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ABSTRACT

Chapter 1 introduces some key elements of important topics such as; quantum mechanics,
representation theory of the Lorentz and Poincaré groups, and a review of some basic rela-
tivistic wave equations that will play an important role in the work to follow. In Chapter 2,
a complex covariant form of the classical Maxwell’s equations in a moving medium or at
rest is introduced. In addition, a compact, Lorentz invariant, form of the energy-momentum
tensor is derived. In chapter 3, the concept of photon helicity is critically analyzed and its
connection with the Pauli-Lubanski vector from the viewpoint of the complex electromag-
netic field, E 4+ /H. To this end, a complex covariant form of Maxwell’s equations is used.
Chapter 4 analyzes basic relativistic wave equations for the classical fields, such as Dirac’s
equation, Weyl’s two-component equation for massless neutrinos and the Proca, Maxwell
and Fierz-Pauli equations, from the viewpoint of the Pauli-Lubanski vector and the Casimir
operators of the Poincaré group. A connection between the spin of a particle/field and
consistency of the corresponding overdetermined system is emphasized in the massless
case. Chapter 5 focuses on the so-called generalized quantum harmonic oscillator, which
is a Schrodinger equation with a time-varying quadratic Hamiltonian operator. The time
evolution of exact wave functions of the generalized harmonic oscillators is determined
in terms of the solutions of certain Ermakov and Riccati-type systems. In addition, it is
shown that the classical Arnold transform is naturally connected with Ehrenfest’s theorem
for generalized harmonic oscillators. In Chapter 6, as an example of the usefulness of the
methods introduced in Chapter 5 a model for the quantization of an electromagnetic field
in a variable media is analyzed. The concept of quantization of an electromagnetic field
in factorizable media is discussed via the Caldirola-Kanai Hamiltonian. A single mode
of radiation for this model is used to find time-dependent photon amplitudes in relation
to Fock states. A multi-parameter family of the squeezed states, photon statistics, and the

uncertainty relation, are explicitly given in terms of the Ermakov-type system.



“Physical laws should have mathematical beauty” — P. A. M. Dirac
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Chapter 1

INTRODUCTION

In this chapter we will briefly review some important topics that are relevant to this
dissertation. No attempt has been made to give a complete and detailed description of each
area, but instead to just introduce and discuss certain aspects of the theories that will be
most relevant in the work to follow.

In section 1.1, we introduce some notations that will be used throughout. In section
1.2, we will briefly review some important fundamentals of quantum mechanics including:
Hamiltonians, the Schrédinger equation, the Heisenberg uncertainty principle, Ehrenfest’s
Theorem, and the unitary transformation between the Schrodinger and Heisenberg pictures
of quantum mechanics. In section 1.3, the representation theory of the Poincaré and Lorentz
groups will be discussed. This will be very important in the sections on relativistic wave
equations and spin and angular momentum of elementary particles. Section 1.4 gives a
brief review of several fundamental relativistic wave equations that will be visited again in
relation to the Pauli-Lubariski vector and the representation theory of the Poincaré group in
a later chapter.

In Chapter 2, a complex version of electrodynamics is introduced. We discuss a com-
plex covariant form of the classical Maxwell’s equations, in a moving medium or at rest. A
compact, Lorentz invariant, form of the energy-momentum tensor is derived.

Chapter 3 addresses a common misconception in the literature and the standard quan-
tum field theory textbooks on an operator relation used to define helicity of massless parti-
cles. In accomplishing this, it is shown that Maxwell’s equations in vacuum can, in fact, be
derived through the representation theory of the Poincaré group with the help of the Pauli-

Lubarniski vector. The definition of helicity, as it is traditionally given in particle physics, is



discussed and the simplest covariant helicity states are constructed. The chapter concludes
with some remarks regarding polarized waves and a discussion on the complex Maxwell
equations in vacuum and discrete transformations.

Chapter 4 emphasizes the role of the Pauli-Lubariski vector for several major relativistic
wave equations. The work in this chapter was motivated by a result of Chapter 3, that
Maxwell’s equation can be derived through the representation theory of the Poincaré group
with the help of the Pauli-Lubarski vector. The chapter begins by introducing a variant
version of Dirac’s equation, which takes the form of a certain overdetermined system of
partial differential equations. Next, there is a discussion on the Pauli-Lubanski vector and
Dirac’s equation in vacuum, and lastly the relativistic definition of spin for Dirac particles.
The chapter continues on to cover, in a similar manner, the Weyl, Proca, Maxwell, and
Fierz-Pauli equations. In addition, the spinor form of Maxwell’s equations is mentioned in
a covariant form, along with its traditional form.

In Chapter 5, we change gears to discuss the exact wave functions for a generalized
harmonic oscillator, which is a Schrodinger equation whose Hamiltonian is a general time-
dependent quadratic operator of position and momentum. Green’s function is found with
help from the Ermakov-type system, which is also introduced in this chapter. The chapter
concludes by outlining Ehrenfest’s theorem and how it relates to the generalized harmonic
oscillators.

Lastly, in Chapter 6, an application of the results from Chapter 5 helps to study a certain
model for the quantization of an electromagnetic field in variable media. The exact wave
function for the model is found, the uncertainty relation and squeezed states are discussed,
and lastly the photon statistics are explicitly given.

1.1 Notation

e Natural units, where the fundamental constants ¢ = 7 = 1, will generally be used.



Latin indices i, j, k, ... run over spatial coordinate labels, i, j,k = 1,2, 3.

Greek indices u,Vv,p,... run over the four spacetime coordinate labels u,v,p =

0,1,2,3.
The flat Minkowski spacetime metric tensor is denoted 1,y = diag(1,—1,—1,—1).

The curved spacetime metric tensor is denoted gy, but in most places we are work-
ing in flat spacetime where this notation is used to indicate the Minkowski metric

instead. Any place such a notation is used it will be indicated.

The the totally anti-symmetric Levi-Civita symbol in three and four dimensions is
denoted by e, and ey 1, respectively. The convention ej3 = +1 and epi23 = +1

is used.
Three-dimensional spatial vectors are indicated by a boldface letter, e.g. A.

A contravariant four-vector is denoted with an upper index x* and a covariant four-

vector with a lower index x;.

The relation between contravariant and covariant vectors is given by the metric ten-

sor, xy = Nuvx".

The spacetime interval ds® = dxydx* = dt*> —dx* — dy?* — dz*.

Q.JlQ_,

).

The four-gradient operator is denoted d;, = (%, V> = (%, %, a%,
For the contravariant four-gradient 0 = n*vd, = (%, —V) :

The d’ Alembert operator is [J = 1"V 9, dy = 90" = 9°.

The four-momentum of a particle is given by p* = (E,p).

Sometimes the notation p-x = px = pyx* = Et —p-X is used.



1.2 A Brief Discussion on Quantum Mechanics

In classical mechanics, the Hamiltonian,

2

H(p,x)=T+V where T:T(p):éj—m and 'V =V(x), (1.1)

represents the total energy of a closed system. Here the functions 7'(p) and V (x) represent
the kinetic and potential energies respectively. The variable p represents the generalized
momenta and x the generalized coordinates. These state variables depend on time and the

time evolution of the system is given by the Hamilton equations,

=20 _»p (12)
dp m

_dH  dV(x)

=T (1)

The variables p and x completely describe the state of the system. The equations (1.2)-
(1.3) are derived from the Lagrangian formalism of classical mechanics, see any standard

classical mechanics text for details.

In quantum mechanics, the Hamiltonian is obtained by replacing the variables p and

x by the operators p = ?% and X = x. These are operators on an infinite dimensional Hilbert

space, which is the setting of quantum mechanics. It is a postulate of quantum mechanics

that the state of the quantum system at time ¢ is given by a wavefunction y (x,7), which is

represented by a vector in an infinite dimensional Hilbert space. The time evolution of the

quantum system is given by the Schrodinger equation,
ay(x,t) A

ihT:Hw(x,t) where H=~"— 4V (). (1.4)

Here the kinetic and potential energies are given in terms of the operators p and £.



A general variable quadratic Hamiltonian,
H =a(t)p> +b(t)£* + c(t)2p — id (1) — f(1)£ — g(t) p, (1.5)

where a, b, ¢, d, f and g are suitable real-valued functions of time ¢ only, will be discussed
later. In most places it will be clear from the context when we are dealing with an opera-
tor and for this reason the hat, 0, above operators will usually be left out. A measurable
quantity, often called an observable, in quantum mechanics corresponds to a self-adjoint
operator, and the possible outcomes of measurements to values in the spectrum of the oper-
ator. The action of an operator on a wave function yields an eigenvalue, when it exists, that
corresponds to the particular quantity being measured. Examples of such operators include
the position, momentum, and energy operators. The expectation value of an operator with
respect to a normalized quantum state Y gives the statistical mean of the measurements

performed on y:
(A) = / Y AydV.

The Heisenberg uncertainty principle is of great importance to quantum mechanics, in gen-
eral: given two non-commuting self-adjoint operators A and B such that [A,B] = ih, the

following inequality is satisfied
(AA) (AB) > /2, (1.6)

where (AA) = 1/(A2) — (A)? and (AB) = 1/ (B2) — (B)? is the uncertainty, or standard de-
viation, of the respective operators. Typically, this statement is given for the position A = X
and momentum B = p operators; although, this relation holds true for any conjugate oper-
ators that satisfy the given hypothesis. As a result, this statement says that if the measured
value of one of the operators, say A, is known precisely, then the value of the operator B
is infinitely uncertain. There are especially important quantum states that minimize the

relation (1.6), known as coherent states or, more generally, squeezed coherent states. The

5



term squeezed is used to described the coherent states whose oscillating variances <(AA)2>
and <(AB)2> become smaller than the ’static’ vacuum state, for which <(AA)2> = <(AB)2>
=1/2. The Ehrenfest theorem gives the time-evolution of the expectation value of an oper-

ator, A, according to the formula

d 1 JdA

G =+ (5.
Finally, one may move back and forth between the Schrodinger and Heisenberg pictures of
quantum mechanics, transferring the time-dependence from the wave functions to the op-
erators or vice versa, using a unitary transformation. The equivalence of these two pictures
of quantum mechanics will be useful below when calculating the photon statistics. In the
Heisenberg picture of quantum mechanics the state vectors are time-independent, while the

observable operators instead depend on time and satisfy the Heisenberg equation of motion

d . i

TA) = S [HAW)] + (89_/:)11' (1.7)

The subscript on the last term, %—? indicates that it has undergone the unitary transformation

along with the operator A

A(t) — eth/hAe_th/h,

for a time-independent Hamiltonian. For a time-dependent Hamiltonian a more general
unitary operator should be used, see [118]. Note that taking the expectation value of the

Heisenberg equation yields the Ehrenfest theorem.
1.3 Representation Theory and the Lorentz and Poincédre Groups

The purpose of this section is to introduce some notations that will be used in the work
to follow, along with a brief review of some important topics regarding the Lorentz and
Poincaré groups and their representations. The main body of work takes place in the

Minkowski space .# = (R* g), where g = g"¥ = diag(1,—1,—1,—1) is the Minkowski

6



metric. When working in a curved spacetime we instead reserve the symbol g for the met-
ric tensor and use instead the symbol 1) for the Minkowski metric. A reminder of many of
the notations will be given in the sections as they are needed, although a list has already
been provided in the introduction. A classification program for relativistic wave equa-
tions through the representation theory of the inhomogeneous Lorentz (Poincaré) group was
started by Bargmann and Wigner in 1948, [12]. Chapter 4 follows the work of Bargmann
and Wigner with a classification program of relativistic wave equations from the represen-
tation theory of the Poincaré group, where these equations appear in this framework as a
statement of consistency of certain overdetermined systems of partial differential equations.
In particular Dirac’s equation, Weyl’s two-component equation for massless neutrinos, and
the Proca, Maxwell and Fierz-Pauli equations are studied from the viewpoint of the Pauli-

Lubanski vector.
1.3.1 Homogeneous Lorentz Group

The Lorentz group O(1,3) is the group of all linear transformations of R* that preserve

the Lorentz inner product x, y* = g,vx"y*. That is, given A € O(1,3):
(AX) u (AY)* = guv (A5x?) (A%yS) = xuy* for all x,y. (1.8)

Or in matrix form,

AfgAh =g, (1.9)

where g is the Minkowski metric. The group O(1,3) has four connected components, which
can be seen by the following. Taking the determinant on both sides of the equation (1.9) it
is clear that detA = £1. If det A = 1, the element A is called special. The equation (1.8)
implies that

AkguvAY = gxo, (1.10)



and setting K = 0 = 0 one gets
30
(A =1+Y (A)*>1. (1.11)
j=1

This shows that we either have Ag >1or A8 < —1. The transformations A € O(1,3)
such that A8 > 1 are called orthochronous, meaning that they do not change the direction
of time. A special orthochronous Lorentz transformation is called proper. The set of
special transformations forms the special Lorentz group, denoted SO(1,3), and the set of
orthochronous transformations forms the orthochronous Lorentz group, O (1,3). Then the

restricted Lorentz group (or proper Lorentz) group,
SO.(1,3)=850(1,3)N0+(1,3), (1.12)

is the connected component of the identity in O(1,3). The Lorentz group is a six-dimensional

Lie group and local coordinates may be introduced in it with the exponential map
A = exp (9;Wm)““/2>, (1.13)
where 6, , is an anti-symmetric 4x4 matrix and the infinitesimal generators,
(m’l“);‘:g“aq’}—g’w%‘, I —— (1.14)
satisfy the Lie algebra
[ mPO] = gMPmHO — ghP PO 1 gHO AP ghO P (1.15)

The universal covering of SO, (1,3) is a two-valued complex representation, denoted SL(2,C),
which is a connected Lie group. Representations of connected Lie groups can be studied
by algebraic methods. If T is any representation of SO, (1,3), where the elements of the

group have the form (1.13),

T(A) = exp <i9;wX“‘ /2) , (1.16)

8



the linear operators X A — _XHA are called the generators of the representation 7', and

they satisfy the commutation relation of the Lie algebra,
XA XPO) = —j (glpxﬂ" _ ghPxAo | GHOxAP _ g“’X“P) . (1.17)

Finding all representations of the commutation rule (1.17) is equivalent to finding the
representations of the restricted Lorentz group, SO, (1,3). The restricted Lorentz group
has finite dimensional and infinite dimensional representations; however, it has no finite-
dimensional unitary representations other than the identity representation 7(A) = 1. In
the work to follow, we only concern ourselves with the finite-dimensional representa-
tions (four-vector, spinor, bispinor, four-tensor, etc...) of SO, (1,3), which act on finite-
dimensional vector spaces; elements of these spaces transform according to the correspond-

ing representation.
1.3.2  Inhomogeneous Lorentz (Poincaré) Group

The Poincaré group is the set of all homogeneous Lorentz transformations, O(1,3)

together with the group of translations, R*. That is, the ten-dimensional Lie group
P2 =R*x0(1,3), (1.18)

which is why it is sometimes referred to as the inhomogeneous Lorentz group. The action

of an element (a,A) € & on x € R?* is given by,
PN (1.19)

As with the Lorentz group, the Poincaré group also has four connected components. Similar

to the Lorentz group the component of the identity is

R* % S04 (1,3), (1.20)



and the covering group is R* x SL(2,C). In addition to the generators in the Lie algebra for
the Lorentz group, the generator of translation, P* must be added to give the Lie algebra

of the Poincaré group:

(XA XPO] = (glpxﬂ" _ ghPxho | gHOYAP g“X“P) , (121)
[P, PY] =0, (1.22)
[XHY, PO) = i (g"OPH — ghOPY). (1.23)

The classification of all the irreducible unitary representations of the inhomogeneous Lorentz
group can be formulated in terms of finding the all representations of the commutation rules
of this algebra by self-adjoint operators, see for example [231]. For more details on the

Lorentz and Poincaré groups, see [15], [29], [187].
1.4 A Brief Review of Some Relativistic Wave Equations
1.4.1 Klein-Gordon-(Fock) Equation

The Klein-Gordon equation describes particles with no spin, which are called scalar
particles. We denote such a particle by ¢, which has only one component. The Klein-
Gordon equation can be derived starting from the relativistic energy-momentum relation
(in units with i=c = 1),

E?—p* =m’. (1.24)

Substituting the differential operators E — i% and p — —iV in (1.24) and operating on ¢

we obtain the Klein-Gordon equation,
02
<ﬁ—vz) ¢ +m>¢p =0, (1.25)

or in covariant form

(O+m?) ¢ =0. (1.26)

10



It should also be noted here, that since the Klein-Gordon equation expresses the relativistic
relation between energy, momentum, and mass, it must hold for particles of any spin. An-
other interesting fact is that the well-known Schrodinger equation, from quantum mechan-
ics, 1s the non-relativistic approximation to the Klein-Gordon equation, see for example

[184]. The four-vector j* = (p,j), satisfies the continuity equation

u 0 .
dujt = a—’; +divj=0, (1.27)
where
/00 90
p=>- <¢a—‘f - a"i ¢) (1.28)
s 1 * *
j= 5 (6"V6 —(V4)'0), (129)

where the asterisk * stands for complex conjugation. Here, we consider ¢ to be complex-
valued, which corresponds to charged particles. If instead ¢ were real-valued, (1.28)-(1.29)
would be identically zero. Real-valued ¢ corresponds instead to electrically neutral parti-
cles. However, the major problem here is that the quantity (1.28) is not positive-definite
since one can choose initial conditions on ¢ and d¢ /dt to make it negative. Alternatively,
to see this, one may substitute a plane-wave ¢ = Ne~ Pt = Ne~i(E1=PX) jn (1.28) to find
that

p =2|N|’E, (1.30)

from which it follows p may take negative values, since the energy E in (1.24) can be
positive or negative. Hence p cannot be interpreted as a probability density and one can
no longer interpret the Klein-Gordon equation as an equation for a single particle, [184].
This trouble with the Klein-Gordon equation is resolved by reinterpreting it instead as a
field equation for a field ¢ instead of a single particle. Upon quantization of the field

a successful particle theory may be recovered. The problem of negative energy, which

11



becomes a severe problem for an interacting particle, is also overcome by treating ¢ as a

quantum field.
1.4.2  Dirac Equation

The Dirac equation is a relativistic wave equation that was derived by Paul Dirac in
1928. The Dirac equation describes massive spin-1/2 particles such as, for example, elec-

trons, protons, and quarks. In its covariant form the Dirac equation is written
iy y —my =0. (1.31)

Here the Dirac/gamma matrices are ¥* = (1°,%), v = guv?’ = (¥*,—7), and 15 =
—y =iy’Y' VY, where
0 o I 0 0 1
Y= . Y= . r= (1.32)
-0 0 0 -1 I 0

and 0 = (01,07, 03) are the standard 2 x 2 Pauli matrices [168], [214]. The familiar anti-

commutation relations,

PY+rrt =28, Y +YY =0 (u,v=0,1,2,3), (1.33)

hold. (Most of the results here will not depend on a particular choice of gamma matrices,
but it is always useful to have an example in mind.) The four-vector notation, x* = (¢,r),
du = d/dx*, and 0% = g** 9, in natural units ¢ = i = 1 with the standard metric, g,y =
g"V =diag(1,—1,—1,—1), in the Minkowski space-time (R4 ,g) are utilized throughout,
see [19], [28], [29], [157], [21].

In this notation, the transformation law of a bispinor wave function,

L4

v(x)= ¥ e C*, (1.34)

Y3

Yy

12



under a proper Lorentz transformation, is given by
v (X)) =Saw(x), X =Ax (1.35)

together with the rule,

SxrSa = ALY, (1.36)

for the sake of covariance of the Dirac equation (1.31).

As is well known, a general solution of the latter matrix equation has the form
1 wv
S:SA:eXp _Zeuvz , 9“\/:_9\/“, (137)
Y = (' =y /2.
For the conjugate bispinor,

v =y' 0y, VE)=vEs, J=nax (1.38)

the Dirac equation (1.31) takes the form
iy Yyt +my =0. (1.39)

(For more details see classical accounts [6], [19], [28], [71], [99], [158], [173], [184], [187],
[21], [226].) Using the two equations (1.31) and (1.39) on can easily show that the Dirac

current is conserved. Indeed, for the Dirac current j* = yy*y = (p,j) one has

it = (V)Y +VrH ()
= imyy —imyy = 0.
Thus showing the probability density and probability current are conserved for the Dirac

equation. A more general discussion of the conservation laws is given in Chapter 5. Note

that in the Dirac equation the probability density is positive,

4
p=i"=vyv=vly=Y |lyl*>0.
i=1
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However, the energy may still take positive or negative values in the Dirac equation. This
predicted the existence of an electron with positive charge called a positron, the antiparticle
of an electron, which was eventually discovered. Actually, Dirac’s theory predicted the
existence of antiparticles for all spin-1/2 particles. The existence of these antiparticles
necessitated the abandonment of the Dirac equation as a single-particle equation and for it

to instead be interpreted as a field equation, [184].
1.4.3 Weyl Equation

The Dirac equation can be written in terms of two Weyl spinors, ¢ and ), under the

transformation,

oyt = urUT, vy = ¢ =Uy, (1.40)

Through this transformation Dirac’s equation (1.31) takes a familiar block form,

0 dp—0-V
i ! L I (1.41)
dy+0-V 0 X X
(see, for example, [71], [158], and [173]). In the massless limit m — 0, this system decou-
ples,

resulting in Weyl’s two-component equations for massless neutrinos. This eponymous
equation was introduced by Hermann Weyl in 1929 to describe massless spin-1/2 parti-
cles, [187], [228]. Weyl’s equation was rejected because it was incompatible with parity
conservation, which reverses the sign of helicity, [99]. Later this objection was deemed

not serious since neutrinos are involved in weak interactions which do not conserve parity,
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[131], [234]. It should be noted that the 2015 Nobel Prize in Physics was award to Arthur
B. McDonald and Takaaki Kajita for the discovery of neutrino oscillations, which shows
that neutrinos do have mass, see [149], [105], and [175] by Pontecorvo for the original
work on neutrino physics.

