (c* — fo)2e P (1 + )2
=e (1 +e™)*[(¢" — By — 1)* — 5]

< 0.
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