The Weyl equation can be written in a familiar covariant form, see [173], [187], [173],
by setting o# = (0p =1, 01,0,,03) and 6" = (6p =1,—01,—03,—03), to cast (1.42) into
the form:

chdup =0, G490 =0. (1.43)

Here, the Weyl spinors,

0 (x) = N eC?, (1.44)

(03

transform under the proper orthochronous Lorentz group as follows
o' (X)=Sad (x), X =Ax, Sac"S.'=Alo", (1.45)
to ensure the covariance of the Weyl equation (1.43).

1.4.4 Maxwell Equation

In 1861, James Clerk Maxwell published his famous equations that now go by his name.
Maxwell’s equations together with the Lorentz force law form the foundation of classical

electrodynamics. In their 3D vector form Maxwell’s vacuum equations are given by

JB

divB =0, curlE+§ =0 (1.46)
JE

divE = p, curlB—E =j, (1.47)

where we have used Heaviside-Lorentz rationalized units. In this section we show how
Maxwell’s equations can be written in covariant form by following to some extent the

treatment in the quantum field theory textbook by Lewis H. Ryder, [184]. The divergence
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equation in the homogeneous Maxwell equations (1.46) is a statement that there are no
magnetic charges and the second equation known as Faraday’s Law says that a changing
magnetic field induces an electric field. The divergence equation in the pair of inhomoge-
neous Maxwell equations (1.47), known as Gauss’s Law, says that the total charge inside a
closed surface may be obtained by integrating the normal component of E over the surface.
The second equation states that a current or a changing electric field generates a magnetic
field; this equation is Ampere’s Law with an additional time-derivative of E introduced by
Maxwell.

It is convenient to introduce the scalar potential ¢ and vector potential A that satisfy

A
B=culA, E=-—"-V9¢, (1.48)

and by which the homogeneous Maxwell equations (1.46) are automatically satisfied. Com-

bining these into the four-vector A* = (¢, A) and defining
FHY = —FYH = gFAY — 9VAK, (1.49)
one can verify that F*V has the following block matrix form

0 —EP
FHY = (1.50)
E? —epy B

or
0 —-E!' —E? —E3

E' 0 -B® B

E? B3 0 -B!

E3 -B> B' 0
where p,q,r = 1,2,3 and e, = e”?" is the three-dimensional totally anti-symmetric Levi-
Civita symbol with e!?> = 1. The electromagnetic field tensor F*V transforms under

Lorentz transformations as a second rank tensor:
F'MY = AEAYFOT, (1.51)
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Note also that Maxwell’s equations are invariant under the gauge transformation

AF — AH + 9H y, where ¥ is a scalar function, which can be checked using (1.48) or (1.49).
The set of four equations (1.46)-(1.47) can be written as a pair of covariant tensorial equa-
tions; one is written in terms of the electromagnetic field tensor and the other one in terms

of its corresponding dual four-tensor which is defined by

FHv — %e“vam | , (1.52)
B1  —ep BT
where ,v,06,7=0,1,2,3 and ejyy5; = —e*¥°" is the four-dimensional totally anti-symmetric
Levi-Civita symbol with ¢*'23 = 1. Note that the dual four-tensor FHv may be obtained
from F*V by substituting E — B and B — —E. In covariant form, Maxwell’s equations are
given by
ouFHY =¥ (1.53)
I F*Y =0, (1.54)
where j¥ = (p,j) is the four-current density. The equations (1.53) and (1.54) contain the

inhomogeneous (1.47) and homogeneous (1.46) Maxwell equations, respectively. Note that

in light of the antisymmetry of the Levi-Civita symbol, the equation (1.54) implies
OMFHY 4 QHFYA L 9gVFM = 0, (1.55)

It can be checked that this latter equation follows directly from (1.49). The familiar wave

equation for the four-potential A* under the choice of the Lorenz gauge, d,A* =0,
0aY = v, (1.56)

is obtained by substituting (1.49) in (1.53).
1.4.5 Proca Equation

The Proca equations were introduced by Alexandru Proca in 1936, [176], to describe

massive spin-1 particles called massive vector bosons. The intermediate force particles
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of the weak interaction, the W and Z bosons, are an example of such particles. Proca’s

equations generalize Maxwell’s equations and are given by
FRY = —FVi = gMAY —9VAM,  uFM +m*AY = j", (1.57)

where j¥ = (p,j) is the four-current density. Proca’s equation is not invariant under the
gauge transformation, A* — A + 9y, where ¥ is a scalar function, as can be seen from
the mass term in (1.57). This gauge invariance is restored in the massless limit, m — 0,
by which Proca’s equations are reduced to Maxwell’s equations. In addition, for the Proca
field, the Lorenz gauge condition,

At =0, (1.58)
always holds due to the antisymmetry of the electromagnetic field tensor and the conserva-
tion of four-current, dy, ;¥ = 0. In light of this fact, one may combine equations (1.57) to
obtain:

OAY +m?AY = Y, (1.59)
where [ = 8u ot = g—; — V2, is the d’ Alembert operator. Once again, in the limit m — 0,
this yields the equation (1.56). The condition (1.58) reduces the degrees of freedom by one

therefore leaving the four component potential A* with three independent components,

which one would expect for a massive particle.
1.4.6  Einstein Equation

In 1915, Albert Einstein first published his famous field equations and theory of general
relativity [59]. Einstein’s equation is a nonlinear tensorial equation that relates the curvature

of space-time to the energy-momentum tensor of matter in space-time:
1

Here, g v 1s the symmetric metric tensor on a curved spacetime manifold, 7,y is the energy-

momentum tensor, Ry, the Ricci tensor, and R = g”VR,W is the Ricci scalar (the trace of
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the Ricci tensor), for more details see, for example, [36], [37], [157]. Another useful form
of Einstein’s equation is obtained by taking the trace of (1.60) which yields R = —87nGT,

so that
1

It follows from this that Einstein’s equation takes the following simple form in vacuum,
When T’uv - 0:

Note that in this section g refers to the metric tensor on a curved manifold, whereas n
will refer to the metric tensor 1,y = diag(1,—1,—1,—1) of the flat Minkowski spacetime.
This notation is useful when one wishes to linearize the Einstein equation about the flat
Minkowski spacetime metric — to analyze, for example, the Einstein equation in a weak
gravitational field. By considering only the first-order term in a series expansion of the

metric tensor gy v,

guv = Nuv +hyy, (1.63)

one obtains the linearized Einstein equation in vacuum

aﬂaoho-v + avachgu - 8‘uavh (164)

_azh‘uv - n'uv (agafrho-r - azh) - O.

General relativity theory predicts the existence of gravitational waves, which can seen by
solving the linearized Einstein equation, [36]. In fact, the gravitational waves produced
from a binary black hole merger have recently been detected at LIGO, [1]. One should also
consider the massless spin-2 hypothetical particle, called the graviton, that corresponds to
gravitational waves. To describe such a particle a symmetric second rank tensor is needed.
A discussion for a massive spin-2 particle and its relation to the Einstein equation is pro-

vided in Chapter 5.
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Chapter 2

COMPLEX ELECTRODYNAMICS

Although a systematic study of electromagnetic phenomena in media is not possi-
ble without methods of quantum mechanics, statistical physics and kinetics, in practice
a standard mathematical model based on phenomenological Maxwell’s equations provides
a good approximation to many important problems. As is well-known, one should be able
to obtain the electromagnetic laws for continuous media from those for the interaction of
fields and point particles [49], [47], [107], [124], [137], [155], [210]. As a result of the
hard work of several generations of researchers and engineers, the classical electrodynam-
ics, especially in its current complex covariant form, undoubtedly satisfies Dirac’s criteria
of mathematical beauty, being a state of the art mathematical description of nature.

In macroscopic electrodynamics, the volume (mechanical or ponderomotive) forces,
acting on a medium, and the corresponding energy density and energy flux are introduced
with the help of the energy-momentum tensors and differential balance relations [63], [87],
[124], [170], [205], [210]. These forces occur in the equations of motion for a medium or
individual charges and, in principle, they can be experimentally tested [88], [164], [174],
[211] (see also the references therein). But interpretation of the results should depend on
the accepted model of the interaction between the matter and radiation.

In this chapter, an original complex version of Minkowski’s phenomenological elec-
trodynamics (at rest or in a moving medium) is presented without assuming any particular
form of material equations as far as possible. A compact covariant derivation of the energy-
momentum balance equation and the angular momentum balance equations are introduced
and may be important for future research, such as the covariant quantization of radiation

in a non-uniform medium/cavity, as well as for pedagogical purposes. The conservation
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laws and quantization of the electromagnetic field will be discussed in this covariant ap-
proach elsewhere. Lorentz invariance of the corresponding differential balance equations is
emphasized in view of long-standing uncertainties about the electromagnetic stresses and
momentum density, the so-called “Abraham-Minkowski controversy” (see, for example,
[13], [33], [52], [60], [63], [86], [87], [88], [47], [98], [124], [145], [146], [161], [163],
[164], [170], [171], [174], [178], [193], [204], [208], [211], [215], [216], [217] and the
references therein).

The chapter is organized as follows. In sections 2 to 4, we describe the 3D-complex
version of Maxwell’s equations and derive the corresponding differential balance density
laws for the electromagnetic fields. Their covariant extensions are given in sections 5 to
9. The case of a moving medium is discussed in section 10 and complex Lagrangians are
introduced in section 11. Some useful tools are collected in sections (2.12)-(2.14) for the
reader’s benefit.

2.1 Maxwell’s Equations in 3D-Complex Form

Traditionally, the macroscopic Maxwell equations in a fixed frame of reference are

given by
10B . .
curlE = o (Faraday), divB = 0 (no magnetic charge) (2.1)
c
1D 4=n
curl H = o + —jfree (Biot&Savart), divD =47pfe. (Coulomb)!. (2.2)
c c

Here, E is the electric field, D is the displacement field; H is the magnetic field, B is the in-
duction field. These equations, which are obtained by averaging of microscopic Maxwell’s
equations in the vacuum, provide a good mathematical description of electromagnetic phe-

nomena in various media, when complemented by the corresponding material equations.

'From this point, we shall write pgee = p and jgee = j. A detailed analysis of electromagnetic laws for

continuous media from those for point particles is given in [47] (statistical description of material media).
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In the simplest case of an isotropic medium at rest, one usually has

D=¢E, B=uH, j=oF, 2.3)

where € is the dielectric constant, u is the magnetic permeability, and o describes the con-
ductivity of the medium (see, for example, [3], [14], [18], [33], [34], [49], [58], [62], [81],
[47], [100], [124], [137], [165], [170], [197], [205], [207], [209], [210] for fundamentals
of classical electrodynamics).

Introduction of two complex fields

F=E+iH, G=D+iB (2.4)

allows one to rewrite the phenomenological Maxwell equations in the following compact

form
i (G
! (— —|—47rj) = curlF, j=i, (2.5)
c\ ot
divG = 47p, p=p" (2.6)

where the asterisk stands for complex conjugation (see also [14], [115] and [188]). As we
shall demonstrate, different complex forms of Maxwell’s equations are particularly conve-
nient for study of the corresponding “energy-momentum” balance equations for the elec-

tromagnetic fields in the presence of the “free” charges and currents in a medium.
2.2 Hertz Symmetric Stress Tensor

We begin from a complex 3D-interpretation of the traditional symmetric energy-momentum

tensor [170]. By definition,

1 * * * *
Tog = {er [F,G,+F,Gy+ F,G,+F/G, (2.7)

— 6y (F-G*+F*-G)| =Ty, (p,qg=1,2,3)
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and the corresponding “momentum” balance equation,

1 0 1

E+-jxB) +2 |~ (DxB 2.
(p _I_c‘]>< )p+8t{47rc( 8 )]p (28)

9Ty 1 .
_a—xq—l—ﬁ[CUIl(FXG +F XG)]p

1 G, JIF, G, JF,
. F* _
T Ten ( 1 9x, G dx, 7 dx, C 3xp) ’

can be obtained from Maxwell’s equations (2.5)—(2.6) as a result of elementary but rather
tedious vector calculus calculations usually omitted in textbooks. (We use Einstein sum-
mation convention unless otherwise stated.)

Proof. Indeed, in a 3D-complex form,

8 * B *
P (FyG;+ FyGy — 8,F - G¥) (2.9)
an * aG;kI an * aG;; J

(526 (9 g,
dxg  dxp dxg dxp

(FsGy)

+F,divG* + G, divF
= FpdivG" — (F x curlG") , + G, divF— (G™ x curlF) ,

in view of an identity [205]:

(9B, 9B,
(AxcurlB)p—Aq (a_xp_a_xq) . (210)

Taking into account the complex conjugate, we derive

1 a * * * * * *
za—xq[Fqu+Fqu+Fqu+Fqu—5pq(F-G +F*-G)] (2.11)
1
=3 (FdivG" — G* x curl F +F*divG — G x curlF*) |
1
+2 (GdivF* —F* x curl G+ G"divF — F x curl G¥),

as our first important fact.
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On the other hand, in view of Maxwell’s equations (2.5)—(2.6), one gets

FdivG* — G* x curlF (2.12)

i (0
:47th+i (—G X G* +471j x G*)
c \ dt

and, with the help of its complex conjugate,

FdivG* — G* x curl F + F*divG — G x curl F* (2.13)
. o 4mi
=4np (F+F*)+ Ca (G % G)+—J><(G -G),
or
1
3 (FdivG™ — G™ x curl F + F*divG — G X curl F*) (2.14)

1 10
=4n | pE4+—-jxB -—(DxB
(p +- ) +oo )
providing the second important fact. (Up to the constant, the first term in the right-hand

side represents the density of Lorentz’s force acting on the free charges and currents in the

medium under consideration [204], [205].)

In view of (2.14) and (2.11), we can write

1, 10

1 d
[FpGy+Fy G+ F,Gy+F;Gp—8py (F-G*+F*-G)]

28xq
1
~3 (GdivF" —F" x curl G+ G"divF — F x curlG") ,

1 d

4ax |F,G,+FyGy+F,Gy+F;G,— 8, (F-G"+F"-G)]

- L (GdivF* —F* x curl G+ G* divF — F curl G¥),

1
+7 (FdivG" — G" x curl F + F*divG — G x curl F*) |

0Ty, 1
=41 + — (FdivG* — G*divF + F*divG — GdivF*)
dx, 4 p
1
+ 1 (Fx curlG* = G" x curl F +F* x curl G — G x curl F¥) ,.
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Finally, in the last two lines, one can utilize the following differential vector calculus iden-

tity,

[AdivB —BdivA + A x curl B—B x curl A — curl (A x B)] , (2.16)

dB, dA,
_p, 4

=A
a 8xp a axp

see (2.123), with A = F, B = G* and its complex conjugates, in order to obtain (2.8) and/or
(2.22), which completes the proof. (An independent proof will be given in section 7.)
Derivation of the corresponding differential “energy” balance equation is much simpler.
By (2.5),
F-

8;’ +F ‘;—G+4m (F+F*) = - div (F x F*) (2.17)
l

in view of a familiar vector calculus identity (2.119):
div(AxB)=B-curlA— A -curl B. (2.18)

In a traditional form,

1 aD JB
4 ot d

E-Z+H. —) ey E+d1v(4—E><H> 0 (2.19)

(see, for example, [49], [205]), where one can substitute

8D 8B 10
dD 8 0B JH
+§(E'a—z‘ o T E‘B'W)'

As a result, 3D-differential “energy-momentum’ balance equations are given by

9 (ED+H.-B\ /¢ ,

= <—8n ) +div(;-ExH) +j E (2.21)
1 (. oD _JE __ 0B _ OH
3 (E o P tHg B m)zo
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and

a1 Ty, 1,
_E[E(DXB)]p+8__(pE+EJXB>p (2.22)

Xq
1
+g[curl(ExD+HxB)]p

1 oD JE B H
O e o IR

respectively (see also [88], [145]). The real form of the symmetric stress tensor (2.7),

namely,

1
Tpg =g~ [E,Dy+E,D,+H,B,+H,B, (2.23)

—8,¢(E-D+H-B)] (p,g=1,2,3),

is due to Hertz [170].

Equations (2.21)—(2.22) are related to a fundamental concept of conservation of me-
chanical and electromagnetic energy and momentum. Here, these balance conditions are
presented in differential forms in terms of the corresponding local field densities. They can
be integrated over a given volume in R in order to obtain, in a traditional way, the corre-
sponding conservation laws of the electromagnetic fields (see, for example, [122], [124],
[207], [209], [210]). These laws made it necessary to ascribe a definite linear momentum
and energy to the field of an electromagnetic wave, which can be observed, for example, as
the light pressure.

Note. At this point, the Lorentz invariance of these differential balance equations is not
obvious in our 3D-analysis. But one can introduce the four-vector x* = (cz,r) and try to

match (2.21)—(2.22) with the expression,

v _ oT) T

axv u 8.X() + axq (uvv:0717273; puq:17273>a (224)

as an initial step, in order to guess the corresponding four-tensor form. An independent

covariant derivation will be given in section 7.
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Note. In an isotropic nonhomogeneous variable medium (without dispersion and/or com-
pression), when D = € (r,#) E and B = u (r,#) H, the “ponderomotive forces” in (2.21) and

(2.22) take the form [205]:

oD JE 0B JH
B Dot oy B oy (2:29)
L(%8g Ity
—£E2+a—“H2— c \ ot ot
~oxY axv ’

E’Ve+H>Vu
which may be interpreted as a four-vector “energy-force” acting from an inhomogeneous

and time-variable medium. Its covariance is analyzed in section 7.
2.3 “Angular Momentum” Balance

The 3D-“linear momentum” differential balance equation (2.22), can be rewritten in a

more compact form,

9Ty,
x4

0% 1
— T p —
=Fp+ 3 ? P (DxB), (2.26)

with the help of the Hertz symmetric stress tensor T,, = T, defined by (2.23). A “net

force” is given by

ﬁp:(pEJrlij) —i[curl(ExD+HxB)]p 2.27)
c » 8
(gD OE 9B oMY
87 ox, 9x, 9x, 9x,

In this notation, we state the corresponding differential balance equation as follows

IM ), _ %Jr%, 7 :rx?, 7 :rxﬁ, (2.28)
dxy dt

where the “field angular momentum density” is defined by

— 1
Z = mrx (D xB) (2.29)
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and the “flux of angular momentum” is described by the following tensor [100]:
My = eprsx; Ty (2.30)

(Here, e is the totally anti-symmetric Levi-Civita symbol with ejp3 = +1). An elemen-
tary example of conservation of the total angular momentum is discussed in [205].

Proof. Indeed, in view of (2.26), one can write

oM dT,
rqg _ eprsTsr_I_eprsxra_w (2.31)
Xq

x4

0
= epqrqur + E (epqrxqgr) >

which completes the proof.
Note. Once again, in 3D-form, the Lorentz invariance of this differential balance equation
for the local densities is not obvious. An independent covariant derivation will be given in

section 8.
2.4 Complex Covariant Form of Macroscopic Maxwell’s Equations

With the help of complex fields F = E+iH and G = D+ /B, we introduce the following

anti-symmetric four-tensor,

0 -G -Gy —-G3

G 0 iF -iF
oMY — Vi — (2.32)
G, —iF; 0 iF

Gy i —iF, 0

and use the standard four-vectors, x* = (ct,r) and j* = (¢p, j) for contravariant coordinates
and current, respectively.

Maxwell’s equations then take the covariant form [115], [128]:

Kkl 9 4m

w9 gvu_ "o
ava 8va o (2.33)
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with summation over two repeated indices. Indeed, in block form, we have

QMY p) 0 -Gy —divG = —47np .
ax’  oxv _ | 190G . ar, |’ @34
Gy iepgrly ;E+tcurlF:—7J
which verifies this fact. The continuity equation,
92 QMY 47 d j*
= = 2.35
dxHoxV c oxt’ 2.35)
or in the 3D-form,
d
8—’? +divj=0, (2.36)

describes conservation of the electrical charge. The latter equation can also be derived in
the complex 3D-form from (2.5)—(2.6).

Note. In vacuum, when G = F and p =0, j = 0, one can write

i
qu =FHY — Eeuvch(ma guogvrQGT = qu- (2.37)

As a result, the following self-duality property holds
euvchGT = 2iQuw 2iqu = euvchm_ (2.33)

(see, for example, [27], [117] and section (2.13)). Two covariant forms of Maxwell’s equa-
tions are given by

oyO*Y =0, 2" 0uv =0, (2.39)
where 0¥ = g"# 9y, dy = d/dx* and gy = gM¥ =diag(1,—1,—1,—1). The last equation

can be derived from a more general equation, involving a rank three tensor,
gaaeauwanrB _ gaaeﬁ”vfanra _ _ia“ chﬁ (2.40)

(o, B =0,1,2,3 are fixed; no summation is assumed over these two indices), which is
related to the Pauli-Lubanski vector from the representation theory of the Poincaré group
[115]. Different spinor forms of Maxwell’s equations are analyzed in [117] (see also the

references therein).

29



2.5 Dual Electromagnetic Field Tensors

Two dual anti-symmetric field tensors of complex fields, F = E +i/H and G = D + B,

are given by

oMY =

and

-G -Gy —Gj
0 il —iF
—iF3 0 iF
iF, —iF, 0
—Dy —Dy —Ds
0 -Hy H
Hy 0 —H
—H, H 0

F 1) F

0 Gy —iG,
—iGs 0  iG
iG, —iG; 0
Ei E E;
0 -B; B,
By, 0 -B
B, B, 0

— RMY 4 iSHY
0 —B;
B 0
+i
B, —F;
By E
0 H;
—H, 0
+i
“H, —D;s
—H; D,

_B2

E3

_E‘1

H,
Ds
0

—D,;

(2.41)

(2.42)

0

The real part of the latter represents the standard electromagnetic field tensor in a medium

[14], [170], [210]. As for the imaginary part of (2.41), which, ironically, Pauli called an

“artificiality” in view of its non-standard behavior under spatial inversion [170], the use of

complex conjugation restores this important symmetry for our complex field tensors.

30



The dual tensor identities are given by

eMVGTQGT - 21P’uv, 2lQlJv — e'uVGTPGT. (2.43)
ere e = —eyvor and egr23 = +1 1s the Levi-Civita four-symbo . en
H Hvotr u d 1 is the Levi-Civita f ymbol [82]. Th
2 0 aid dP, dP,,  JdPsy
6i — oMVAC o v 244
T ¢ G T T 249
and both pairs of Maxwell’s equations can also be presented in the form [115]
OPyy JP,, 9Py, Ari ,
oxk | oxh | oxv | ¢ ‘uvhdl 245)
in addition to the one given above
JdOHY 47
=—— " 2.46
Py -/ (2.46)

The real part of the first equation traditionally represents the first (homogeneous) pair of
Maxwell’s equation and the real part of the second one gives the remaining pair. In our
approach both pairs of Maxwell’s equations appear together (see also [14], [27], [26], [128],
and [206] for the case in vacuum). Moreover, a generalization to complex-valued four-
current may naturally represent magnetic charge and magnetic current not yet observed in
nature [188].

An important cofactor matrix identity,

POt = (F-G) 8} = ~ (P:0™) 8, (2.47)

=

was originally established, in a general form, by Minkowski [154]. Once again, the dual

tensors are given by

0 F 0 -G,
Py = . QMY = : (2.48)
—F, iepyG, Gy iepgFy

in block form. A complete list of relevant tensor and matrix identities is given in section

(2.13).
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2.6 Covariant Derivation of Energy-Momentum Balance Equations
2.6.1 Preliminaries

As has been announced in [115] (see also [117]), the covariant form of the differential

balance equations can be presented as follows

o | 1 P
5 [E (P;)LQ’W-I—PM Q“)] (2.49)
1 aQTG aQ*’Z'G

P Pyt
T30 | for g THom o

N —j-E/c

:_E ukj
PE+jxB/c

In our complex form, when F = E +/H and G = D + iB, the energy-momentum tensor is
given by
16xT," = Py, O + Py 0 (2.50)
F-G"+F* -G 2i(F><F*)q
—2i(GxG*),  2(FG;+F;Gy) =8y (F-G*+F*-G)
Here, we point out for the reader’s convenience that
i[(FxF")=2(ExH), i((GxG")=2(DxB), (2.51)
F-G'+F"-G=2(E-D+H"-B)
and, in real form,

(E-D+H-B)/2 (ExH),
4nT, = . (252
~(DxB), E,Dy+H,B,—,,(E-D+H-B) /2
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The covariant form of the differential balance equation allows one to clarify the mean-
ings of different energy-momentum tensors. For instance, it is worth noting that the non-

symmetric Maxwell and Heaviside form of the 3D-stress tensor [170],

~ 1 1
Tpq = an (EpDy +HpB,) — §5pq (E-D+H-B), (2.53)

appears here in the corresponding “momentum” balance equation [205]:

a[1 T, 1,
ot [471?0 (DXB)L+ x4 B (pE+ZJ XB)p (2.54)
1 oD JE JB JH
+§(E‘@—D'@+H‘E—B'a>=°-

At the same time, in view of (2.22), use of the form (2.53) differs from Hertz’s symmetric
tensors in (2.7) and (2.23) only in the case of anisotropic media (crystals) [170], [204].
Indeed,

9
P (g —Tpg) = lcurl (ExD+HxB)] . (2.55)

Moreover, with the help of elementary identities,

d
[curl (A x B)] , = P (ApBy—AyBy) (2.56)
and
22 (A,B,) = 2 (A,B, +A,B 1(AxB 2.57
axq(pq)—axq(pcﬁ‘ ¢Bp) +[curl (A xB)] (2.57)

one can transform the latter balance equation into its “symmetric” form, which provides an

independent proof of (2.22).

2.6.2 Proof

The fact that Maxwell’s equations can be combined in a simple form using a complex

second rank (anti-symmetric) tensor allows us to utilize the standard Sturm-Liouville type
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argument in order to establish the energy-momentum differential balance equations in co-

variant form. Indeed, by adding matrix equation

00* 4
ﬁz( < =——nﬂ) (2.58)

dxV c
and its complex conjugate

00Y  4m ,

P\ o =7/ (2.59)
one gets
B AR Y, S
i g tPun s =~ Fuad” (2.60)
A simple decomposition,
2812 g4 (122 o

with f = P; ; and g = QY (and their complex conjugates), results in

2 | 1 . p
o [E <PMQM +Puz va>] 262)
1 . 8Q7W 8P/.Ll ;v . 1 A
+E [(Pul OxV - xV Q —|—(C.C.) = —EF”A] .

By a direct substitution, one can verify that

aQﬂLv ‘9PM iv_l i aQro

=P~ e & = 3o om o
P 06 OF
2 oxH dxt dxM’

(An independent covariant proof of these identities is given in section (2.14)) Finally, in-
troducing

167X, = Zy +Z5;, (2.64)

we obtain (2.49) with the explicitly covariant expression for the ponderomotive force (2.25),

which completes the proof.
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As a result, the covariant energy-momentum balance equation is given by

P 1.
ST Xy =—— gt (2.65)

in a compact form. If these differential equations are written for a stationary medium,
then the corresponding equations for moving bodies are uniquely determined, since the
components of a tensor in any inertial coordinate system can be derived by a proper Lorentz

transformation [170].
2.7 Covariant Derivation of Angular Momentum Balance

By definition, x; = guvx" = (ct, —r) and Ty, = T)," gy, where g,y =diag(1,—1,—1,—1)
= dx, /dx". In view of (2.65), we derive

d
oxV (aTu" —xuT3") = (Tup — Top) (2.66)

1
- ; (x/lFuv —qu)Lv) jv

— (X2 Xy —xuX;)
as a required differential balance equation.
With the help of familiar dual relations (2.127), one can get another covariant form of

the angular momentum balance equation:

d
7 (HPRGTY ) + M T (2.67)

1
+ el”M'O-TxGXT + Ee'uko-f.xO'Fijv — O'u'l.

In 3D-form, the latter relation can be reduced to (2.28)—(2.30).
Indeed, when g =0and A = p =1,2,3, one gets

1 0 d ~
T A ot [epgrig (D X B), | + ox, (epqrqurS> (2.68)

+ epquqr + epgrtq (Xr +Y,) =0,
where —Y = pE+j x B/c is the familiar Lorentz force. Substitution, T}s =T+ (ig — T,S> ,

results in (2.28) in view of identity (2.55). The remaining cases, when u,v = p,qg=1,2,3,
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can be analyzed in a similar fashion. In 3D-form, the corresponding equations can be
reduced to (2.21) and (2.54). Details are left to the reader.

Thus the angular momentum law has the form of a local balance equation, not a con-
servation law, since in general the energy-momentum tensor will not be symmetric [47].
Due to the asymmetry of this energy-momentum tensor a torque, for instance, may occur,
which cannot be compensated for by a change in the electromagnetic angular momentum.
Although this result may perhaps seem peculiar it is not in contradiction with experiment

according to [170].
2.8 Transformation Laws of Complex Electromagnetic Fields

Let v be a constant real velocity vector representing uniform motion of one frame of
reference with respect to another one. Let us consider the following orthogonal decompo-
sitions,

F:F”—FFL, G:GH"FGL, (2.69)

such that our complex vectors {F” G| } are collinear with the velocity vector vand {F, ,G | }
are perpendicular to it (Figure 1). The Lorentz transformation of electric and magnetic

fields {E,D,H, B} take the following complex form
Fi=F, G|=G (2.70)

and ] )
Fl—i(VXG) GL—£<VXF)
C C

= , G’ .
+ V1—v%/c? + V1—=v%/c?

Although this transformation was found by Lorentz, it was Minkowski who realized that

(2.71)

this is the law of transformation of the second rank anti-symmetric four-tensors [138],
[154]; a brief historical overview is given in [170].) This complex 3D-form of the Lorentz

transformation of electric and magnetic fields was known to Minkowski (1908), but appar-
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ently only in vacuum, when G = F (see also [207]). Here, in the same notation [170],

l‘” — Vvt

V1=v2/c%

/ /
rH: rl:rJ_, =

r/=r+[(7—1)%—7f]% t’=v(r—L

where 7= (1 —vz/cz)_l/z.

In a similar fashion,

F’:y(F—éva) —(y—l)@v

1%

and

G/:y(G—éVXF) —(y—l)?v,

v

for the complex electromagnetic fields.

o))
ANIFLGL}

~

{F).Gy}

v
Figure 2.1: Complex electromagnetic fields decomposition.

In complex four-tensor form,

Q/NV (x’) _ AIJO_AVTQGT (x), x/ — Ax.

y_t=(vr) /e
V1=12/c2’

for the reader’s convenience. Equations (2.72) can be rewritten as follows

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

Although Minkowski considered the transformation of electric and magnetic fields in a

complex 3D-vector form, see Egs. (8)—(9) and (15) in [154] (or Egs. (25.5)—(25.6) in

[122]), he seems never to have combined the corresponding four-tensors into the com-

plex forms (2.41)—(2.42). In the second article [155], Max Born, who used Minkowski’s

notes, didn’t mention the complex fields. As a result, the complex field tensor seems
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only to have appeared, for the first time, in [128] (see also [206]). The complex identity,
F - G = invariant under the similarity transformation, follows from Minkowski’s determi-

nant relations (2.146)—(2.148).

y
Y <

€3

Figure 2.2: Example of moving frame velocity.

Example. Let {ek}izl be an orthonormal basis in R3. We choose v = ve; and write

KM = AR xV with

y By 00

A | P 00 =" y=— L amn
0O 0 10 ¢ V1-pB2
0 0 01

for the corresponding Lorentz boost (Figure 2). In view of (2.76), by matrix multiplication
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one gets

y By 00 0 -G -G —Gj y By 00
—-By vy 00 G 0 iF; —iF —-By vy 00
0 0 1 0 G, —iF; 0 iF 0 0 1 0
0 0 0 1 Gy il —iF 0 0 0 01
0 -G —YG, —iBYF; —yG3+iByF
G 0 Gy +ivF3 G; —ivh
_ By Y. By Y @)
YGo+iBYFs —BYGy—ivF; 0 iF|
YG3 —iByF, —BYGs+iyF —iFy 0
Thus G| = G and
I
. G, ——-(vxF)
G F 2 2
L= 4Gy +iByFy = SWOF , (2.79)
V1—v?%/c? 1—v2/c?
I
, . Gs—iv/e)F _ G~ (V> F);
G; =YG3 —ifyF, = = -
1—v2/c? V1 —v?%/c?
In a similar fashion, F{ = F} and
Fy = YF, +iByGs = ¢ , (2.80)
F, = yF; —iByG, = ¢ .

The latter relations are in agreement with the field transformations (2.70)—(2.71).
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In block form, one gets

F! 10 0 0 o o)\ A
F; 0 cos(i@) sin(i6) 0 0 0 P
G, 0 —sin(i@) cos (i 0 0 0 G

| (1) cos ) S I
G, 0 0 0 cos(if) sin(iB) 0 G,
F; 0 0 0 —sin(i@) cos(iB) 0 F3
G, 0 0 0 0 o 1)\ a

where, by definition,
cos (i0) = y ! sin(i6) = ify = — P g=" (2.82)
i0)=y= ——, i0)=ify=——, =-. :

V1—p2 V1-p2 c

As a result, the transformation law of the complex electromagnetic fields {F,G} under
the Lorentz boost can be thought of as a complex rotation in C%, corresponding to a re-
ducible representation of the one-parameter subgroup of SO (3,C). (Cyclic permutation of

the spatial indices cover the two remaining cases; see also [207].)

2.9 Material Equations, Potentials, and Energy-Momentum Tensor for Moving Isotropic

Media

Electromagnetic phenomena in moving media are important in relativistic astrophysics,
the study of accelerated plasma clusters and high-energy electron beams [33], [34], [78],

[210].
2.9.1 Material Equations

Minkowski’s field- and connecting-equations [154], [155] were derived from the corre-
sponding laws for the bodies at rest by means of a Lorentz transformation (see [33], [49],
[47], [124], [161], [170], [210]). Explicitly covariant forms, which are applicable both in
the rest frame and for moving media, are analyzed in [33], [34], [47], [101], [102], [161],
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[166], [170], [182], [183], [207], [210] (see also the references therein). In standard nota-

tion,
B=vie, y=(01-p)""7 v=p., Kk=eu—1, (2.83)
one can write [33], [34], [49], [210]:
2 5 1
D_8E+ m {[3 E—c—z( E)—l—;(va)}, (2.84)
g KPP g Va1
H—“B—i- m { ﬁB+C2(V B)-I-C(VXE)].

In covariant form, these relations are given by

1
Rlv _ SAVGTFO_T _ 5 (8)ch17 N 8/1er> For (2.85)

1
- <87chr N e/lvrc + Swlro _ 8vlor> For

4

(see [32], [33], [34], [101], [102], [182], [183], [210] and the references therein). Here,
GAVOT _ ﬁ <gza+ mﬂu") (87 + Ku¥u®) = V40 (2.86)
is the four-tensor of electric and magnetic permeabilities and
=(rw/je),  dup=1 (2.87)

is the four-velocity of the medium ([182], [183], a computer algebra verification of these

relations is given in [127]). In a complex covariant form,

<Q“V n in) _ ghvot <PM n PZT) . (2.88)

In view of (2.85) and (2.128)—(2.129), we get

Q[JV — (S‘LLVGT — %e,U,VGT> FGT? P“v — (61 6p ! 6’“\;0-18 lp) FAP’ (289)

in terms of the real-valued electromagnetic field tensor.
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2.9.2 Potentials

In practice, one can choose

6T — 3 ~ [+~
0x°  Ixt’

(2.90)
for the real-valued four-vector potential A, (x). Then
QM = €M7y (IpAs — deho) — 1" Y70y (Fohe — FeAo)
_ ﬁ (27 + kutu®) (7 + k') &y (I — DrAo)
by (2.86). Substitution into Maxwell’s equations (2.46) or (2.45) results in

<g“ + mﬂu") {— [afaf + K(ufaf)z] Ao 2.91)

4
+05 (0FA+Kxu'u'dyAzr) } = _%jk7

where —0%0; = —g%%ds0; = A— (9/cdr)? is the D’ Alembert operator. In view of an

inverse matrix identity,

K

the latter equations take the form?

[afaf T (ur&)z] Ao — 95 (9Az + ku’ u%dyAs) (2.93)
_4ru K A
T e 8oL 1+ K”G”)L J -

Subject to the subsidiary condition,
A +xu'u*oyAr = (gV + ku'u*) dyA; = 0, (2.94)

these equations were studied in detail for the sake of development of the phenomenological

classical and quantum electrodynamics in a moving medium (see [31], [32], [33], [34],

ZEquations (2.90) and (2.93), together with the gauge condition (2.94), may be considered as the funda-

mentals of the theory [101]. Our complex fields are given by (2.89).
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[166], [182], [177], [183], [210] and the references therein). In particular, Green’s functions
of the photon in a moving medium was studied in [101], [182], [177] (with applications to

quantum electrodynamics).

2.9.3 Hertz’s Tensor and Vectors

We follow [33], [34], [210] with somewhat different details. The substitution,

K
AH (x) = (1 - iy — 5;‘) 95277 (x) (2.95)
(a generalization of Hertz’s potentials for a moving medium [33], [210]), into the gauge
condition (2.94) results in Z*® = —Z*  in view of
(gvu + Kuvuu) dvVAH

K
= (gvp + Kuyuy) <1 - Ku”ux — 6){‘) 9V 9577

= —g,,0Y057Z"° = —0,052"° = 0.

Then, equations (2.93) take the form

4mu
C

[afaf T (ufaf)z} d6Z0 = . (2.96)
Indeed, the right-hand side of (2.93) is given by
[afaf Y (ufaﬂ Ay = [afaf + K(ufaf)z] gouAl

=070+ Kk (u9:)° | g0 (

K
H Ao
T Ku”u;b - 5/1) 062
K

— [af()r + K(ufaf)z} (1 ot — gM) dsZ*°

4ru K A
=— - Ugl
c 8o 1+KG)L J

and the matrix is invertible.

Finally, with the help of the standard substitution,
F=cdop,  pro=—po (2.97)
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(in view of 95 j* = ¢d; dsp*° =0), we arrive at
979; + K(ufar)z] ZM = _4mphv. (2.98)

Here, by definition,

O p1 p2  p3
-1 0 —m3 mp
PV = (2.99)
—p2  m3 0 -m
—p3 —my m 0

is an anti-symmetric four-tensor [33], [34], [210]. The “electric” and “magnetic” Hertz

vectors, Z(©) and Z(m), are also introduced in terms of a single four-tensor,

() (m) (m)
R I (2.100)
-z Zm o0z
_de) . ém) Zim) 0
In view of (2.95), for the four-vector potential, AN = ((p, A) , We obtain
2 2 (e)
B KY ©, KY 07 (m)
=—(1- V-Z . VxZ 2.101
¢ ( 1+1<) T <caz v (2101
and
(e)
a2 +V xzZm (2.102)
cot
2
KY'v 0, 9 (e) (m)
_ T Y- Z (y. (v )
T {C 24 5 (v 29) v (Vxz)

Then, equations (2.98) take the form
979 + mﬁaf)z] 7€) = _4mup, [afaf + K(ufaf)z] Z"W = _4zpm  (2.103)

and, for the four-current, j7L = (cp,j), one gets

0
p=—V-p, j:a—$+cV><m (2.104)
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(see [33], [34], [210] for more details).

The Hertz vector and tensor potentials, for a moving medium and at rest, were utilized
in [33], [34], [67], [81], [106], [205], [210], [218] (see also the references therein). Many
classical problems of radiation and propagation can be consistently solved by using these

potentials.
2.9.4 Energy-Momentum Tensor

In the case of the covariant version of the energy-momentum tensor given by (2.50),
the differential balance equations under consideration are independent of the particular
choice of the frame of reference. Therefore, our relations (2.89) are useful for derivation of
the expressions for the energy-momentum tensor and the ponderomotive force for moving
bodies from those for bodies at rest which were extensively studied in the literature. For
example, one gets

1
4Ty = Fpeh " For + 8 Fare® Py, (2.105)

with the help of (2.85) and (2.137).
2.10 Real vs Complex Lagrangians

In modern presentations of the classical and quantum field theories, the Lagrangian

approach is usually utilized.
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2.10.1 Complex Forms

We introduce two quadratic “Lagrangian” densities

1 *
Lo=% = 5 <PGTQ“‘ + P, Q“‘) (2.106)

i
= ZeGTK'p <PGTPKP — P:;TP;((ip>

== FGTRTO- - GGTSTO- == 2FGTRTO-

—4(E-D-H-B)
1 *
A ==L = P30 =3 <P§TQT° — Por QTU) (2.107)

— %emPPMP;p —4i(E-B—H-D).

Then, by formal differentiation,

in view of (2.130).

2% p

— OB« — OB«
T obe. 7, 0 (2.108)
2.2 o.0x %
= Qb L _ ghe (2.109)
Py IPup

The complex covariant Maxwell equations (2.33) take the forms

8.,% 4r U 0 8.,% - 4 U
—apw) PRANNFr (—apw) =) @10

and the covariant energy-momentum balance relations (2.49) are given by

. 9% &%)} 2.111)

P, ——
w2 gp,, WA gp

L0 (0% 2 (04N 1. 4
For g <8PM) thror g (apgf)} = fhad

46



and

Ix [mn (PM op,, T apvl)} @.112)

LU [p 0 (AN e 0 (2K 1.
327 | O oxk \ 9Py ) T Tk \ 9Pz, )| T ¢

in terms of the complex Lagrangians under consideration, respectively.

Finally, with the help of the following densities,

41 4 |
Lo ZD%—TJVAW L =24 +7JVAV; (2.113)

one can derive analogs of the Euler-Lagrange equations for electromagnetic fields in media:

d 8L071 aL(),l -
EpY <8Pv“> — aA“ =0. (2.114)

In the case of a moving isotropic medium, a relation between Py, and Ay is given by our

equations (2.89)—(2.90).
2.10.2 Real Form

Taking the real and imaginary parts, Maxwell’s equations (2.46) can be written as fol-
lows
OyRMY = —— jH, oySHY = 0. (2.115)
c
Here,

—60ySHY = e"VA% (9, Fy o + 0 Fyy 4 03 Fov) =0,

with the help of (2.44) and (2.90). Thus the second set of equations is automatically satis-
fied when we introduce the four-vector potential. For the inhomogeneous pair of Maxwell’s

equations, the Lagrangian density is given by

1 4r
L - ZFGTRTG - TjGAG (2116)
1 4w
= ZFcrgrakain - 7]61467
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in view of (2.85). Then, for “conjugate momenta” to the four-potential field A, one gets

JdL dL  JFs:

= = RMY 2.117
3 (OvAy) ~ 9Far 3 (9vAL) S

and the corresponding Euler-Lagrange equations take a familiar form

oL oL
0 — =0. 2.118
v <a (8VA”)> A, (2118)

The latter equation can also be derived with the help of the least action principle [170],

[207], [209]. The corresponding Hamiltonian and quantization are discussed in [94], [101],
[182] among other classical accounts.

In conclusion, it is worth noting the role of complex fields in quantum electrodynam-
ics, quadratic invariants and quantization (see, for instance, [4], [27], [26], [54], [101],
[102], [110], [114], [182], [177], [183], [209], [223]). The classical and quantum theory of
Cherenkov radiation is reviewed in [5], [30], [31], [87], [204]. For paraxial approximation
in optics, see [81], [112], [143], [142] and the references therein. Maxwell’s equations in
the gravitational field are discussed in [36] [82]. One may hope that our detailed mathe-
matical consideration of several aspects of macroscopic electrodynamics will be useful for

future investigations and pedagogy.

2.11 Formulas from Vector Calculus

Among useful differential relations are

V- (AxB)=B-(VxA)—A-(VxB). (2.119)
V- (fA) = (Vf)-A+f(V-A). (2.120)
Vx(fA) = (V) x A+ f(VxA). (2.121)
A- (VX (fVXB))—=B-(Vx (fV xA)) (2.122)

=V-(f(Bx(VxA)—Ax(VxB))).
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A(V-B)—B(V-A)+Ax (VxB)—Bx (VxA)

Vi (AxB) ZAz ( ) 232 ( )

(See also [3], [188] and [209].)

2.12 Dual Tensor Identities

(2.123)

In this chapter, e*V°® = —eyy5¢ and egio3 = +1 is the Levi-Civita four-symbol [82]

with familiar contractions:

v \4 v
oy 6y 9,
euvaremlp =—182 & 557 ,
T T T
o¢ Of 5p
o7 65
A p
"%y = — (5
T T
o7 6,
euvcreuvcp - _665, e'uvofeuvgp — —24
Dual second rank four-tensor identities are given by [82]:
e,LLVGTAGT - 2B,UV7 e'uVGTBGT - Av’u _A’uv.

In particular,

i
qu == RHV + lS,U,V - R”v - Ee'uVGTFGT,

Puy = Fuy +iGpuy = Fuy — EeuvofRGT-
euvorQ° =2iPyy, 2iQMY = VOt Py,
2RMY = VO Gyo, —28HY = HVOTF oL
2Guy = —euvorR", 2Fuy = euvorS°”
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(2.124)

(2.125)

(2.126)

(2.127)

(2.128)

(2.129)

(2.130)
(2.131)

(2.132)



[
Pqu“v — 2F'uvR”v - 5 (e'uVGTFMvFGT +e'uVGTR'uVRGT) .

By direct calculation,

FuvRuv - Z(H'B_E‘D),
e”chFquo'T — 8E . B, e'uVGTR'uVRGT — SH : D

As a result,

1
;Fuv@" =H-B—E-D—i(E-B+H D).

An important decomposition,

Pip Q" +Pup O =2 (FuRM + Gy ™)
= 4F, 3 R*Y + 8 F5cR""
=4F,,RY —28) (E-D—HB),

is complemented by an identity,

* *
P#/IQAV +P;A Q;W = (Pchw "‘Pér Qw> 61‘1/

= A=

\%
(E'D—H~B)5u.
In matrix form,

PQ = (F +iG) (R+iS) = (FR—GS) +i(FS+GR),

P'Q= (F—iG) (R+iS) = (FR+GS)—|—i(FS—GR).
Here,

1

FS= ZTr(FS)I: (E~B)I,
1

GR = ZTr(GR)I: (H-D)I.
1

FR—-GS = ETr(FR)I: (E-D—H-B)I,
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(2.133)

(2.134)

(2.135)

(2.136)

(2.137)

(2.138)

(2.139)

(2.140)

(2.141)

(2.142)

(2.143)



where I =diag(1,1,1,1

Also,

and

1
FR+GS =2FR— Tr(FR)I

—2FR—(E-D—H-B)I.

Tr(FR+GS) =0,

) is the identity matrix.

PQ=0QP=(F-G)I,

detP =detQ = — (F-G)?

F-G=(E+iH) - (D+B)

—(E-D—H-B)+i(E-B+H-D).

Other useful dual four-tensor identities are given by [82]:

In particular,

6

and

(see also [115]).

euchAvof = 6Bu»

i
JoxV

c
Auvl = euvch .

oxV 0x% dxt

dxt

2.13  Proof of Identities (2.63)

In view of (2.43), or (2.130), and (2.151), we can write

OP,, 9Py aQ°"

(

dxt

= e —_—
oxt oxV HvAoT ot
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o7

)

,8QMV :eﬂ‘/lc (aP)LO' + anl + 3ng>

=le —_—
oxk oxV wvAo ot

*

p
oY,

(2.144)

(2.145)

(2.146)

(2.147)

(2.148)

(2.149)

(2.150)

(2.151)

(2.152)



or

dx® RO 9yt

* o7 o7
:i(e;m&“) 99 = 2P 4

by (2.130). Therefore,

90" 9Py Gy _ 1

A Oxv  oxY 2

*G‘L' aPTG
oxM

0

In addition, with the help of (2.130) one gets

which completes the proof.
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Chapter 3

THE PAULI-LUBANSKI VECTOR AND PHOTON HELICITY

In this chapter, a classical concept of photon helicity is investigated from the viewpoint
of the Pauli-Lubariski vector. This problem is considered from first principles of the repre-
sentation theory of the Poincaré group. In particular, a misconception in the definition of
helicity for a massless particle, in which a linear relation, w = A p, is used in standard quan-
tum field theory textbooks is discovered. In addition, as a result, this analysis also leads to
a new approach, introduced here, for the derivation of Maxwell’s equations in vacuum. All
physically interesting unitary ray representations of the proper orthochronous inhomoge-
neous Lorentz group (known nowadays as the Poincaré group) were classified by Wigner
[231] and, since then, this approach has been utilized for the mathematical description of
mass and spin of an elementary particle. By definition, the Pauli-Lubarski pseudo-vector!
is given by

1

W“ —= Eeuvo'fvaO-T, p’uW‘u = O, (3.1)

where py, is the relativistic linear momentum operator and M°* are the corresponding an-
gular momentum operators. The mass and spin of a particle are defined in terms of two

quadratic invariants (Casimir operators of the Poincaré group) as follows

pPP=pupt=m?, W =wywh=—m’s(s+1), m>0 (3.2)

(see, for example, [11], [12], [29], [121], [133], [139], [140], [141], [181], [184], [185],
[187] and the references therein; we use the standard notations that were mentioned in the

introduction and are repeated here for convenience).

IThe pseudo-vector nature can be seen by the fact that w’“ = det(A)Ajwe, which follows from

T

P = AVpS, M'9T = ASATM*P and the determinant identity det(A)eyap = e,WMAﬁA)‘;AgAﬁ

B
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For the massless fields, when m = 0, one gets w?> = p> = pw =0, and the Pauli-Lubariski

vector should be proportional to p : 2

wu =Apy (3.3)

(acting on the corresponding eigenstates [160], [184]). The number A is called the helicity
of the representation and the value s = |A| is sometimes called the spin of a particle with
zero mass [29], [184], [185], [187]. One of the goals of this chapter is to show that, in the
case of the electromagnetic field, the sign of the constant A in the latter equation is fixed
by the condition that the classical Maxwell equations hold.

As a result, instead of being given by the constant of proportionality in relation (3.3),
the helicity of the photon should be defined, as it is traditionally done in particle physics, by
A =k-M/ko, where k = (ko, k) and M is the photon angular momentum (k* = k3 —k? = 0).
But one needs a proper realization of the action of these operators on the photon field tensor
in covariant form [154], [155]; or, in 3D-form, on the complex electromagnetic field vector
F = E + /H discussed in [14], [16], [24], [26], [122], [128], [154], [181], [188], [191],
[192], [206], [224]. The sign of the constant A = +1 is fixed then by a “continuity”, in
view of the invariance of the upper(lower) light cone under a proper Lorentz transformation
(see, for example, [29], [121] and [212]).

3.1 Transformation Laws and Generators
Under the Lorentz transformation [29], [154], [157], [181],

U(A) Q" () 1= 0" (A5xP ) = ASAYQ"" (»#), (34)

This assumption was made by Bargmann and Wigner [12] for the massless limit of the spinor wave
equation for particles with an arbitrary integer or half-integer spin proposed by Dirac [51] (see also [74],
[75], [113], [169], [48] and the references therein). The pseudo-vector (3.1) was introduced, in a slightly
different notation, by Egs. (4.a)—(4.b) of Ref. [12].
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where the summation is assumed over any two repeated indices. We shall use the follow-

ing six 4 x 4 matrices (¢, 3 =0, 1,2, 3 are fixed):
A(6ap) = exp (~6up m™P),  m = —mP, (3.5)
u
<maﬁ> = ga”&[} —gPrse.
v

for the corresponding one-parameter subgroups of the proper Lorentz group [29], [157],
[187] with the standard metric, g,y = g"¥ =diag(1,—1,—1,—1), in the Minkowski space-

time. The 4-angular momentum operators,
MOP =xPo% —x*9F 9% = g**9,, (3.6)

can be derived as follows

d
MOBOHY .= { O"Y (AX(6,5) xP } (3.7)
dByp ( P ( ocﬁ) > =0
_ (. aB\* Hov wr (o ap)’
with
dAY (6
(maﬁ>“ _ 4NV (8ap) = gt §P — gPrse. (3.8)
v dBqyp
005=0
In matrix form,
T
M B0 —m*Bo+0 (m“ﬁ> , (3.9)

where Q = QY and m! is the transposed matrix. The latter equations (3.7), (3.8), and (3.9)

define the action of the infinitesimal operators on the complex field tensor,

MGrQaﬁ _ goaQTB _gchcﬁ +chQar —gTﬁQaG, (3_10)

3 Although Minkowski considered the transformation of electric and magnetic fields in a complex 3D
vector form, see Eqgs. (8)—(9) and (15) in [154] (or Egs. (25.5)—-(25.6) in [122]), he seems never to have
combined the corresponding 4-tensors into the complex forms (2.41)—(2.42). In the second article [155],
Max Born, who used Minkowski’s notes, didn’t mention the complex fields. As a result, the complex field

tensor seems only to have appeared, for the first time, in [128] (see also [206]).
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in the form that is required in equation (3.15) below.

In a similar fashion, for the products of the generators,

MOB MY QHY = <m7’5>” (maﬁ>chv + (maﬁ)u (my‘s):QGp (3.11)

K (e}

) o) 0 o) )

K

or, in matrix form,
MOBMYQ — (m75m0‘ﬁ) 0-— (<my5m“ﬁ> Q) ' (3.12)

ot o)’ - (o (o))
As aresult,
[M“ﬁ, MY‘S] =M M7 — M moP (3.13)
= g®YMPBS _ g@0pgBY 4 GBS pgav _ GBrprad
which follows from (3.7)—(3.8) and can be verified, once again, by using (3.6).

Finally, introducing the infinitesimal operators M = (M23 MM 12) and

N= (MO1 ,MOZ,M(B) for the rotations and boosts, respectively, one can get
N?Q = -M?Q =20, (M-N)Q = —2iQ. (3.14)

The Casimir operators of the proper Lorentz group are given by (M—f—iN)2 /4 =0 and
(M—iN)2 /4 = —2 in the space of complex anti-symmetric tensors under consideration. In
view of M? = —s(s+41) = —2, we may say that the spin of the photon is equal to one.
(Here, we have chosen real-valued generators; see also [10], [12], [85], [181], [187] and

[226] for more details on the Lorentz group representations.)
3.2 The Pauli-Lubanski Vector and Maxwell’s Equations in Vacuum

As follows from the representation theory of the Poincaré group [12], [29] and the

geometry of the Minkowski space-time [156], [160], for the case of massless particles, the
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Pauli-Lubanski vector should be collinear to the operator of the 4-linear momentum. For a

classical electromagnetic field, this relation takes the form

%eﬂvcrav (MGTQ(XB) = _iauQaﬁv (3.15)

and by (3.10), we find that
8" %eauv:d Q" —gPPeg, 0V Q™ = —id, Q%P (3.16)

(o, B =0,1,2,3 are fixed; no summation is assumed over these two indices). By a direct,
but rather tedious evaluation, one can verify that the latter equation, which is written in
terms of a third rank 4-tensor, is equivalent to the original system of Maxwell equations in
vacuum, dyO"*Y = 0. As a result, the helicity of the ph0t0n4, or a harmonic circular classical
electromagnetic wave, cannot be defined as an undetermined sign, or an extra &1 factor, in
the right hand side of equation (3.15) as it is stated in standard textbooks on the quantum
field theory [12], [29], [184], [185], [187].
In view of (3.15), for the rotations and boosts, M = (M?*,M3!, M'?) and

N = (M, M2, M%) | respectively, the following standard equations hold
(V-M)Q =idQ, o Lo (3.17)
. =i =—-= .
bQ,  do=—~

and

MO+ (V xN)Q = iVQ, (3.18)

where Q = 0% = —0B% is the complex field tensor and the actions of operators M and N
on this tensor are explicitly defined by (3.10).
Note. In vacuum, when G =F and p =0, j = 0, two different covariant forms of Maxwell’s

equations are given by

an‘uV — 07 avP”v — 07 (319)

“Multiple meanings of the word “photon” are analyzed in [111].

57



where 0¥ = g¥#d,, = g /dx*. The second equation follows from (3.16), when one takes
@ = B and sums over B = 0,1,2,3 with the help of (2.43). As another useful consequence
of our equation (3.16), one can directly show that the d’ Alembert operator annihilates any

component of the complex field tensor in vacuum,

1 92

"9, 0% = (C_ZF —A) 0*F =0p* =0, (3.20)

thus de-coupling the system. It is worth noting that, in covariant form, our derivation does
not require any formula of 3D-vector calculus. (The general theory of relativistic-invariant
equations is studied in classical accounts [12], [22], [S0], [51], [74], [75], [85], [113], [144],
[169], [176]; see also [27], [89], [139], [140], [141], [48] and the references therein.)

3.3 Examples

In a matrix form, equation (3.17) can be rewritten as follows

0 —hG3+G3 NGy iGI  —d1Gr+ DG
»G;3 — hGy 0 (P —BFR)  i(F—KF)
G+ KGi —i(F— ) 0 i (RFs — O3P)
D1Gr—hGy  —i(hFs—RF) —i(0nF;s—OsP) 0

0 -G -Gy —Gs

; Gy 0 il —iF,
=4-= , (3.21)
Gy, —iF; 0 iF

Gy iFh, —iF, 0

or

0 — (curlG), 9 0 -G,
_2 , (3.22)
(curlG),, iepgr (curlF), G, iepgFr
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in a more compact block form. In vacuum, G = F and this matrix relation implies the
single complex Maxwell equation, curl F = (i/c) dF/dt. In a similar fashion, for the first
component of (3.18), namely, dyM;Q + (d»N3 — d3N,) Q = id, Q, we obtain,

0 0 Gs —Gyp
0 0 il iF3

o (3.23)
-Gy —iF, 0 0

Gy —-iF5 0 0

0 i (02Fs + O3 F3) —ihFy —idsF
—i(0sF> + O3F3) 0 —3;G, G,
i i0sFy ENe 0 0,Gy + %G5
iz F -Gy —0hGy — hGs 0

0 -G -Gy —Gj

Gy 0 5 —iF
- +i81
G, —iF5 O il

Gy i —iF, 0

Once again, in vacuum, G = F and this matrix relation is satisfied in view of the pair of
complex Maxwell equations, curl F = (i/c) dF/dt and divF = 0. (Cyclic permutations of
the spatial indices cover the two remaining components.)

One can clearly see that there is no chance of changing the sign 4 into — in the right
hand side without a violation of Maxwell’s equations. Indeed, let us pick just one of the
matrix elements from both sides, say, d,F> + d3F3 = —d; Gy, which indicates also that the
left and right hand sides are coming from the different pairs of Maxwell’s equations (2.5)—
(2.6).

Note. In the case of Weyl’s two-component wave equation for massless neutrinos, one can
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choose

0= e C? (3.24)

and, in block form,

0 igy
MB — B — ; (3.25)

Fiop €pgrO;

where 01, 07, 03 are the standard 2 x 2 Pauli matrices with the products given by 6,0, =

iepgrOr + O (see, for example, [187]). As a result, Eqgs. (3.3) are satisfied provided that
1
dyp =+0-Vo, A= ii’ (3.26)

respectively (details are left to the reader). Thus, the relativistic Weyl equation for a mass-

less particle with the spin 1/2 can be derived from the representation theory of the Poincaré

group.
3.4 Helicity

In particle physics [19], [181], [187], [212], the helicity is defined as the projection of

the angular momentum M on the direction of motion p :

‘M
B (3.27)
p| p|
The helicity states are eigenstates of the operator:
p-M

For massless particles one can define the spin as s = |A| and, if the parity is conserved, the
particle will have only two independent helicity eigenstates [p,A = s) and |p,A = —s).
In the case of the classical electromagnetic field, equations (3.17) and/or (3.22) show

that the helicity operator is proportional to the “energy operator’:
i d

= mg (3.29)
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As a result, these two operators have common eigenstates, |k,A) = Q"", in the space of
complex anti-symmetric 4-tensors of the second rank. (The simplest covariant helicity
states will be constructed in the next section.)

On the other hand, in 3D-complex electrodynamics, one can take the complex vector

field |k,A) = F = E +iH and choose the following real-valued spin matrices [214]:

00 O 0 01 0 -1 0
si=]1 00 =1 |, s2= 0O 00|, s3=]1 0 0|, (3.30)
01 0 -1 00 0 0 0

such that [sp,sq} = 8pSq— S¢Sp = epgrSy and s% + s% + s% = —2. Then

(V-s)F := 0 (s1F) + 01 (s2F) + &3 (s3F) (3.31)
00 O F 0 01 F
=d| 00 —1 B |th| 0 00 B
01 0 A 100 A
0 -1 0 F hF;—hF
+d31 1 0 0 F | =] &kF -0 F | =culF.
0 0 O F 01F, — o F)

Once again, our representation (3.29) for the helicity operator holds in view of the Maxwell
equation in vacuum, curl F = (i/c) dF/dr.

Note. In view of (3.29), the traditional definition of helicity (3.28) is related to separation
of variables in Maxwell’s equations. Letting Q*Y = ¢ (t) Z*V (r) , one gets

_9QMY 19QMY 9QMr 1 dZMP (r)

= — Iy 10
0 ax¥ ¢ dt + dxp Cq(t)Z (£)+4(0) dxp, (3.32)
or
' up ,
g 0T g (3.33)
cq Ixp
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where @ must be a real-valued constant of the separation of variables in order to have

bounded solutions. As a result,

=i—7"0 (3.34)
thus giving a covariant form of the corresponding eigenvalue problems in different curvi-

linear coordinates [209], [214].

3.5 Covariant Harmonic Wave Solutions

In vacuum, 9, Q"*V = 0, where

0 —F .
oMY — , F=f/”"kT) —E 1 jH. (3.35)
Fy iepgFy

Here, f =constant is a complex polarization vector to be determined and
= (et,r), ky = (o/c,—k), kx = kyx* = ot —k-r. (3.36)
In a compact form, QY = AV X and A*Vk, = O, where

AMY = = constant. (3.37)

fp iepqrfr

This tensor is an eigenfunction of the 4-gradient, i~ 9 Q*¥ = kq O

As aresult,

0 —fi —fo —f3 a)/C 0
0 ] —i —k 0
i if3 if2 o (3.38)
L —ifs 0 if —k> 0
f3 if2 —ifi 0O —k3 0

and detA = — (f- f)2 = 0 (Lorentz invariant by Minkowski [154]). The complex invariant,

F2 = (E+iH)> =0, results in E2 = H2 and E- H = 0, as required [122].
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In 3D-form, the latter system of linear equations gives an eigenvalue problem:

kxt=2¢  ff=0. (3.39)
C

The eigenvalues are
— / c —ik3 iko
2
() o
iky —o/c —mlzzz(ﬁ+é+%—;%):0 (3.40)

—iko ik —(I)/C

The case w = 0, when f = Kk, does not satisfy the second condition > = 0 unless k = 0.

Therefore, there are only two eigenvectors {f, f*}, corresponding to @/c = +k =

2 2 2.
K I

kx (I xk)+ik(kxl) £
W2kx1] kol

(3.41)

respectively [26]. Here, [ is an arbitrary real vector that is not collinear to k (k #constant 1)
and f-f* = 1. (A similar eigenvalue problem occurs in the mean magnetic field generation,
called a€2-dynamo, in cosmic astrophysics [78].)

Example. Let {ek}i: | be an orthonormal basis in R 3. One can choose I = e; and k = kes.

Then
e +iep e —iep
f= , "= 3.42
NG NG (3.42)
(see [26], [122], and [209] for more details).
3.6 Discrete Transformations and Polarization
The complex Maxwell equations in vacuum,
i OF
L90 _curlF,  divF =0, (3.43)
c ot

are invariant under the following discrete transformations: spatial inversion P: F (r,7) —

F* (—r,t); time reversal T: F (r,r) — F*(r,—17); and space-time inversion PT: F (r,) —
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F (—r,—t). They, together with the identity transformation, correspond to the four con-
nected components of the Poincaré group. These transformations form the so-called Klein

group {Identity, P, T,PT}, with the following Cayley table.

g I\ P| T|PT

I I P| T|PT

P| P I'PT| T

T| T|TP I| P

PT |PT| T| P I

The action of this group generates the following four circularly polarized waves (® =
~+ck):

Fl — fei(kr—a)t) F2 _ f*e—i(kr—i—a)t) _

— TF, (3.44)

*
’ l|t—>—t

and

Fy=fe k00— . =(P]F, (3.45)

F, =fe/kTH0) — §5| . =TF; =PF,.

They represent right- and left-handed circularly polarized waves moving along the vector
k in opposite directions. One can easily verify that the solutions {F;,F,} correspond to
A =+1and {F3,F4} have A = —1. Also, F; - F3 =f>=0and F, - F4 = (f2)" = 0. These
four solutions are linearly independent.

Example. The standard circular, elliptic, and linear polarizations of the classical electro-
magnetic waves occur as a result of superposition of the complex solutions under consid-
eration. With the help of the polarization vectors (3.42), one gets

F i F, F _F
Fec 1; e (3.46)

=cejcos (k-r— t) —ceysin (k- r— t)

. v/ . T
+1 [czelcos <k-r—a)t—§) —cp€epsin (k-r—a)t—g)} ,
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where ¢; = ¢} and ¢, = ¢;. For the elliptic polarization, we choose |ci| > |cz| or [c1] <
|c2| ; the linear polarization arises, for instance, if ¢; # 0 and ¢; = 0 (see [122] and [209],
problems 2.128-2.134, for more details).

In conclusion, it is worth noting that, here, we have only discussed the classical electro-
magnetic field in vacuum. Different aspects of the “photon paradigm” are emphasized in
[111]. The photon wave functions are dealt with in [6], [19], [23], [24], [57], [80], [187].
For quantization in the complex form, see [23], [25], [27], [26] and the references therein.
(General quantization procedures are discussed, for example, in [27], [29], [110], [114],
[118], [158], [159], [184], [185], [187], [189], [209].) Coherent states of light and dynam-
ical invariants are reviewed in [53], [54], [55], [110], [189]. The squeezed states of the
photons and atoms in a cavity and their relations with so-called “missing” solutions for the
harmonic oscillator are analyzed in [119], [134], [136]. Professor Toptygin kindly pointed
out an intrinsic importance of the helicity concept from the sub-atomic world (parity viola-
tion in beta decay [180], [234]) to cosmic astrophysics (possible amplification of galactic
magnetic fields by the turbulent dynamo mechanism [17], [78], [213]). Last but not least,
organic compounds appear often in the form of only one of two stereoisomers. As a result,
in optically active biological substances, these molecules rotate polarized light to the left

[93], thus creating another old unexplained puzzle.
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Chapter 4

PAULI-LUBANSKI VECTOR AND RELATIVISTIC WAVE EQUATIONS

Inspired by the results from the previous chapter, we continue with a study of the role of
the Pauli-Lubariski vector for other major relativistic wave equations, including the Dirac,
Weyl, Proca, Fierz-Pauli, and once again Maxwell equations. Different realizations of these
equations are also given. The relativistic definition of spin is analyzed in this framework
as a statement of the consistency of certain overdetermined systems of partial differential
equations. Another important result that follows is a new linear relation related to Dirac’s
equation that is discussed here and introduced in the article [117] of which this chapter is
based. This linear relation provides a means by which the spin of a Dirac particle can be
introduced in a covariant form using the second Casimir operator of the Poincaré group.

Here it is reiterated that all physically interesting representations of the proper or-
thochronous inhomogeneous Lorentz group (known nowadays as the Poincaré group) were
classified by Wigner [231] and, since then, this approach has been utilized for the mathe-
matical description of mass and spin of an elementary particle. To this end, once again, the

Pauli-Lubanski pseudo-vector is used,

1
Wy = EeuvcrvaGTa qu“ =0, “4.1)

where py, is the relativistic linear momentum operator and M°® are the angular momen-
tum operators, or generators of the proper orthochronous Lorentz group, with summation
over repeated indices. (We use Einstein summation convention unless stated otherwise.)
The mass and spin of a particle are defined in terms of two quadratic invariants (Casimir

operators of the Poincaré group) as follows

pP=pupt=m’, W= wewt = —mls(s+1), 4.2)
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when m > 0 (see, for example, [11], [12], [15], [29], [139], [140], [141], [181], [184],
[185], [187], [194] and the references therein; throughout the chapter we use the standard
notations in the Minkowski space-time R* and the natural units ¢ = # = 1).

For the massless fields, when m = 0, one gets w?> = p> = pw = 0, and the Pauli-Lubariski

vector should be proportional to p : !

(acting on common eigenstates [160], [184]). The number A is sometimes called the helic-
ity of the representation and the value s = || is called the spin of a particle with zero mass
[29], [184], [185], [187]. Although the concept of helicity is discussed in most textbooks
on quantum field theory, a practical implementation of this definition of the spin of a mass-
less particle deserves a certain clarification. As is shown in the previous chapter, in the
case of the electromagnetic field in vacuum, the sign of the constant A in the latter equation
is fixed, otherwise violating the classical Maxwell equations. Thus, for the photon, or a
harmonic circular classical electromagnetic wave?, the latter equation allows one to intro-
duce the field equations and spin, but not the helicity, when a certain choice of eigenstates
is required. A similar situation occurs in the case of Weyl’s equation for massless neutri-
nos. (In Ref. [115], we do not discuss the equation for a graviton, another massless spin-2
particle; it will be analyzed elsewhere; cf. [108], [157], [159], [170] and our discussion in
section 7.)

The theory of relativistic-invariant wave equations is studied, from different perspec-

tives, in numerous classical accounts [12], [15], [22], [50], [51], [74], [75], [85], [113],

I'This assumption was made by Bargmann and Wigner [12] for the massless limit of the spinor wave
equation for particles with an arbitrary integer or half-integer spin proposed by Dirac [51] (see also [74],
[75], [113], [169] and the references therein). The pseudo-vector (4.1) was introduced, in a slightly different

notation, by Eqgs. (4.a)—(4.b) of Ref. [12].
~Multiple meanings of the word “photon” are analyzed in [111].
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[144], [169], [176], [228] (see also [27], [139], [140], [141] and the references therein).
Nonetheless, in our opinion, the importance of the Pauli-Lubanski vector for conventional
relativistic equations, which allows one to derive all of them directly from the postulated
transformation law of the corresponding classical field in pure group-theoretical terms,
is not fully appreciated. In this chapter, we would like to start from Dirac’s relativistic
electron, or any free relativistic particle with a nonzero mass and spin 1/2, which can be
described by a bispinor wave function. Our analysis shows that an analog of the linear

operator relation (4.3) takes the form,

wy == (pu+my) %, (4.4)

| —

provided that the Dirac equation, (y“ Pu— m) v =0, holds, when the corresponding overde-
termined system of equations is consistent. This automatically implies that s = 1/2, in the
covariant form, by definition (4.2). (We were not able to find the operator relation (4.4) in
the extensive literature on Dirac’s equation.)

In the rest of the chapter, a similar program is utilized, in a systematic way and from
first principles, for other familiar relativistic wave equations. Once again, we postulate the
transformation law of the field in question (a law of nature) and, with the help of the corre-
sponding Lorentz generators, evaluate the action of the Pauli-Lubariski vector on the field in
order to compute, eventually, not one, but both Casimir operators (4.2). If a linear relation,
similar to (4.3) or (4.4), does exist, one obtains an overdetermined PDE system, which can
be reduced to the corresponding relativistic wave equation by a matrix version of Gaussian
elimination [84]. We show that this approach allows one to derive equations of motion for
the most useful classical fields, including the Weyl, Proca, Fierz-Pauli, and Maxwell equa-
tions in vacuum, as a statement of consistency for the original overdetermined systems. At
the moment, we shall not discuss relativistic wave equations for particles with an arbitrary

spin, such as the Bargmann-Wigner equations, Majorana equations, and/or the (first order)
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Duffin-Kemmer equations which also describe spin-0 and spin-1 fields (see, for example,
[15], [28], [90] and [21] for more details; the case of the Klein-Gordon equation, or the
relativistic Schrodinger equation [186], is, of course, obvious).

We have also entirely concentrated on four dimensions. A more general group-theoretical
approach to the relativistic wave equations, which allows one to include higher dimensions
and spins, is formulated in [15] with the help of induced representations of the semi-direct
products of separable, locally compact groups. Spinors in arbitrary dimensions are also
discussed in [194].

4.1 Dirac Equation

In this section, for the reader’s convenience, we summarize once again some basic facts
about Dirac’s equation and then discuss its relation with the Pauli-Lubanski vector (4.4).
To this end, a familiar bispinor representation of the proper orthochronous Lorentz group

SO (1,3) is used.
4.1.1 Gamma Matrices, Bispinors, and Transformation Laws

We shall use the following Dirac matrices: Y = (Y°,%), yu = guv?’ = (¥*.—7) , and
¥s=—7 =ir’7' 7’7, where

0 o I 0 0 I
Y= , = , Y= (4.5)

—-oc 0 0 —I I 0

and 6 = (01,07, 03) are the standard 2 x 2 Pauli matrices [168], [214]. The familiar anti-

commutation relations,

Y+ =24, Y +ryt=0 (u,v=0,1,2,3), (4.6)

hold. (Most of the results here will not depend on a particular choice of gamma matrices,

but it is always useful to have an example in mind.) The four-vector notation, x* = (z,r),
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du = d/dx*, and 9% = g** 9, in natural units ¢ = i = 1 with the standard metric, g,y =
gV = diag(1,—1,—1,—1), in the Minkowski space-time R* are utilized throughout the
chapter [19], [28], [29], [157], [21].

In this notation, the transformation law of a bispinor wave function’,

Y1

v =| 7 |ect, 4.7

Y3

WYy

under a proper Lorentz transformation, is given by

V(X)) =Sap(x), X =Ax (4.8)

together with the rule,

Sy rHSa = ALY, (4.9)
for the sake of covariance of the celebrated Dirac equation,
iy —my =0. (4.10)
As is well known, a general solution of the latter matrix equation has the form

1
S =Sp=exp (-Ze“vw> . Buy =0y, (4.11)
Y = (" =y 2

(with summation over every two repeated indices; see, for example, [99], [158]) and, in
turn,

S IZHVS, = Al AV ZOT (4.12)

3The relativistic wave equation for a massive spin 1/2 particle was proposed by Dirac [50], when only
tensor representations of the Lorentz group were known. Thus, the problem of covariance of Dirac’s equation

gave rise to a new class of representations of the Lorentz group, namely, the spinor representations [15].
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In explicit form,

1 0 0y
Zﬂv:i(yuyv—}’v)/“): 4.13)
0 o o o3
— 0o 0 YY)
-0y iX3 0 —iXy
—03 —iXo  iXg 0
where, by definition,
c O 0 o
Y= , o= . 4.14)
(o) (e
Their familiar product identities,
XXy = iepgrXr+ Opg, 00y = iepgrXy + Opg, 4.15)

hold.
Setting n = {e;,e;,e3} for each of the unit vectors in the directions of the mutually

orthogonal coordinate axes, one can write in compact form:

i6(n-X)/2

Sp=e :cosg+i(n-2)sing, (n-X)* =1 (4.16)

and

—d(n-a)/2

» »
Sp=e = cosh - — (n- @)sinh . (n-a) =1 (4.17)

with tanh ¥ = v, in the cases of rotations and boosts, respectively [15], [158].
The important dual four-tensor identities,
ieuvo'TZO-T = 2}/52#\/, ieuVGTYSZHV = 220-7:, (4.18)
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UVOT _

can be directly verified. Here, e —epvor and epi3 = +1 is the Levi-Civita symbol

[29], [82].
For the conjugate bispinor,
vO=v'@y, VE)=vEs,, ¥=Ax (4.19)
the Dirac equation (4.10) takes the form
iy Yyt +my =0. (4.20)

(For more details see classical accounts [6], [19], [28], [71], [99], [158], [173], [184], [187],
[21], [226].)

Examples. In particular, for the boost in the plane (xo,xl) , when

S, = e (/5 _ (02 _ hg o sinhg @21

with tanh ¥ = v, one can easily verify by matrix multiplication that

7P coshd —sinhd 0 O Y0
1 o 1
e(P/2)a 4 o (0/2)on _ sinhdcoshd 00 Y (4.22)
7 0 0 10 ¥
7 0 0 0 1 e
In a similar fashion, for the rotation in the plane (x',x?) :
_ e/ _ i/ _ O o .0
Sg=e¢e =e 3 =cos 5 + iX5sin 5 4.23)
and
Y0 1 0 0 0 70
1 : I
e i(0/2)%3 v £i(0/2)%3 _ 0 cosf sin6 0O v (4.24)
¥ 0 —sin@® cosf O 7
Y3 0 0 0 1 7

(See [15], [158] for further details.)
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4.1.2 Generators and Commutators

In the fundamental representation of the proper orthochronous Lorentz group, we shall
choose the following six 4 x 4 real-valued matrices (a,B = 0,1,2,3 are fixed with no

summation):

A(Bgp) = exp (—eaﬁ m“ﬁ> . moB = _pPe (4.25)

(mo‘ﬁx = g 8f — gPr sy

for the corresponding one-parameter subgroups of rotations and boosts [29], [115], [157],
[187]. Then, differentiation of a particular expression (for the corresponding tensor opera-
tor [15]),

eeaﬁzaﬁ/zyuefeaﬁzaﬁ/z _ <efeaﬁmaﬁ)“ v, (4.26)

v

at 6,5 = 0 results in
TP, | = B g o (ghuy— giyP ) (4.27)

which can be independently verified with the help of (4.6).

In a similar fashion, the action of four-angular momentum operators®,
MOB =Box _x29B 9% = g0Kg (4.28)

on Dirac’s bispinors (4.7) can be derived directly from the transformation law as follows

d H \Y
Jo ¥ (M 00p) )|

= — Le_eaﬁz’aﬁ/z
d0gp

“We follow [115]. Traditionally, the four-angular momentum used here is replaced as follows

M Py = — { (4.29)

O =0

1
y () =%y
O3 =0

M — —iM?B | to make it Hermitian; see, for example, [29].
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(see also [99] for a slightly different derivation). A familiar commutator,
[ZaB7 ZGT} -9 <gﬁazar _gBrZon' +garzﬁ0' _gaozﬁr) , (4.30)

can be readily verified with the help of (4.27) and/or independently derived from (4.12).

These results are independent of our choice of the gamma matrices representation.
4.1.3 Balance Conditions and Energy-Momentum Tensors

We shall use a familiar notation for the partial derivatives [29],

gPotpritpatps 0
PPy (x) = ENCE NI NN v (x0,X1,%2,X3), 77y (x) .= y(x) (4.31)
0 1 2 3

where p = (po, p1, p2, p3) is an ordered set of non-negative integers py, > 0. It follows from

the Dirac equations (4.10) and (4.20) that

I [(2Py (x)) ¥ (27w (x))] =0, 4.32)
or, for a finite multi-sum,
N [Zc,w@l’q—/y“@qw =0, (4.33)
Psq

which can be thought of as a “master” differential balance condition set.

Indeed, in view of 2”9y, = d, 7", one gets
Yoy (2%y) =m(2%y), iy (2PY) Y = —m (27VY). (4.34)

Let us multiply the first (second) equation by 27y (Z9y) from the left (right) and add the

results. Then

0 (PPTH 1) = 04 (F7) P TNy + TP O (7)
=m(—=2Py Py + 2Py Ply) =0.
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Among important special cases of (4.32) are the following important identities:

uj* (x)=0, &) =vx)rv), (4.35)

corresponding to the total charge conservation, and

V) oy ()] =0,  du[d¥ ()1 (x)]=0. (4.36)

Therefore, one can introduce the energy-momentum tensor, such that d, T (x) =0, in two

different forms
T8 .= iyy"o, v, Th =myy (4.37)
and/or
b= L o) - G Y], Th=myy. 438)
As is well-known, all quantities of physical interest can be derived from the energy-momentum

tensor [28], [187].
4.1.4  Variants of Dirac’s Equation
In view of (4.10) and (4.6),

iv'y’ vy =myty, (4.39)
Yy’ = % 'y =7+ % 'y’ +y'yt) = 4 g,
and, as a result, we obtain an overdetermined but very convenient form of Dirac’s system:
i(Z*Y +g") dyw = myt . (4.40)
On the one hand, in a 3D “vector” form,
iy = (—ia-V+mB)y, B=9Y" (h=c=1, dy=2a/dr) (4.41)

and

—idpay + (VX E)y = (iV+my)y. (4.42)

75



It is worth noting that the latter vectorial equation in our overdetermined system (4.41)—
(4.42) can be obtained by matrix multiplication, from the first one, in view of familiar
relations:

0tp Oty = i€pgrLy + Opg; ap=-7v. (4.43)
On the other hand, by letting p, = idy, one gets
(Z + ") pvy = my'y (4.44)

and applying the momentum operator p, to the both sides:

PPy =" +¢") pupvy = my* puv, (4.45)

in view of Z*Vp, py = 0. If p>y = m*y, we derive, once again, that Y p, y = my. There-
fore both forms of the Dirac system, (4.10) and (4.40), are equivalent and every component

of the bispinor (4.7) does satisfy the d’ Alembert equation,
(O Iu+m*)y= (97 —A+m?) y = (O+m*) y =0, (4.46)

as required by (4.2).

In a similar fashion, for the conjugate bispinor (4.19) one can obtain
iy (2 —g"") = myy* (4.47)

and our equations (4.40) and (4.47) results in the following balance relation:

ioy (WEH"y) + i[yoty — (0"W) y] = 2myyty, (4.48)
which, in turn, implies a familiar conservation law, d, j* (x) = 0, for the four-current,

*(x) =¥ (x) ¥y (x), in view of dydy (WE*Vy) = 0 and dy [y y — (dHYy) y] = 0.
(The latter equation gives a differential balance condition on its own.)

The following identity,

iy (VER Yy ) =209ty — i | Wy oty - (M) Yy (4.49)
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can be obtained with the help of (4.40), (4.47) and (4.27). The latter shows how the differ-
ence between two forms of the energy-momentum tensor (4.37) and (4.38) can be written

as the four-divergence of a given tensor. Moreover, one can write
THY .= iy 0" v = mg" ' Wy + myst y — iy sV 0, v (4.50)

and

= L ) - (09 ) (451)

_ i _
= mg" gy — 3 [V v+ (W) T My
in view of (4.40) and (4.47).
4.1.5 Covariance and Transformation of Generators

The relativistic invariance of the Dirac equation is a fundamental consequence of (4.8)—
(4.10); see for example, [19], [28], [99], [158], [21] and [187]. Covariance of system (4.40)
can be derived, in a similar fashion, by invoking (4.12). The details are left to the reader
(see also section 5.3).

It is worth noting that from the four-tensor character of X*V, in (4.12), follow the trans-
formation laws for the generators of rotations and boosts. Let us assume that the velocity
vector v, for going over to a moving frame of reference, has the direction of one of the co-
ordinate axes, say {e,} a—123 - Consider also “orthogonal decompositions”, £ =X + X
and & = o + & |, in the corresponding parallel and perpendicular directions, respectively.

Then, under the Lorentz transformation,
SVESA=E),  SileSa=¢ (4.52)

and
Zl—i(vxa)

Vi
77

aL—i(vxZ)

ST Sy = ,
A “L1PA /—1—\/2

Sla Sy = (4.53)



by analogy with the transformations of electromagnetic fields in classical electrodynamics
[115], [116], [21], [209].

The corresponding invariants [158] are given by
L=XyI" =-2(a*+X*) =—12 (4.54)
and
b =euyorZHVE%" = —8iot- L = —2iXHVE, 5 = —2ily s = 240, (4.55)

in view of the first identity (4.18). The invariant nature of the helicity and relativistic
rotation of the particle spin [158] can be naturally explained from these transformations.

Example. If v=ve;, we set | =X, £, = {X;,%3} and @) = a1, &) = {0, 03} for
the boost Sy given by (4.21). By the transformation law (4.52), one gets STy s =13,

S las= a1, which is evident. In view of (4.53), the following matrix identities,

Yo +ivoe X3 — v,
= A N (450
and
o + v o3 — vk
S lops = % S oS = % (4.57)
—v —v

hold. Indeed, in the first relation,

1, 1, 1, 1,
571225 = (cosh 5 + o sinh 5) Yy (cosh 5 o sinh 5)

O O O 0
=¥, cosh? 3 + (0 Xy — X0 ) cosh 3 sinh 7= a2, sinh? 3

Yo +ivag

V1—2'

provided tanh ¥ = v. Verifications of the remaining identities are similar.

=2XY,cosh® +iazsinhd =
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4.1.6 Hamiltonian and Energy Balance

The energy-momentum (density) four-vector is given by 7% and, in view of (4.50) and

(4.41), one gets

7% = iy 9y = myy — iyy’2% 0,y (4.58)
=y’ (—ie-V+mB)y =y Hy.
Here,
iy =Hy, H=—ia-V+mp, (4.59)

which presents a familiar Hamiltonian form of the Dirac equation. The differential balance

equation take the form
% (qﬁ HI//) +div (qﬂaHy/) —0, (4.60)

where €¢H =V X £ —iV —mY in view of (4.43).
4.1.7 The Pauli-Lubanski Vector and Dirac’s Equation for a Free Particle

One can easily see that equation (4.40) is related to the Pauli-Lubariski vector in view

of the dual identities (4.18). Indeed,

I
Z‘LLV = Ee‘LLVGT (ySZGT) , '}/SZGT - ZGT}S? (461)
and
i
_eu‘/GTYSZGerW =—gH¥ (pv —mpw) v,

2

By “index manipulations”,

1 1
Eeuvgf (lav) (_lzo-r) w — Ee‘uvgfavZGTW (4.62)

=¥ (10u —my) ¥ = (i0u +my) Y5y
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with the help of familiar properties of the gamma matrices, namely, }/52 =1 and Y5y, =

—%YuYs- As aresult, we arrive at the following equations,

1

Eeluvo'fav (’)ﬁ’}/’rll/) — (la’u +m’}/u) ij, (4.63)

with summation over any two repeated indices.

The latter equation can also be obtained in view of (4.29), by letting p,, = idj, in oper-
ator relation (4.4). Once again, our goal is to emphasize that both overdetermined systems
(4.40) and (4.63), which are related to the Pauli-Lubanski vector, are equivalent to Dirac’s
equation in vacuum (4.10).

In components, by (4.63), for the rotations X and boosts & the following standard equa-

tions hold
i(V-Z)y = (ido+my) ys¥ (4.64)
and
Xy — (Vx &) y = (iV —mY) 5y, (4.65)

respectively. Once again, this system is overdetermined and by a proper matrix multiplica-
tion, each of the four equations (4.64)—(4.65) can be reduced to a single Dirac’s equation.

We leave the details to the reader.
4.1.8 Relativistic Definition of Spin for Dirac Particles

In view of (4.4) and (4.2), one gets

dwwh = (Pu + m?’u) v (pH +myt) s

= (pu+my) %5 (M —my)

= pupt —m* Yt = —3m?,

where s(s+1) =3/4, or s = 1/2, in covariant form.
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On the other hand, introducing the familiar generators M = (i/2)X and N = (1/2) &

for the rotations and boosts, respectively, one gets
N’ =_-M?>=3/4, M-N=i(3/4)y. (4.66)

In view of £y° = 7°Z = @ , in the complex space of the bispinors under consideration, we
arrive at
i

M=iN = 2 (15 %) % (4.67)

and the Casimir operators of the proper orthochronous Lorentz group are given by
(M£iN)* /4 = =3 (1F95)* /16 = —=3(1 T 75) /8. Here, M?> = —s(s+ 1) = —3 /4, which
implies, once again, that the spin is equal to 1/2 (we have chosen real-valued boost gen-
erators; see also [10], [12], [15], [29], [85], [181], [187] and [226] for more details on the
Lorentz group representations).

Miscellaneous. In addition,

|
Seuvord” (P77 W) =3y R y =3myy, (4.68)

in view of familiar relations:

i

= 3‘€uvor'}’v7’dyr (4.69)

i
?’5 = —4!€yvcr7’u7’vydyr, }’57’#
(see, for example, [158]).

4.2 Weyl Equation for Massless Neutrinos

The complex unimodular matrix group SL(2,C) is a two-fold universal covering group
of the Lorentz group SO (1,3) (see, for example, [15], [29], [85], [181]). In this section,
we shall use this connection in order to analyze the two-component spinor field associated

with Weyl’s equation.
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4.2.1 Rotations, Boosts, and their Generators

Let us consider the fundamental representation of SL(2,C), namely, we take a spinor

field,

¢ (x) = o € C?, (4.70)

(03}

and postulate the transformation law under the proper orthochronous Lorentz group as

follows
1
o' (x') =Sa9 (x), X = Ax, SA =exp <Zeﬂv2ﬂv) . 4.71)

Explicitly, these transformations include rotations,
i0(n-6)/2 o . . 2
:cosa%—l(n‘a)smz, (n-o) =1 4.72)

about the coordinate axes n = {e|,e,e3}, and boosts,

%) %)
Sp=e?®0)2 _cosh Y (n.o)sinh Y, =" 4.73)
2 2 v
in the directions n = {e;,e;,e3}, respectively, when the familiar relations,
tanh O ho ! inh 0 Y (e=1) (4.74)
v =tanh ¢, coshd = , sinhd = c=1), .
V1 —y2 V1—y?2

hold. (Here, 01, 0,, 03 are the Pauli matrices with the products given by 6,0, = ie),- 0, +
8pg and {eq},_; , 3 is an orthonormal basis in R3.)

The action of the generators M*P = xP 9% — x*9B takes the form

MB g (x) = — (d: ;3 o' (Ax)) (4.75)
a Op =0
B ds 1 B
o v INIRICEEE L

65=0

for the corresponding one-parameter subgroups: Sy = exp (GaﬁZaﬁ / 2> (a,p=0,1,2,3

are fixed with no summation).
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In block form, the generators of this spinor representation are given by’

0 -0 -0 —o03
af Ba 0 —0q (03] 0 io3 —iop
Z - —Z == =
Gp iepqrcr Oy —103 0 101
03 10y —i0] 0

and the following self-duality identity holds

e,uvcrrzor = ZiZuv = 2ig“6gw26t,

where
0 (o] (62 03
0 G . .
—0 0 o —I0
> . Z“v . q . 1 3 2
af = 8ou8pv = =
_ ; —0) —IiO 0 io
Op 1€pgrOr 2 3 1
—03 i{e) —i0] 0

stated here for the reader’s convenience.
4.2.2  The Pauli-Lubanski Vector and Weyl’s Equation
Letting A = —1/2 in (4.3), one gets

1
€uvor (i0") (—iM°") ¢ = —Eeuvm&vch(p = —idy¢

(4.76)

4.77)

(4.78)

(4.79)

by (4.75). With the help of (4.77), we finally arrive at the following overdetermined system:

Zu v av (p - 8” (P 5
which takes the explicit form,

0P +i(Vxo)p=-Vé.

(4.80)

(4.81)

3 Another choice of the generators in the transformation laws (4.71)—(4.73), corresponds to © — —1; see,

for example, [187].
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The latter vectorial equation can be obtained from the first one by matrix multiplication
with the help of familiar products of the Pauli matrices. Moreover, in (4.3), only the value
A = —1/2 results in a consistent system, defining the spin as s = |A| = 1/2.

Thus, the relativistic two-component Weyl equations for a massless particle with the
spin 1/2, namely, dp@ + (6 - V) ¢ = 0, can be derived from the representation theory of the

Poincaré group with the aid of the Pauli-Lubariski vector®.
4.2.3 Covariance

Equations (4.80) are covariant under a proper Lorentz transformation. In view of the
laws (4.71) one gets
Sy'ZOTSA = A AT MY (4.82)
and
% [zaﬁ, 275] = gOIyPS _ g0dypY | oPSyar_ Pryas (4.83)

(cf. Sections 5.2-5.3).

On the other hand, with the help of the Pauli-Lubarski vector, from (4.79) one can get,

1 :
Ee’uvofa/VZGTQ)/ - la;L(P,, (4.84)

in the new system of coordinates, when ¢’ (x') = S¢ (x) and x’ = Ax. Let us multiply both
sides of the latter equation by S~!A* 5 from the left and then use (4.82) together with the

two convenient transformations,

SAy¢ =AY 9,9, Ve =A%, (4.85)

6Some authors, see for example, [184], [185], suggest that an empirical condition is required in order to
quantize the value of spin for a massless particle by (4.3). As we have just demonstrated, for Weyl’s equation,
it is a misconception. Indeed, the full relativistic analysis automatically includes the quantization rule of the

corresponding spin and helicity as a consistency condition of the overdetermined system (4.80).
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which can be readily verified with the aid of

_1\A _1\A
(AT A, =8t (ATH =g Nogu. (4.86)
As aresult,
(detA) eMprprq) =1id) 0, (4.87)
in view of the following determinant identity [158]:
euvor A ACAGAT, = (detA) ey py - (4.88)

This consideration reveals the pseudo-vector character of the Pauli-Lubariski operator.

Note. Weyl’s equation (4.81) was originally introduced in [228] and then quickly re-
jected [169], being “resurrected” only after the discovery of parity violation in beta decay
[180], [234]. (The experimentally detected oscillation among the different flavors of neu-
trinos leads us to believe that they are not massless after all [105], [149], [175].)

Let v, the velocity vector of the moving frame of reference, lie along one of the co-
ordinate axes, say {e,} a=123- Also, let 6 = 6+ 6| be the corresponding “orthogonal
decomposition” in parallel and perpendicular directions, respectively. These components

transform as,
6, —i(vxo)

V1?2

under a Lorentz transformation, thus resembling the transformations of electromagnetic

S/_\IO'”SA:O'H, SXIO-J_SA: (4.89)

fields in classical electrodynamics [115], [116], [154], [21], [209].

Example. Let v = ve;. Then 0|=01,0, = {62,63} and

1, 1, 1, 1,
S, = e~ (3/2)01 — cogh 3 o sinh X SZI = ¢(?/2)01 — cosh 3 + o7 sinh 7 (4.90)

By the transformation law (4.89), one should get S~161S = o1, which is obvious, and

(0] VO O3 — VO
571 6y8 = % S 638 = % (4.91)
—V —V
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for the corresponding Lorentz boost. Let us directly verify, for instance, the first relation.

Indeed,

1, 1, ) )
S*lczS = (cosh 5 + o7 sinh 5) o) (cosh 7~ o1 sinh 5)
1, 1, 1, 1,
=X cosh? = + (0102 — 0201) cosh — sinh — — 010,0) sinh? —
2 2 2 2
0y +iv0o3

N

provided that tanh ¢ = v. The proof of the last identity is similar.

= opcosh® +icysinh ¥ =

As is well-known, under spatial rotations the set of three Pauli matrices ¢ transform as

a 3D vector. For instance,

O] cos® sin@ O O]
¢~i(0/2)03 o) 2% = _Gng cosd 0 o |- (4.92)
03 0 0 1 O3

4.2.4 An Alternative Derivation

Denoting, c* = (0p =1, 01, 0,,03) , one can rewrite Weyl’s equation in a more familiar
form [173], [187]:
cldu9 =0. (4.93)

Then, under the Lorentz transformations,
SiotSa = AR oY (4.94)

and
(z“ﬁ) "ol oheB — o (gﬁ“ % — ga“aﬁ) , (4.95)

which also implies the covariance’.

"Relations of this spinor representation with Maxwell’s equations are discussed in section 6.2.
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Examples. In particular, one can easily verify that

(o]} coshd —sinhd 0 O (o]}
L~ (8/2)01 (o]} —(B/201 _ —sinh®d coshd 0 O Ol 7 (4.96)
o> 0 0 1 0 (o))
o3 0 0 0 1 o3
with tanh ¥ = v, and
Op 1 0 0 0 (o))
o—i(6/2)03 o1 £i(0/2)0s _ 0 cos6 sin6 0 ‘1 4.97)
(op) 0 —sin@ cos@ O (op)
o3 0 0 0 1 03

for the corresponding boost and rotation, respectively.
4.3 Proca Equation

The fundamental four-vector representation of the proper orthochronous Lorentz group

SO, (1,3) is related to the relativistic wave equation for a massive particle with spin 1.
4.3.1 Massive Vector Field

The relativistic equation of motion for a real or complex four-vector field A* = (AO, A)
with a positive mass m > 0 can be derived in a natural way with the help of the Pauli-

Lubariski vector. By definition,

1 1
WUA® = 2 euvad MTTAY = Zeuyo:d” (75 AP) (4.98)
1
_ Eeuvarav (gcrocAr o gw‘AG) _ _gocveuvm_acAr7

where the matrix form of the generators (4.25) has been used. The standard decomposition,

GRAY = L (MAY —¥AR) 4 1 (HAY +3"AR),

| =
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followed by the dual tensor relation,

FHY = 09HAY — 9VAH, euvorF°" = —2Gyy, (4.99)
gives the explicit action of the Pauli-Lubanski operator on the four-vector field:

wyA% = g*V Gy = guvG¥Y, wuAo = Guq. (4.100)

It is worth noting that this results in a second rank four-tensor.

In a similar fashion, for the squared operator,

1
w2 A% = wH (wyA%) = Eeumav (MPTGHY). (4.101)

But, in view of (4.7) of [115],
MOTGHO — gORGFO _ gTHGO | (CAGUT _ gTAGHO. (4.102)
and with the help of a companion dual tensor identity, e*Y°*Gsr = 2F"V | looking for a
spin-1 particle one gets
w2 A%* = g%%9Y (eyourG"T) =2g°%9Y (Fyo) = 20,F¥* = —2m*A”

as a consequence of (4.2). As a result, we have arrived at the Proca equation for a vector

particle with a finite mass [176],
OFYH +m?A* =0,  FHY = 9HAY — 9VAH, (4.103)

directly from the representation theory of the Poincaré group. In view of w? = —m?s (s + 1)
= —2m?, one concludes that the spin of the particle is equal to one.
Moreover,

At =0, OA* = —m?A*, m >0, (4.104)

in view of

0=dydyF'* = —m*9,A* (4.105)
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and

O FYH =0, (0VAF — IHAY) = 9,0V AH = —m?AH. (4.106)
The massless case of the Proca equation, m = 0, reveals a gauge invariance. If A, — AL =

4.3.2 An Alternative “Bispinor” Derivation

Let us consider a second rank bispinor of the form® Q = A, ¥* = A%y, , where
{yl }/1 0194 are the standard gamma matrices. We shall use the following transformation

law for a proper Lorentz transformation,
Q' (¥) =Sa0)sy', ¥ =Ax, (4.107)

where the matrix Sy is given by (4.11), as in the case of Dirac’s equation. Then A* must

be a four-vector. Indeed,
0 =4, 8% (S7°57") = (8% A AY, ) gy [N (Y7571 =Aa"p,  4.108)
A/V :AV AT
T b
in view of an “inversion” of (4.9), A’ (Sy°S~!) = y*, and the familiar property: A,B* =

invariant or

guv AN g™ = 8L (4.109)

In this “bispinor representation”, the action of generators of the corresponding one-

parameter subgroups is given by

_ % <2“ﬁQ—QZ“ﬁ>. (4.110)
O =0

oy d !
Moo =~ (o' ()

By letting Q = y}“A 2, One gets:

MPQ = (P2 —g ) s,

8This is the so-called “Feynman slash” notation from quantum electrodynamics [71].
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in view of the familiar commutator (4.27). As a result, we obtain w,Q = GyY* for the
action of the Pauli-Lubariski operator on the bispinor Q, which also follows from (4.100).

One gets, in a similar fashion, that

|
W0 = Seuvard” (M"TGM) i, @.111)

where equation (4.102) holds, once again, in view of the transformation law of the four-

tensor GH* . As a result, Proca’s equation follows.
4.3.3 Maxwell’s Equations vs Proca Equation

For the real-valued vector potential A# and m = 0, the Proca equation (4.103) is reduced

to the Maxwell equations in vacuum. Indeed, in view of the dual relation,
69yGHY = —e!VOT (0 For + s Fry + 0cFys) =0, (4.112)
both pairs of Maxwell’s equations can be written together in the following complex form
oyO"’ =0, oMY = FHY — %e“v‘”Fm, (4.113)
with the help of a self-dual complex four-tensor [27], [115]:
201 = eV 0gr,  epverQ®" = 2iQpy. (4.114)

The corresponding overdetermined system of Maxwell’s equations in vacuum, which is
related to the Pauli-Lubanski vector, is investigated in [115]; see equation (5.2) there and
section 5.5 below. (Two different spinor forms of Maxwell’s equation will be discussed in

section 6.)
4.4 Complex Vector Field

Finally, we would like to discuss the fundamental representation for the complex or-

thogonal group SO (3,C) in connection with Maxwell’s equations in vacuum.
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4.4.1 Vector Covariant Form

As is well-known, the transformation laws of the complex electromagnetic field F (r,¢) =
E +iH € C? in vacuum can be written in terms of SO (3,C) rotations. In addition to
the standard rotations of the frame of reference, the Lorentz transformations are equiva-
lent to rotations through imaginary angles thus preserving the relativistic invariant F> =
E? + H? + 2iE - H, which can be thought of as a “complex length” of this vector [122],
[154]. In these transformations, F' (x') = SAF (x), X' = Ax, (or F, (x') = apqFy (x) for a
given complex orthogonal matrix), one can choose Sg = e~ ®™$) and §; = ¢~ "*(™$) for the
rotations and boosts, respectively. Here, n = {e,e>,es}, when {e,},_; , 5 is an orthonor-

mal basis in R , and s, 52, s3 are the real-valued spin matrices [214]:

00 O 0 01 0 -1 0

s1=1 00 -1 |, $2= 0O 00}, s3=1 1 0 0 [ (4.115)
01 O -1 00 0 0 O

such that [s,,54] = spsq — 545p = €pgrsy and 7 + 53 + 53 = —2. (In this representation the

matrices M = s and N = is obey the commutation law of the generators of the proper
orthochronous Lorentz group.)

It can be directly verified that the corresponding generators,

0 isy isy is3

0 iSq —is1 0 S3 —5
yaB _ _yBo _ — : (4.116)
—iS3 52 —51 0
form a self-dual four-tensor
ZiZ'uv = e[JVGTZO_T, eMVGTZGT = 2l2uv. (4117)

As a result, in this realization, M aBF = m*BF and, in view of (4.3) and (4.117), we arrive
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at the set of overdetermined equations:
= +¢"")oyF =0, (4.118)
where
SITRYSA = AlGAYET, KH = AFxC, F' (x') = SAF (x) (4.119)

under a proper Lorentz transformation. Once again, the latter equations, that, as we shall
see later, determine the complete dynamics of the electromagnetic field in vacuum, are
obtained here by a pure group-theoretical consideration up to an undetermined sign of the

fixed constant in (4.3).
4.4.2 Commutators
For a one-parameter transformation in the plane («, ), when
A (B4p) = exp (—eaﬁ maﬁ) : <m°‘ﬁ>t — gWH§P _ gPuge (4.120)
and
Sp = exp (—eaﬁzaﬁ) . Op = —6p 4.121)
(a,f =0,1,2,3 are fixed), one gets
O™ g1V o= Oap™ ™ _ AL (6,5) A, (855) Z°7. (4.122)
The differentiation (d /d6,, ﬁ) |6aﬁ _- results in a familiar law,

[Z“ﬁ , zﬂv] .— yaByuv _yuvyop (4.123)

which can be directly verified in components with the help of commutators of the spin

matrices (4.115) that form the four-tensor (4.116).
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4.4.3 Lorentz Invariance
With the help of (4.118)—(4.119), under a Lorentz transformation,
STH(E™Y +g™Y) oyF (x')] =0, (4.124)
where Z’*V = ¥*V = inv and g'*Y = g"V = inv. Then

0= [ (" +g"")S] S o F (¥) (4.125)
— A“c (ZGT+gGT) g1 [Avfa‘//F/ (x/”

= AH (%7 + %) ST 180, F (x)

by A9, F' (x') = 9;F (x) . Thus, our equation (Z*V + g"") 9y F (x) = 0 preserves its covari-

ant form for all real and complex rotations S € SO (3,C).
4.4.4  Vector Covariant Form vs Traditional Form of Maxwell’s Equations
A vector form of (4.118) is given by
(V-s)F =idyF (4.126)

and

s F+i(V xs)F = iVF. (4.127)

As it has been pointed out in [115], equation (4.126) implies the complex Maxwell equa-

tion, curl F = idyF. The first component of (4.127) is given by dps | F +i(drs3 — dzs2) F =
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io\F, or

00 0 2] 0 -1 0 F
db| 00 —I B |+ik]| 1 0 0 2
01 0 F 0 0 0 F

0 01 F F

and

—i0hFy — iOsF; = id\ Fy,
—0oF3 +i0yF) = idi F3,

oo + ik F = io F.

As aresult, divF =0and (curlF), ; =idy (F), ;. (Cyclic permutations of the spatial indices

cover the two remaining cases.)
4.4.5 An Alternative Form of Maxwell’s Equations

Complex covariant form of Maxwell’s equations, which was introduced in [128] (see

also [115]) , can be presented as follows

0 -F -F -F

FR 0  iFs —iF -
(0o, 01,0,03) = (Jo,J1,J2:J3), (4.128)
B —iF 0 iF]
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or dQ = j, by matrix multiplication. Here, d = (dy,d1,02,3), j = (Jo,Jj1,j2,J3), and
J = (J1,J2,J3) such that

0 -1 0 O
1 0 0 O
0O = F-J=F (4.129)
0O 0 0 1
0 0 —i O
00 -1 0 0 0 0 -1
00 0 —i 0 0 ¢ O
) + F3
10 0 O 0 —i 0 O
0 i O O 1 0 0 O
These matrices are transformed as a dual complex vector in C?,
AT,AT = ay,d,, (4.130)
under a proper Lorentz transformation. In infinitesimal form,
T T
Py (mP) = (z0) ), (4.131)

which gives an alternative representation of the group SO (3,C) in a subspace of complex
4 x 4 matrices. (Details are left to the reader.)
As a result, AQAT = @' and, in “new” coordinates, d’Q’ = j', provided that 9’ =

d (A1) and j/ = jAT.
4.5 On Spinor Forms of Maxwell’s Equations

In conclusion, the complex matrix group SL(2,C) has a representation of the proper

orthochronous Lorentz group SO (1,3) by the second rank spinors.
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4.5.1 Spinor Covariant Form

The complex electromagnetic field in vacuum, F = E + {H, can also be written in a

familiar form of the following 2 x 2 matrix:

F; F—iF
O=06-F=o0Fi+0F+03F= , (4.132)
Fi+iF, —F

where 01, 0>, 03 are the standard Pauli matrices. The corresponding transformation law,
1
o (x') =SA0 (x) SXI, ¥ = Ax, SA =exp (ZO“VZ“V) , (4.133)

under a proper Lorentz transformation preserves two invariants trQ = 0 and detQ = —F?.
Here, Sx0,S,' = a,,0, and Fy (X)) = apgFy (x), with agrags = 0 for a given complex
orthogonal 3 x 3 matrix (see section 5.1).

In this “spinor” representation, one gets

- —% (Z“BQ - QZO‘B> (4.134)
O =0

afy_ d /
MaBo = (deaﬁQw))

for generators of the one-parameter subgroups. Here, as in the case of Weyl’s equation, the
matrices LB are given by (4.76), but now, in view of (4.134), equation (4.3) with A = —1
takes the form,

1

5 (Zuvd¥Q—9"0%,y) = 940, (4.135)

when the self-duality property (4.77) is applied.
Equations (4.135), obtained with the aid of the Pauli-Lubanski vector, are equivalent to

the system of complex Maxwell equations in vacuum,
divF =0, curl F = idyF. (4.136)
Indeed, when u = 0, with the help of (4.78) one gets
1
_5 (GpapQ - apQGp) = aOQv
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or

— (6,04 — 0,0,,) OpFy; =20 (G, F),

which gives the second complex Maxwell equation (4.136) in view of the commutation
relation, [Gp,Gq] = 2iepgrOy.

When u = p=1,2,3, in a similar fashion,
20,0 = 9000, — 6,000 + iepgr (0300, — 0,040) , (4.137)
and letting Q = F;0,, we obtain

20, (Fyoy) = (0,0, — 0,05) Ao F;

+iepqr (050, — 0,05) 0y Fs.

Evaluation of the commutators,

Gsast = l‘esplGlaOF:v + epqreslrclaqu; (4.138)
and a familiar identity,
6ps 0 l
€pqrlsir = = apsaql - 5pl 6an (4.139)

result in the system of Maxwell’s equations (4.136).
4.5.2 Traditional Spinor Form of Maxwell’s Equations

Equations (4.135), that are obtained here with the help of the Pauli-Lubariski vector,

give an alternative (vacuum) version of the spinor form of Maxwell’s equations,

(d+06-V)(6-F)=jo+0-j, (4.140)
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or, explicitly,

do+d3 Idi—idh F3 Fy—iF; Jot+Jj3 J1i—ij2
- . (4.141)
di+idh dy— s Fi+iF, —F Ji+ij2 Jjo—Jj3
which was originally established in [128] (see also [181]).
Let Q=0 -Fand 7 = 6*d,, 7 = o j,, when 20 = 7. Then S\QS,-1 = Q' and,

in view of (4.86) and (4.94), one gets
S\ DSy =2, S\ ISy =7 (4.142)

under a proper Lorentz transformation. In “new” coordinates, equation (4.141) should take

a compact form, 2'Q’ = J'. Thus
(Si,l%A,l) SAOSp-1 =S'_, 7Sy, (4.143)
or, Sj\,l (2Q = 7 )Sa-1, as a short proof of the covariance of Maxwell’s equations.
4.6 Massive Symmetric Four-tensor Field
4.6.1 Group-Theoretical Derivation

The relativistic wave equation for a massive particle of spin two, described by a real
or complex symmetric four-tensor field A*Y (x) = AY* (x) (see [74], [77], [76]), can be
obtained in a way that is similar to our study of the Proca equation in section 4. Once
again,

1
WA = Zeuvord (mora?) (4.144)

— _gaveuv(”&oAfﬁ N gﬁve“vm_aach

and

1
e#varaGATﬁ = Eeﬂvchm-ﬁ = _Guvﬁa (4.145)
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where, by definition, FO™ =994 — 9749 and euva‘”B = —ZGWB. Thus

wuA% = %G, P 1 ¢PVG, %, (4.146)
or
whaoB :Guaﬁ+Gﬂﬁa7 WuAgg = Guap +Gupa (4.147)
and
WA =y, (WuAaB) = wy GHB 4y, GrBe. (4.148)

In a similar fashion, one can show that

wyGHOP = 29, FVOP 1 9, FVP® (4.149)

+0% (Fﬁmgaf> — %P0y (F¥"gs1),

as a result of an elementary but rather tedious four-tensor algebra calculation with the help

of a familiar relation

o¢ 6) &
€“vmemc/lp =—| 8¢ 89 &9 |- (4.150)
6¢ 6y &,
For a massive spin-2 field, the second Casimir operator is equal to w2 AP = —6m>A%P,
and we obtain
dyF P 1 9, FvPe %g“ﬁ Iy (F*"go1) “@.151)

+%aa (Fﬁcrg(”> n %aﬁ (Fa9%g. ) = —om2A%B,
where
FYoB = gvpoP _gopvh — _pavB (4.152)
FY%%0r = 9YA—3,A"", A= gorA°T,
and FOBY 1 By proB —  provided A%P = AP
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In terms of potentials, one gets
24P _ % (9ava¥ + 9P 9,7 + %8“8BA (4.153)
—%gaﬁ (924 — 9udyARY) = —m?A%P,
with d, dyA*Y =0, if m > 0, in view of
0=w? (JudvA"Y) = 9udy (W*AMY) = —6m>9y 9, A .

The same results can be derived by differentiation from (4.151) or, independently, with the

help of an operator identity
W = —%aZ (MO Mez) — 949" (MM Mey)
Moreover, equation (4.153) is reduced to
2 (a“avAVﬁ P avAV“) —9%9PA 1+ gB32A =0 (4.154)

with the help of the first Casimir operator, 92A%B = —m2A0B. Multiplication of (4.154) by

8qp With contraction over two repeated indices results in 9?A =0. Then A = 0, due to
0=0%A = 9% (guvA"Y) = guvd* (A*Y) = —m*A,  m >0,
Thus, the system of wave equations for a massive spin-2 particle has the form
DAY ARV — 0, 9% (avAVﬁ) + 9B (9,4 =0, 4.155)

subject to A = g,vA*Y = 9, dyA*Y = 0. It is worth noting, once again, that we have derived
these equations by using the Pauli-Lubariski vector and the relativistic definition of mass
and spin in terms of Casimir operators of the Poincaré group.

In the massless limit m — 0, instead of (4.155), one has d2A*Y = 0 and 9%A = 0 subject

to

Pl (avAVﬁ — %aﬁA) + 0P (8VAV°‘ — %8"%) = %gaﬁ8u8vA“V, (4.156)
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in a similar fashion. Moreover, if m = 0, equation (4.151) is invariant under a familiar gauge
transformation A, — Al gt do.fp + Jp fo provided that 9" (dy fo — o fy) = 0 (Maxwell’s

equations in vacuum).
4.6.2 An Alternative Gauge Condition
In view of the following identity,
9° (avAvﬁ - %8ﬁA) 1 af <8VAV°‘ - %a%)
= 279,48 4 9P a,A — J3%9PA,
one can impose another condition,
40,A"Y —HA =0, (4.157)
in order to simplify (4.153):
92ARY — %g“vé?zA = —m?AMY, (4.158)
Moreover, by contraction,’
0=0°A— %guvg“VaZA = —mPA, A=gsA°T =0,
if m > 0. As a result, we obtain

AMY +mPARY =0,  9,AMY = 9,AVH =0. (4.159)

These equations were originally introduced by Fierz and Pauli [74], [77], [76] with the help
of a Lagrangian approach. It is worth noting that our equations (4.155) are necessary and
sufficient with the relativistic definition of mass and spin-2 of the field in question, whereas

traditional equations (4.159) give only sufficient conditions.

Condition A = 0 is not required in the massless limit.

101



In addition, it should be noted that from (4.155) subject to A = g;,yA*Y = d,,dyA*Y =0,

it follows that
92 (I AVR) £ m? (d,AVH) =0,  ° (avaﬁAvﬁ) 492 (9,A%%) = 0.

Combining the latter equations, in turn, gives dyA"* = 0 for m > 0. On the other hand,
if the original Fierz-Pauli equations (4.159) are satisfied, then the equations (4.155) also

hold.
4.6.3 Fierz-Pauli vs Maxwell’s Equations

When m = 0, one gets
oyFHY* =9, (d*AY* — 9VAHY) = 9H (9, AVY) — 92AHY =, (4.160)
subject to (4.159). In addition,
W Fora+ doFrpa+ diFica =0, (4.161)

which follows from definition. These facts allow one to represent the massless Fierz-Pauli
equations in terms of the third rank field tensor, somewhat similar to classical electrody-

namics. Indeed, by analogy with Maxwell’s equations, we obtain
oyF*Y% =0, oGV =0 (4.162)

in view of 2GHV* = —eHVOTF__ * and

1
avG'uva - _ge'uvcr (avFGT o + aGFTV o + aTFVO- (X) - O

(for every fixed @ =0,1,2,3).
Finally, both pairs of these equations can be combined together in the following com-

plex form

(4.163)

Y

Ay QMY — 0, QHVE — RV _ %e”VGTFGT o
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with the help of a self-dual complex four-tensor:
2i0MV* =MVt Q Y, euver Q%Y = ZiQ“v“. (4.164)

The covariant field “energy-momentum” tensor and the corresponding differential balance
equation,

a *
5 (QZMQ”" +Quio Q“") =0, (4.165)

can be derived in a complete analogy with complex electrodynamics [115], [116].
4.6.4 Fierz-Pauli vs Linearized Einstein’s Equations

In general relativity, the linearized equations for a weak gravitational field [61], [96],

namely,

a‘uachgv ‘l‘ 3\;86}16“ - au avh (4166)

_azhuv _— g'uv (aggfhor — azh) = O,

describe small deviations from the flat Minkowski metric, gy = diag(1,—1,—1,—1), on

the pseudo-Riemannian manifold subject to a gauge condition
2avhuv - a“h - O, h - gcfhgf (4167)

(see, for example, [46], [69], [76], [82], [97], [108], [122], [157], [167], [219], [220], [225],
[227], [229], [232], [237], and the references therein for more details).

Our calculations have shown that linearized Einstein’s equations (4.166) do not coin-
cide with the massless limit of the spin-2 particle wave equation (4.153). But they can be
reduced to the massless case of the Fierz-Pauli equations (4.159) in view of an additional
condition (4.167) on a certain solution set. In the literature, this fact is usually interpreted as
spin-2 for a graviton although, from the group-theoretical point of view, this massless limit
yet requires certain analysis of helicity, say similar to the one in electrodynamics [115],

which will be discuss elsewhere.
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4.7  Summary

In this chapter, we analyze kinematics of the fundamental relativistic wave equations, in
a traditional way, from the viewpoint of the representation theory of the Poincaré group. In
particular, the importance of the Pauli-Lubariski pseudo-vector is emphasized here not only
for the covariant definition of spin and helicity of a given field but also for the derivation
of the corresponding equation of motion from first principles. In this consistent group-
theoretical approach, the resulting wave equations occur, in general, in certain overdeter-
mined forms, which can be reduced to the standard ones by a matrix version of Gaussian
elimination.

Although, mathematically, all representations of the Poincaré group are locally equiva-
lent [12], their explicit realizations in conventional linear spaces of four-vectors and tensors,
spinors and bispinors, etc. are quite different from the viewpoint of physics. This is why,
as the reader can see in the table below, the corresponding relativistic wave equations are

so different.

Classical field Transformation law (a law of nature) Wave Eqn.
Bispinor ' (X) =Saw (x), X' = Ax; see (4.11) and (4.25) | Dirac
Spinor vV (x) = Saw (x), ¥ = Ax; see (4.71) and (4.25) | Weyl
Four-vector AR () = AKAY (x) ; see (4.25) Proca
“Feynman slash” Q' (x') =SA0(x) SXI, x' = Ax; see (4.107) Proca
Four-tensor QM (x') = AlG AV Q%% (x), ¥ = Ax; see (4.25) | Maxwell
Complex 3D vector F' (X') = SAF (x), X' = Ax; see Sect. 5.1, (4.25) | Maxwell
Complex matrix Q' (X) =8A0(x) SXI, x' = Ax; see (4.133) Maxwell
Symmetric four-tensor | AV (x') = AlGAVAT (x), X' = Ax Fierz-Pauli
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Chapter 5

WAVE FUNCTIONS FOR GENERALIZED HARMONIC OSCILLATORS

In this chapter, the time-dependent Schrodinger equation for the most general variable
quadratic Hamiltonians is transformed into a standard autonomous form. As a result, the
time evolution of exact wave functions of generalized harmonic oscillators is determined
in terms of the solutions of certain Ermakov and Riccati-type systems. The Ermakov-type
system is introduced here (see also [125]) and has become a major mathematical tool for
paraxial optics and radiation field quantization in variable media with applications to quan-
tum optics and possibly to the study of gravitational wave detection. In addition, it is shown
that the classical Arnold transform is naturally connected with Ehrenfest’s theorem for gen-
eralized harmonic oscillators. Quantum systems with variable quadratic Hamiltonians are
called the generalized harmonic oscillators (see [20], [41], [53], [54], [68], [73], [92],
[129], [132], [148], [151], [233], [235], [238] and references therein). These systems have
attracted substantial attention over the years because of their great importance in many ad-
vanced quantum problems. Examples are coherent states and uncertainty relations, Berry’s
phase, quantization of mechanical systems and Hamiltonian cosmology. More applica-
tions include, but are not limited to charged particle traps and motion in uniform magnetic
fields, molecular spectroscopy and polyatomic molecules in varying external fields, crys-
tals through which an electron is passing and exciting the oscillator modes, and other mode
interactions with external fields. Quadratic Hamiltonians have particular applications in
quantum electrodynamics because the electromagnetic field can be represented as a set of
forced harmonic oscillators [73].

A goal of this chapter is to construct exact wave functions for generalized (driven) har-

monic oscillators [20], [39], [92], [129], [132], [233], [235], in terms of Hermite polyno-
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mials by transforming the time-dependent Schrodinger equation into an autonomous form
[238]. The relationship with certain Ermakov and Riccati-type systems, which seems to be
missing in the available literature in general, is investigated. A group theoretical approach
to a similar class of partial differential equations is discussed in Refs. [2], [38], [44], [83],
[153], [179] (see also [200], [201] and references therein). Some applications to the nonlin-
ear Schrodinger equation can also be found in Refs. [45], [103], [104], [109], [120], [172],
[199] and [203].

5.1 Transforming Generalized Harmonic Oscillators into Autonomous Form

We consider the one-dimensional time-dependent Schrodinger equation

Jy

lW:HW’m (5.1

where the variable Hamiltonian H = Q(p,x) is an arbitrary quadratic of two operators

p = —id/dx and x, namely,

iV = —a (1) Yo+ b () Py —ic () xys —id (1) y — f () xy +ig (e, (5.2)

(a, b, c, d, f and g are suitable real-valued functions of time only). We shall refer to
these quantum systems as the generalized (driven) harmonic oscillators. Some examples,
a general approach and known elementary solutions can be found in Refs. [39], [40], [41],
[43], [53], [70], [72], [73], [132], [135], [150], [198], [233] and [235]. In addition, a case
related to Airy functions is discussed in [126] and Ref. [42] deals with another special case
of transcendental solutions.

The following is our first result.

Lemma 5.1.1 The substitution

ei(a(t)x2+6(t)x+1<(t))

V= x(&1), E=B@)x+e(r), Tt=7(@) (5.3)
()
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transforms the non-autonomous and inhomogeneous Schrodinger equation (5.2) into the

autonomous form
—ige = —Xee +0&’x (co=0,1) (5.4)
provided that
da 2 4
E—f—b—i—an +4aa” = coaf”, (5.5
d
d—€+(c+4aa)ﬁ =0, (5.6)
dy 2
— =0 5.7
7 +apP (3.7)
and
dé 3
= +(c+4ax)d = f+2ga+2cpaf’e, (5.8)
de
— =(g—2ad 5.
5 = (8—2a8)p, (5.9)
62—1: = g8 —ad® +coap’e>. (5.10)
Here
1y d
=————. 5.11
“ 4da u 2a >.11)

Proof Differentiating y = pu=1/? (1) e®®) y (€,7) with S = a (1) x> + 8 (1) x+x (1), € =

B (t)x+¢€(t) and T = y(¢) yields

. —iS _L _ 1.2 ! / . / / _'u_/
ie q/t_\/ﬁ ('x*+8"x+«) x+i( (B'x+€) xe+7% ZHX . (5.12)
: 1
e Sy, =—[iQax+8)x + (5.13)
[ \/H[( )X +Be]
and
—iS _L . 2 . 2
e l//xx—\/ﬁ[(boc (2ax+6)>x+2z(2ax+5)ﬁx§+ﬁ m]. (5.14)
Substituting into
iy, = —al//xx+(b—coaﬁ4)x21//—icxl//x—idl// (5.15)

— (f +2coaBe) xy +igy, — coaP2E>y + coaf’e*EXy
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and using system (5.5)—(5.10), results in Eq. (5.4). A computer algebra proof is given in
[112].

Our transformation (5.3) provides a new interpretation to system (5.5)—(5.10) originally
derived in Ref. [39] when ¢y = O by integrating the corresponding Schrédinger equation
via the Green function method (see also [202] for an eigenfunction expansion). Here, we
discuss the case cg # 0 as its natural extension.

The substitution (5.11), which has been already used in [39], appears here from a new
“transformation perspective”. It now reduces the inhomogeneous equation (5.5) to the

second order ordinary differential equation
1 —t()p +40 () =co(2a)* Bu, (5.16)
that has the familiar time-varying coefficients

/ / !
a , dfad d
t)=——2c+4d tYy=ab—cd+d " +=-|———]. 5.17
T (t) a ’ olr)=ab—c Z(a d) 17

(The reader should be convinced that this derivation is rather straightforward.)

When ¢y = 0, equation (5.5) is called the Riccati nonlinear differential equation [222],
[230]; consequently, the system (5.5)—(5.10) shall be referred to as a Riccati-type system.
(Similar terminology is used in [201] for the corresponding parabolic equation.) Now if
co = 1, equation (5.16) can be reduced to a generalized version of the Ermakov nonlinear
differential equation (5.50) (see, for example, [41], [66], [130], [202] and references therein
regarding Ermakov’s equation) and we shall refer to the corresponding system (5.5)—(5.10)

with cg # 0 as an Ermakov-type system.
5.2 Green’s Function and Wavefunctions

Two particular solutions of the time-dependent Schrodinger equation (5.2) are useful

in physical applications. Using standard oscillator wave functions for equation (5.4) when
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co = 1 (for example, [79], [123] and/or [152]) results in the solution

ei(ax2+5x+1<)+i(2n+l)y
W (x,1) =
V2'lu\/m

where H, (x) are the Hermite polynomials [162], provided that the solution of the Ermakov-

B2 g (Bxte), (5.18)

type system (5.5)—(5.10) is available.
The Green function of generalized harmonic oscillators has been constructed in the

following fashion in Ref. [39]:

G (1) = ——exp[i (00 (1) + Bo (£)xy + 30 (1) + & (1) x+ &0 (1) y + K0 (1))]
2mipto (1)
(5.19)

The time-dependent coefficients oy, Bo, %0, S0, €, Ko satisfy the Riccati-type system (5.5)—
(5.10) (co = 0) and are given as follows [39], [198], [202]:

L) 4

%)= R () 240’ 20
Bo (1) = _30((?)’ A(t) = exp (-/0’ (c(s) =24 (s)) ds> 521
_ b @) 4(0)
}’o(t)—ZM (O)M;(t) 2(0) (5.22)
and
AW [y 46 N gl ] ds
S0 = [ (0500 ) e + £ 200 77 62
. 2a(n)A (1) ta(s)o(s)A(s) S ) ds
o) = —Zl O+ [T S oW ) ds (529
a2 () (L dl) Y
2 [ (0= G o
a0 g 6O s
o) = S B0 [ TLOrEOB@ E 629
- tﬂ N S S—@ S N
2 [ o 6180 (0) (£ S0 ) 4
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(0p(0) = —&(0) =g(0)/(2a(0)) and xy (0) = 0) provided that o and p; are standard
solutions of equation (5.16) with ¢y = 0 corresponding to the initial conditions g (0) =
0, uy(0) =2a(0) # 0 and p; (0) # 0, uy (0) = 0. (Proofs of these facts are outlined in
Refs. [39], [42] and [198]. See also important previous works [54], [148], [233], [235],
[238] and references therein for more details.)

Hence, the corresponding Cauchy initial value problem can be solved (formally) by the

superposition principle:

v = [ Gy w0 dy (526)

for some suitable initial data ¥ (x,0) = ¢ (x) (see Refs. [39], [198] and [202] for further
details).

In particular, using the wave functions (5.18) we get the integral

(oo}

vl = [ Genn v (,0) d. (5.27)

and this can be evaluated by

/ T e MR, (ay) dy (5.28)
VI 0 n/2 Aax 2
= W (2, —a ) Hn m y Re A > O,

which is an integral transform equivalent to Eq. (30) on page 195 of Vol. 2 of Ref. [64] (the

Gauss transform of Hermite polynomials), or Eq. (17) on page 290 of Vol. 2 of Ref. [65].

5.3 Solution to Ermakov-type System

As shown in the previous section, the time evolution of the wave functions (5.18) is de-
termined in terms of the solution to the initial value problem for the Ermakov-type system.
In this section, formulas (5.18)—(5.19) and (5.27)—(5.28) shall be used in order to solve the

general system (5.5)—(5.10) when ¢ # 0 along with the uniqueness property of the Cauchy
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initial value problem. At this point, we must remind the reader how to handle the special

case co = 0 considered in [198].

Lemma 5.3.1 The solution of the Riccati-type system (5.5)—(5.10) (co = 0) is given by

p(t) =2u(0) po (1) (e (0) + 1 (7)), (5.29)

o(t) = ao(t) — 4(06(0()’25?% o)k (5.30)

PO~ rn® Al -0 30

r0 =10~ 7o (5.32)
and

oot

k() = K(0)+ k(1) - if;%j fOYff(t);) (535)

in terms of the fundamental solution (5.20)—(5.25) subject to the arbitrary initial data

1(0), «(0), B(0) #0,7(0), 5(0), £(0), k(0).

This solution can be verified by a direct substitution and/or by an integral evaluation.
This result can also be thought of as a nonlinear superposition principle for the Riccati-type

system and the continuity with respect to initial data holds [198].
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Hence, the solution (5.29)—(5.35) implies the following asymptotics established in [198]:

1 c(0) d(0)

%)= 20~ 2a(0) sa20) W (5.36)
Bo() =5t + e +O 0, (537)
0 =7, (10)1? 42(8) 862 (?3) oW, (5.38)
&)= E0 00, ab--£% 400, 539
Ko (1) = O (1) (5.40)

as t — O for sufficiently smooth coefficients of the original Schrodinger equation (5.2).

Therefore,

xexp[ (ga ?o> x=) +4Ca(?o)> (x2—y2)—§a<(00>) (x—)’))]

ast — 0 (where f ~ gast — 0, if lim;,(f/g) = 1). This corrects an errata in Ref. [39] .

] (5.41)

Finally, we present the extension to a general case when co 7 0. Our main result is the

following. Computer algebra proofs of these results can be found in [112].

Lemma 5.3.2 The solution of the Ermakov-type system (5.5)—(5.10) when co = 1(#£0) is

given by
1= 1 (0) o/ B (0) +4 (@ (0) + )2, (5.42)
“= 0B 5 a7 o
o VB (O)ﬁ:zfzo) +10)? - (2)5)(())1 " o
y=7(0)— %arctan%, a(0) > 0 (5.45)
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and

£(0)B°(0) +2(a(0) + 1) (8 (0) + &)
2 )

0 = — 5.46
YT R 0 4@+ ) o0
L _ 20@O0) 1) -BO)60) ra) 5
VB4 (0) +4(a(0) + )
_ B 3 6 (0) + &
kK = k(0)+x—€(0)B (0>l34(0)+4(06(0)+70)2 (5.48)
£2(0)B2(0) — (5(0) + &)
) o) 4 (@(©) + 1)

in terms of the fundamental solution (5.20)—(5.25) subject to the arbitrary initial data

1(0), «(0), B(0) #0,7(0), 5(0), €(0), k(0).

Following are the steps to the sketch of the proof. Evaluate the integral (5.27) with the
help of (5.28) by completing the square and simplify. Use the uniqueness property of the
Cauchy initial value problem. One can also verify our solution by a direct substitution into
the system (5.5)—(5.10) when ¢ = 1. These elementary but rather tedious calculations are
left to the reader (the use of a computer algebra system is helpful at certain steps).

Furthermore, the asymptotics (5.36)—(5.40) together with our formulas (5.42)—(5.48)

result in the continuity with respect to initial data:

lim p(f) =u(0), lim a(t)=0a(0), etc. (5.49)

t—0* t—07t

Thus the transformation property (5.42)—(5.48) allows us to find a solution of the initial
value problem in terms of the fundamental solution (5.20)—(5.25) and it may be referred to

as a nonlinear superposition principle for the Ermakov-type system.
5.4 Solution of the Ermakov-type Equation

Starting from (5.16)—(5.17) when ¢y = 1, and using (5.44) we arrive at

W' —t() W +40 (1) = (2a)* (BO) 1 (0)A)* 3, (5.50)
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which is a familiar Ermakov-type equation (see [35], [41], [66], [130], [202], [238] and

references therein). Then our formula (5.42) leads to the representation

BON a2 W) | 1 (0) o)\
(u(0)> =P (0)“0(’”(u1<o>+2u<o>a<o>) &1

given in terms of standard solutions yy and p; of the linear characteristic equation (5.16)

when ¢g = 0. Further details on this Pinney-type solution and the corresponding Ermakov-

type invariant are left to the reader (see also [35] and [202]).
5.5 Ehrenfest Theorem Transformations

By introducing expectation values of the coordinate and momentum operators in the

following form

w0 (vew) 552

(1 (v,v) (n  (w,y)’

one can derive Ehrenfest’s theorem for the generalized (driven) harmonic oscillators (see,

for example, [40] and [41]). Then

& _
dr

.
2aP+ci—g, d—’;:—sz—cﬁ+f (5.53)

and the following classical equation of motion of the parametric driven oscillator holds

d2— /d— ! !
Zaat (4“”—62+ca—‘C')’_C:2af—g’+g“——cg. (5.54)
a dt a a

The transformation of the expectation values

§=Bx+e, S=(x.cx) with (., 2)=1, (5.55)

corresponding to our Lemma 1, converts (5.54) into the simplest equation of motion of the

free particle and/or harmonic oscillator:

’E -
W +4c0§ =0 (CO =0, 1) . (5.56)

(This can be verified by a direct calculation.)
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Remark An exact transformation of a linear second-order differential equation into the
equation of motion of free particle was discussed by Arnold [9]. An extension of the later
to the case of the time-dependent Schrodinger equation had been considered, for exam-
ple, in Ref. [238] and recently it has been reproduced as the quantum Arnold transforma-
tion in [7] and [91] (see also [2], [38], [44], [83], [120], [153], [179], [201] and [203]
for similar transformations of nonlinear Schrodinger and other equations of mathematical
physics). We elaborate on a relation of the quantum Arnold transformation for the general-
ized (driven) harmonic oscillators with a Riccati-type system when ¢y = O (transformation
to the free particle) and consider an extension of this transformation (in terms of solutions
of the corresponding Ermakov-type system) to the case cyp = 1 (transformation to the clas-

sical harmonic oscillator [238]).

5.6 Conclusion

In this chapter, we have determined the time evolution of the wave functions of gen-
eralized (driven) harmonic oscillators (5.18), known for their great importance in many
advanced quantum problems [73], in terms of the solution to the Ermakov-type system
(5.5)-(5.10) by means of a variant of the nonlinear superposition principle (5.42)—(5.48).
In this approach, the standard solutions of equation (5.16) with ¢y = 0 should be found
analytically or numerically. Moreover, the classical Arnold transformation is related to
Ehrenfest’s theorem. Numerous examples, the corresponding coherent states, dynamic in-
variants, eigenfunction expansions and transition amplitudes [53], [54], [126], [129], [132],

[148], [147], [202] will be discussed elsewhere.
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Chapter 6

A MODEL FOR RADIATION FIELD QUANTIZATION IN MEDIA

The quantization of an electromagnetic field in an inhomogeneous and time variable
medium is discussed via the Caldirola-Kanai Hamiltonian. This model was also discussed
from a different perspective in [41]. Here, we describe a multi-parameter family of squeezed
states for this standard model of damping in non-relativistic quantum mechanics and dis-
cuss the uncertainty relation. The time-dependent photon statistics for the Caldirola-Kanai
Hamiltonian are given explicitly in the Schrodinger picture in terms of the solution of the
Ermakov-type system, see Chapter 5 or [125]. The Caldirola-Kanai Hamiltonian arises
naturally through the quantization of the electromagnetic field from Maxwell’s equations
in a medium with certain properties that will be specified below.

For the quantization of a classical Hamiltonian system one replaces canonically con-
jugate coordinates and momenta by time-dependent operators ¢ (¢) and p; (¢) that satisfy

the commutation relations

(a2 (1), qu(®)] = [pa (1), Pu(®)] =0, [qa(t),pu(t)] =iy (6.1)

The time-evolution of these operators is determined by the Heisenberg equation of motion

S0 =1l (0, 7], Spa) = 31 (0), 71, ©2)

For the phenomenological Maxwell equations in linear, dispersive, time-varying media,

namely
curlE = —la—B, divD =4rnp, (6.3)
c ot
1D 4
culH= - 22 1 %5 divB =0, 6.4)
cdt ¢
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D=2&rE, B=[(rH, j=0(r1)E, (6.5)

the continuity equation,

dp .. dp 4moc o\
E#—dWJ—E—i—TerD'grad(?)— , (6.6)

has the stationary solution p = 0 under the condition grad (6/€) = 0.

With the help of the vector A and scalar ¢ potentials,

10dA
B = curlA, E= ——aa—t +grad @, (6.7)
c

the Maxwell equations can be reduced to the gauge condition

1. [(-0A .
;le (85) =div(egrad ) (6.8)

and the single second-order generalized wave equation

- 4wc
=5\ 850 ——(8grad(p)+7gradqo. (6.9)

. 19d (.0dA\ 4n6JdA 10
curl (u curlA) + + 2 9t cot

Here, we consider the factorized (real-valued) dielectric permittivity, the magnetic perme-

ability, and the conductivity (tensors)

e(r,)) =8()e(r),  a(r,r)=n)u(r),  o(rz)=x()o(r) (6.10)

(the case 6 = 0 was discussed in [56]). Under the imposed condition grad (6/€) = 0, one
can choose 476 = € without loss of generality.

The solution of the classical problem for a given single mode, v say, has the form

A(rt) =u(r)q(t),  o(r,)= (k/C)fl—i]Mr)

(k 1s a constant), and

d
B—geulU, D=_°%gy 6.11)
cdt
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provided that

1
curl (ﬁ curlU) = v2eU, U=u—kgrad¢,

qu €/+xdq CZ'UZ B
dr? E dt énq_

0, U = constant, (6.12)

and certain required boundary conditions are satisfied on the boundary of the cavity (see
[56], [57], for more details).

Thus we can choose c =d = f = g =0 and

1 c2v?
— o Jx/E)ar — J(x/8)dt
a 2 e , b on e (6.13)
in the Hamiltonian
H =a(t)p*+b(t)R2 +c(t)&p—id (1) — f(1)%— g(1) p. (6.14)

For a general approach see [4], [118], [114].

6.1 Exact Wave Functions and the Ermakov-type System

Motivated by (6.3)-(6.14), we consider the time-dependent Schrédinger equation in one

dimension with the Caldirola-Kanai Hamiltonian,

iy, = % (—e‘””%x+x2 e“’l/f) +iexyy, (6.15)

which has the following square integrable solution (wave function)
i(a(t)®+8(t)x+x(t)+7(1))
v (x,1) = & e~ B+’ 2 (B(1)x+e(r)), (6.16)
2'nlu (1) Vm

where «, 3,7, 0, k,and € are determined by the Ermakov-type system (5.5)—(5.10) and are

given explicitly on the next page:
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w() = u(0) e—@—s)f\/ Bl w} sin®(or) + (200w + A — €) sin(or) + o cos(wr))*
51, V08 (201) + way (40 + By — 1) sin Qwr) /4 + opw* — v
e

alt) = B @i sin®(wr) + (2000 + A — &) sin(or) + o cos(or))?
Bl) = foc”

V/ Beog sin(@r) + ((2a0en + A — ) sin(er) + o cos(or))?

B 1 wo 33 tan(wt)
v = %= e (2050a)00+ A —é€)tan(wt)’
51) = o wo€o B3 sin(wt) + & ((20wp + A — €) sin(wt) + wcos(wt))
B @@ sin*(ot) + ((2apmxn + A — €) sin(ot) + wcos(wr))?

e(r) = & ((Qapmy + A — €) sin(wr) + wcos(wt)) — Podowy sin( wr)

\/Bi @3 sin®(o1) + (2000 + A — €) sin(ar) + wcos(ar))*
K([) = Ko+ sin2 ((Dt) (1)(%8()[3(% ((X()So - BO(SO) - (1)(%060502 + o (7L - 8) (ng(% B 8(%) /2

Bl w} sin®(or) + (200w + A — €) sin(@r) + o cos(wt))*
sin(2wr) o (Bies —67)
A B 2 sin®(ot) 4 ((20t@p + A — €) sin(@r ) + wcos(wr) )
0 -0

(Lo > 0, o, Bo # 0, 10, &, €, Ko are real initial data).

Here v= (A —¢&) ay (40 + B +1) /4+ opwi and 0 = \/ @ — (A — €)? > 0. This system
also provides a solution to the Hamiltonian described above for the quantization in the limit
€ — 0. This solution can be verified by a direct substitution, for example with the aid of
the Mathematica computer algebra system. The solution (6.16) agrees with the result for

the quantum harmonic oscillator found in [119] in the limit A, — 0 (v — 0 @?).
6.2 The Uncertainty Relation and Squeezing

A quantum state is said to be “squeezed” if its oscillating variances {(Ap)?) and ((Ax)?)
become smaller than the variances of the “static” vacuum state ((Ap)?) = ((Ax)%) = 1/2
(with i = 1). If the minimum value of the product is equal to 1/4, then the state is called

a minimum-uncertainty squeezed state (see, for example, [57], [95], [190], [195], [196],
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[221], [236]).

For the standard deviations in terms of the Ermakov-type system, one gets

1)4a2+[34

5= (a9 = (n+3 ) “ 22

Opx = %((Apr—I—AxAp)) = (n—i—l) 2—a

and the uncertainty relation is
N2/, 4%\ _ 1
ey = (n+3) (1455 ) 2 3 (618

which agrees with the fundamental Heisenberg uncertainty relation.
From this relation one can see that the minimum uncertainty squeezed states occur for

n = 0 precisely at the moments when o (fp;,) = 0.

1
The uncertainty relation (6.18) attains its minimum value, min [((Ap)z) (Ax)?) | = T
if
2
V— o
cos (20t +59) = % , 6.19)
v2+ 020 (1—402 — B3)°
where

¢ =cos™ (v/\/v2+w2w0( 4060 [30) > ands:sign(a)a)o (1—4063—[361) /4)

The following are explicit formulas for the variances (6.17) in the case n =0 :
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efz/lz

o, = W(ﬁé(ogsinz(a)t)—i—(a)cos(a)t)—F(ZOcowo—F?L—S)Sin(a)f))z)

M (/35‘@5 +4 (o> — v+ veos (20t) + way (405 + By — 1) sin (201) /4)2>

2820 (ﬁgwg sin? (1) + (@ cos (1) + (2060w + A — €) sin (wz))2)

1 .
Opx = 322 (ctg®* — v+ veos (201) + o (4o + B — 1) sin (201) /4).
0

6.3 Photon Statistics

Here we focus only on a single mode of radiation with the annihilation and creation

operators given by

Q)

:\/%(‘”qﬂp)’ "T:\/T—w(wq—lp), [a, aT]Zl. (6.20)

The time-dependent photon amplitudes with respect to the Fock basis are are evaluated

with the help of the unitary operator

U (t) _ ei(Zﬁ a)ee(e%(p G2 029 (Zﬁ)2>1/265* a-¢&at ez:‘(ﬁ* ﬁ)}/? (6.21)

which may be used to expand the wave function in terms of the Fock number states in an

abstract Hilbert space via the squeeze and displacement operators in the form

m=0

|Wn (t)> = i (eZiy [(i Smkan>
k=0

eim6> m). (6.22)

The expansion (6.22) provides a way to compute the time-dependent photon amplitudes ex-

plicitly in terms of the Ermakov-type system using the squeeze and displacement operators.
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The parameters of (6.21) are determined by

M (2000 —2v +2v cos (20t) — wax (1 — 40 — B3 sin (201) /2)

tan § =
YT B2 {0 (02 +p) 2+ 0 (0? — p)cos (201) /2 + @2 200+ A —€)sin (201)
) 262 B2 0o’ (ﬁgaﬂew + 0w} (t)) tan (6)
tan Q= )
M Bt — 02§ (1) — (BF0?e?M + 0ag§ (1)) tan? (6)
1
4 [cosh ‘L']z = 13 (2B 0° e M ((02 +p) ((02 +€4M> /2
0
T (e‘”’ (0® —p) /203 — " (0 4+ p — 207 (40 + Bé))) cos (2mwt) /2
+e M@ 2am + A — )+ ((40d + B (e —A) @ — 20003 [ ax)
4 [Sinh 1]2 = —21w3 (—2[3&(03 + efw (0)2 -+ p) ((1)2 + €4l[> /2

0
+ (e*Z’“ (0® —p) 208 — "M (0* +p — 207 (405 +[36‘))> cos (201) /2

e 0P Qoon + 4 ) ¢ (4o + ) (€~ 1) @0~ 20005) fav)

where p = of (403 + Bf) +4apmy (A — €) + wf and
C(t)=p/2wf + (20% - p) cos (201) /20 + o (2a0wy + A — €) sin 2wt) / af.-

The equations determine the matrix elements of the squeeze operator (see below) as the

arguments of the hypergeometric function.

For the Hamiltonian in (6.15) the matrix elements of the displacement operator are

given by
Dy (6):<m‘e§*a_éﬁ n> (6.23)
Y Gl D (30 A S o
—¢ TR W
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where the parameter & in terms of solutions of the Ermakov-type system is given by

£ = (Bogo —ido) ((200wn + A — € —ifigay) sin (@t) + wcos (o1)) 6.24)
V2Bo \/[36‘(1)02 sin?(o1) 4 (200 @y + A — €) sin(wr) + o cos(ot) )
which in turn completely determines the time-evolution of the displacement operator.

In a similar fashion, the matrix elements of the squeeze operator can be readily evalu-

ated by using the expression:

2210 52 ,—2ip (51)2
Sy (01, B) = <m N G CIRLE n> (6.25)
B minlw  (—e *?sinhT) (m=n)/2 (cosh 7)™ (m+m/2
BT T N s
(1—-n)/2, —n/2
X 2F . —sinh’7 , m > n.
1+ (m—n)/2

With the help of familiar transformations of the terminating hypergeometric functions [8],

one may obtain the non-vanishing matrix elements as follows

2 itmeme [(1/2),5(1/2), 51"
Smn(a’ﬁ):( 1)"2e (1/2)2 (1/2),2 6.26)
Vcosht i (m/2)!(n/2)!
-n/2, —m/2
x (tanh7)"*"/2 ,F, ; —— 1112
sinh* T
1/2
if m, n are even and
D2 —itm-n)o [(3/2)met (3/2)ur 11/2
S (0, ) =21 il ©27)
sinh 7v/cosh T (2 ()

X (tanh T)(m+n)/2 2 F
3/2

if m, n are odd. The arguments of the hypergeometric function are given explicitly in terms

of the Ermakov-type system provided above.
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In conclusion, in this short chapter we have discussed a specific model which arises
naturally in the quantization of the electromagnetic field in inhomogeneous and time vari-
able media. This exactly solvable model, which will be elaborated on more elsewhere, and
its photon statistics provide a nice example of the usefulness of the Ermakov-type system

discussed in Chapter 5.
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